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Abstract

We propose a nonparametric data-driven methodology for hedging using generative mod-
els. In contrast with model-based hedging approaches relying on sensitivity analysis of
model pricing functions, our approach uses a conditional generative model trained on
market data to simulate realistic market scenarios given current market conditions and
computes hedge ratios which minimize risk across these scenarios. The approach incorpo-
rates transaction costs, leads to an optimal selection of hedging instruments, and adapts to
market conditions. We illustrate the effectiveness of this methodology for hedging option
portfolios using VoIGAN, a generative model for implied volatility surfaces. The out-of-
sample performance of the method matches and improves over delta and delta-vega hedg-
ing, without retraining the model for more than 4 years after the training period.

Mathematics Subject Classification Primary 26A16 - 26A30 - 26A33 - 60L99 - 60HI10 -
60H50

1 Introduction

Generative models are a class of machine learning models trained to simulate samples with
statistical features similar to a given data set. When properly trained, generative models can be
powerful tools for non-parametric, model-free simulation, and have been deployed in this set-
ting for financial applications such as portfolio loss simulation (Cont et al., 2025), forecasting
(Vuleti¢ et al., 2024), backtesting of hedging strategies (Vuleti¢ & Cont, 2024), and portfolio
construction (Chen et al., 2025). These studies have demonstrated the usefulness of genera-
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tive models for learning complex features of market data and generating forward-looking
scenarios.

We propose a methodology which leverages these features of generative models for the
design of hedging strategies and portfolio risk management. By combining a conditional
generative model trained on market data with an optimization layer, we introduce a com-
putationally tractable framework for data-driven hedging. In contrast with commonly used
model-based approaches for hedging, our method derives a data-driven hedging strategy
which exploits information in the training data. Furthermore, it has the ability to perform
automatic selection of hedging instruments and incorporate transaction costs and market
impact.

1.1 Contribution

We propose a nonparametric data-driven methodology for hedging using generative models.
The key idea is to learn the co-movements of potential hedging instruments and the target
portfolio from the market data, and then use this information to compute hedging strategies.

In contrast with model-based hedging approaches relying on sensitivity analysis of
model-based pricing functions, our approach uses a conditional generative model trained
on market data to simulate realistic market scenarios given current market conditions, and
computes hedge ratios that minimize risk across these scenarios. This optimization proce-
dure enables the automated selection of hedging instruments, and allows for the incorpora-
tion of transaction costs and market impact.

The result is a fully data-driven method for implementing hedging strategies: market data
is used to train a generative model, which is then employed to compute hedge ratios. Opting
for conditional variance minimization, as opposed to more general risk measures, leads to
linear hedge ratios which are easily computable via linear regression. We illustrate the effec-
tiveness of this methodology for hedging option portfolios using VOLGAN (Vuleti¢ & Cont,
2024), a customized conditional generative adversarial network (GAN) (Goodfellow et al.,
2014; Mirza & Osindero, 2014) for implied volatility surfaces, and compare its performance
with delta and delta-vega hedging.

1.2 Relation with previous literature

The dominant paradigm in the design of hedging strategies is model-based hedging, which
requires full specification of the dynamics of all risk factors affecting a portfolio over the
risk horizon. Hedging is then formulated as an intertemporal optimization or stochastic con-
trol problem, which is typically solved using dynamic programming or backward induction.
Hedging strategies obtained in this manner are exposed to model uncertainty and may exhibit
a significant level of "'model risk’ (Cont, 2006).

Regression-based hedging is arguably the simplest form of ’data-driven’ hedging: the
idea is to perform a least squares regression of the daily changes of the target portfolio
with respect to the daily changes of the hedging instruments and use the coefficients as
hedge ratios (Sercu & Wu, 2000; Cont & Kan, 2011). As shown by Cont and Kan (2011),
regression-based hedging can exhibit superior performance when compared to model-based
sensitivity hedging, especially in situations where models are arguably miss-specified.
However, historical regression-based hedge ratios are backward-looking, assume stationar-
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ity of covariance structure in comovements, and may not properly account for changes in
market conditions.

Starting with the pioneering work of Hutchinson et al. (1994), who demonstrated that a
simple one-layer neural network with four neurons could learn to hedge S& P500 options,
neural networks have been used in various ways to calculate hedging strategies (see survey
by Ruf and Wang (2020) and references therein). As noted by Ruf and Wang (2020), in most
of these studies neural networks are used to learn a pricing function and hedging is either not
discussed or it is addressed using a sensitivity-based approach (Cohen et al., 2022; Fan &
Sirignano, 2024). In some cases, a neural network is trained to learn the hedge ratios directly
from market data (Chen & Sutcliffe, 2012; Carverhill & Cheuk, 2003; Ruf & W. W., 2022).

(Buehler et al., 2019) used deep neural networks to learn optimal hedge ratios within a
parametric model via reinforcement learning. This approach is able to incorporate transac-
tion costs, alternative risk measures, and trading constraints but is not data-driven: training
is done via deep reinforcement learning using (millions of) simulated scenarios based on a
parametric model. Similar (model-based) approaches were explored by Cao et al. (2023);
Liitkebohmert et al. (2022); Limmer and Horvath (2024). These approaches are based on
neuro-dynamic programming (Bertsekas & Tsitsiklis, 1996), i.e., on the parameterization
of hedging strategies via a neural network, which is then trained using reinforcement learn-
ing. In contrast, our approach uses neural networks for the generation of market scenarios,
while the computation of hedge ratios is done through direct optimization, a much sim-
pler approach which results in greater computational efficiency. Also, importantly, these
approaches are model-based, not data-driven: training is done using scenarios simulated
from a reference model, not on market data.

As explained in Sect. 3, given the one-step ahead scenarios generated by the conditional
generative model, we compute hedge ratios by solving a local risk minimization approach
which is a convex optimization problem. Our optimization criterion combines a conditional
variance term with a ¢; penalty for transaction costs. A similar approach was studied by Lam-
berton et al. (1998), extending work of Follmer and Schweizer (1988); Schweizer (1995)
on quadratic hedging to include transaction costs. However, differently from these refer-
ences which focus on (not necessarily self-financing) replication strategies computed by
backward induction, our hedging strategy is self-financing and computed sequentially using
one-step ahead scenarios, provided by the generative model. In particular, our approach
does not require knowledge of the full price dynamics up to expiry and is thus applicable in
sequential setting to conditional generative models based taking current market conditions
as input. Our approach is similar in spirit to the model-predictive control approach (Bem-
porad et al., 2014) and the progressive hedging approach (Rockafellar & Wets, 1991; Rock-
afellar, 2018), both of which employ scenario-based optimization and proceed forward, not
backward, in time. In contrast to multi-stage stochastic programs (Mulvey & Ruszczynski,
1995), we solve a sequence of one-period stochastic programs, leading to a fast and scalable
approach applicable to large-scale problems.

Outline. Section 2 reviews commonly used approaches for computing hedging strate-
gies. Section 3 describes our proposed methodology for data-driven hedging using gen-
erative models. Section 4 illustrates how our approach can be used to hedge volatility risk
with VOLGAN, a conditional scenario generator for implied volatility dynamics. Section 5
summarizes our contributions. The appendix contains a coordinate descent algorithm for
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data-driven hedging with transaction costs, further performance tests, and robustness tests
for the VOLGAN example.

2 Sensitivity-based hedging vs optimization-based hedging

We consider the problem of hedging a portfolio exposed to a set of risk factors using a set of
hedging instruments. We distinguish two sets of risk factors:

e market prices S}, ..., SP of tradable primitive/underlying assets;
e other (non-price) risk factors denoted X; = (X}, ..., X). Examples of such risk factors
may be: implied volatilities, interest rates, credit spreads, etc.

Primitive assets are tradable, while risk factors th, s X{i are not directly traded, i.e., do not
represent prices of tradable instruments. Examples of such non-price risk factors are yields
(for bonds) or implied volatilities for options.

We wish to hedge a portfolio whose value at time ¢ is V;, using a set (H®, i € H) of hedg-
ing instruments whose values H are sensitive to these risk factors. We assume a rebalanc-
ing frequency At (for example, one day).

Our risk management framework requires the following ingredients:

1. A pricing function f'which computes the value of the portfolio as a function of the risk
factors

‘/t:f(t,St,Xt) :f(t7St1775ZL7Xt177Xtd)7 (1)
2. Pricing functions for the hedging instruments:
H} = hj(t, Sy, X;) = hj(t, S}, ..., 8P, X} . X7, )

3. A generative model capable of generating one-step ahead (e.g. one-day ahead) sce-
narios for co-movements of prices .S; and risk factors X

Inputs : (S¢, X¢, St—at, Xt—At, ...), DOise term w =N Output : (Syyas(W), Xeparw)). ()
We consider a self-financing tracking portfolio with positions ¢! in the hedging instruments

(H},i € H), and v; in a money market account earning interest at rate ;. The value I1; of
this tracking portfolio satisfies:

Tyae = = AT = gy 1AL+ Gi(Hipny — H),  Tlo = Vo @
i€H

The self-financing condition implies

1/%:Ht—ZQﬁH;_ZCiWi—ﬂsLAJ» (5)

i€EH i€EH
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where ¢! is the cost of trading one unit of H* at time ¢. The tracking error Z; is the value
of the hedged position:

Zy =V, =1Ly, Zy=0. (6)

The two main approaches to determine the hedging strategies ¢, are sensitivity-based hedg-
ing and conditional risk minimization, with (local) quadratic hedging being a special case of
the latter. We now describe these two approaches in some detail.

2.1 Sensitivity-based hedging

The most common approach for constructing hedging strategies is based on sensitivities to risk
factors. Given a ’standard’ shift €; for risk factor i, we define the sensitivity to a risk factor i
as the change in portfolio value under a "standardized shift" X* — X’ + ¢; to the risk factor
i € {1,...,d}. Denote the sensitivity to risk factor X* at time ¢ by

0 i—1 3 oyl dy
Gy = TS XD XX X X fS0 X))

€

Similarly, denote sensitivities to market prices S, fori € {1,...,n} by

. 6,80, SN S e, STL LS X)) — f(t, S0 X
At(f) _ f( t t t 7t t t) f( t t)' (8)

€

If the pricing function f'is differentiable in Sy, X;, then

lim Gi(f) = 2L

_ 9f _of
€;—0 o 8X7

(t, St, Xt), eliigloAi(f) = ﬁ(ta Si, Xy),

Analogously, we define sensitivities of the hedging instruments H7 to risk factors X* and
market prices S?, which we denote by ¢(h?) and A%(h7), respectively. In cases where
neural networks represent the pricing functions, sensitivities are readily computable using
Automatic Differentiation (AD) techniques (Fries, 2019; Capriotti & Giles, 2024).

The sensitivity of the portfolio value II; to a risk factor X is obtained by summing over
positions:

Gilh) = ici(h),

JEH
and its sensitivity to S% is

Aj(h) =Y dALR).

JEH

The idea of sensitivity-based hedging is to choose the positions in the hedging instruments
to achieve zero/low overall sensitivity to risk factors (S¢, X;). The hedged portfolio is

@ Springer



Annals of Operations Research

immunized to small movements in the risk factor X* fori = 1,.. ., d if the sensitivity of the
hedged position Z; = V; — 11, is zero:

GH(f) = ¢ (h). ©)

Similarly, the hedged portfolio is immunized to small changes in market prices S} for
i=1,...,nif

AL(f) = Aj(h). (10)

Examples of commonly used sensitivity-based hedging strategies include delta hedging and
delta-vega hedging of option portfolios, and immunization strategies of bond portfolios.

Hedging via risk immunization requires the user to pre-specify both the risk factors and
the hedging instruments, a choice that is not necessarily unique. For instance, in delta-vega
hedging, volatility risk can be mitigated by holding a position in any option on the same
underlying asset; sensitivity considerations alone do not guide us in the choice of the hedg-
ing instrument.

Additionally, risk immunization typically accounts for only small perturbations in risk
factors. Extensions of this approach consider inclusion of higher order sensitivities, for
example gamma hedging for options or duration-convexity immunization for bond port-
folios (De La Pefia et al., 2021). However, even these extensions cannot account for tail
events.

Finally, these shifts are applied to individual risk factors in isolation, disregarding their
co-movements. If risk factors are correlated, this may mean that the scenarios underlying
these sensitivity computations are unrealistic.

2.2 Hedging by local risk minimization

Another approach for computing hedging strategies is based on the idea of local riskminimiza-
tion (Follmer & Schweizer, 1988; Lamberton et al., 1998; Mercurio & Vorst, 1996; Schweizer,
1995). In this approach, one sequentially computes hedge ratios to minimize a one step-ahead
risk criterion, based on current information in market variables.

Denote by {F;}:>0 the filtration representing the information contained in the history
of market prices and risk factors up to time ¢. For a hedging strategy to be implementable,
the hedge ratios ¢; have to be F;-measurable. The idea of local risk minimization is to
compute ¢; by minimizing a risk measure p of the portfolio conditional on current market
information

lgf p(ZtJrAt‘ft).
A tractable class is given by conditional risk measures expressible in the form
p(Zesad Fi) = E [L(Zipar, o) F] - (1

where L is a loss function and Y; is observable at ¢ i.e. {F; }-adapted. In particular, (11) is
amenable to computation by simulation.
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An important example of conditional risk measure expressible in the form (11) is the
conditional variance:

p(Zeynil Fe) = B | (Zeyar — B[ Zpadl Fi))? ’ft} . (12)

where

L(ZY)=(Z-Y)?, Y, =E[ZnlF

Remark 2.1 One may of course consider other risk measures, such as Value-at-Risk (VaR),
Expected Shortfall etc. However, among these examples the only risk measure expressible
in the form (11) is conditional variance.

Minimizing the conditional variance of the hedging error (conditional on market variables
F3) leads to a (local) regression problem. The objective is to solve

Iréitnvar (Zt+At|.7'-t) . (13)

Proposition 2.2 The hedge ratios which minimize the variance of the tracking error Zy ay
conditional on F; are given as regression coefficients of AV, on {AH};en:

2
n;invar (ZtJrAt‘}}) = Igniél E <W+At -Vi—A - Z‘Z’;( Z+At - HZ)) |-7:t - (14)
¢ oo i€EH

Proof Since 1), V4, and qﬁi, Hf are J;-measurable, we have

var (Zt+At’ft) = var (ZHA,: — Zt‘]:t) = var (AV} - AHtp:t)

= var (AV} — Z QZS%AH; — ¢t7"tAt|]:t>

i€H

= var (Av; -3 ¢;’AH§|E> .

i€H

In fact, for any F;-measurable A, the following holds:

var (AVt - ZqﬁiAHﬂ]—}) = var <AVt — Ay — Z ¢iAHZ|Ft> )

i€H i€EH

Hence, we can choose A; such that
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E

AV, — A, — Zq&iAHﬂ}}] =0, e A =E
i€EH

AV, — ZqﬁiAHﬂ}}] . (15)

i€EH

Furthermore, for any F;-measurable a;:

2
E (AVt—at—Z@AH;) | Fe _var<Am_at_Z¢gAH;|;t>

i€H i€H

2
+E |[AV, —a; — Zq&iAHﬂ]—}]
1E€EH (16)
= var (AVt -> ¢;’AH;‘]E>
i€H
2
+E [AV;, — oy — Z¢§AH§|ft] .
i€EH

Hence, the value of «; which minimizes the conditional second moment (16) of
AVy — oy — ¥, 04, $iAH] is precisely the conditional expectation A; given by (15):

. *
, le. af=E = A;.

AV, = > G AH]|F,
i€EH

2
of = argmin E l(AV} —a— Z¢;AH£> |]:t

i€H

This implies that

2
i€H

This is an Ordinary Least Squares (OLS) regression, conditional on the information avail-
able at time :

AV, = A+ ) ¢AH] + e,
i€H

where ¢; is uncorrelated with the P &Ls of the hedging instruments and E [et ’]—"t] =0.

So, finally, we have shown that minimizing the conditional variance of the hedging error
(conditional on market variables F;) leads to a least squares regression problem:

2
n;invar (ZtJrAt‘}}) = Igniél E <W+At -Vi—A - Z‘f’%(HZJFAt - HZ)) |-7:t - (17)
¢ o i€EH
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Remark 2.3 Equation (14), determines the hedge ratios which minimize the conditional
variance of the tracking error. The hedging strategy requires to specify as well the cash/
money market component 7). This is determined by the self-financing condition (5). Any
other choice for ¢; would lead to a non self-financing hedging strategy. For example (Sch-
weizer, 1995; Follmer & Schweizer, 1988; Lamberton et al., 1998) choose ¥; = A; given
by (15), which yields the martingale property for the tracking error but results in the loss of
self-financing property.

Remark 2.4 Note that we are not operating under a ’risk-neutral’ measure and there is no
martingale assumption on price dynamics.

Remark 2.5 The conditional variance minimization problem (13) is a regression of the
change in portfolio value AV; on the changes AH} in values of the hedging instruments,
conditional on the information available at time ¢. Using the F;-measurability of V;, II;, and
H,, we can also express (13) as a regression of values, rather than changes, of these same
instruments:

2
n;binvar (Z,,+Af,|]:t) = g‘ni(;l <Vt+At — A - Z ¢; ti+At> ‘]:t . (18)
¢ e IE€EH

2.3 Accounting for transaction costs

Since the transaction cost term ) . o, gt — ¢t ,|is Fr—measurable, it contributes to the
conditional mean but not to the conditional variance. The optimization problem (14) therefore
does not penalize transaction costs. In order to account for transaction costs one may proceed
in different ways. A common approach is to minimize the conditional second moment (instead
of variance) (Schweizer, 1995; Mercurio & Vorst, 1996, 1997). This leads to an objective
function with quadratic penalties for transaction costs, but also cross-terms of the type

cildi — di_nil SIAH], i,

which lacks a financial interpretation and leads to numerical difficulties. Another approach is
to use conditional variance, but incorporate transaction costs for the next period as in Lamber-
ton et al. (1998). This leads to a variance contribution, but breaks down the analytical tracta-
bility of the quadratic problem (14). Furthermore, in this case we lose the interpretation of the
objective as variance of the tracking error.

We propose instead a different formulation, which is to include transaction costs as a
penalty in the objective function, leading to:

2
min & (vtw—vt—At—Z%( ZW—H:')) || + 2D il — dioadls (19)

Ag ¢
t:be = =
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where A > 0 is a regularization parameter. A similar approach has been considered by Li et
al. (2022) but in a global risk minimization setting. In (19), each term has a clear financial
interpretation. Since A; does not appear in the second term, by Proposition 2.2, the first
term is still the conditional variance of the tracking error, while the second term is propor-
tional to the transaction cost. As the transaction cost is naturally expressed as a (weighted)
{1 norm, (19) is in fact a LASSO regression (Tibshirani, 1996). This leads to the desirable
property of sparsity which, in financial terms, corresponds to selecting a sparse set of hedg-
ing instruments.

3 Dynamic data-driven hedging with generative models

An important feature of local risk minimization problem (19) is that it only requires knowl-
edge of the one step-ahead conditional distribution. However, this conditional distribution
remains inaccessible, rendering the local risk minimization problem analytically intractable
even in simple models. On the other hand, we will demonstrate that this problem may be
efficiently solved using conditional generative models. We will now show how to sequen-
tially compute locally risk-minimizing hedging strategies using a conditional generative
model.

A conditional generative model G for (Si, X;) allows to generate samples
(Stiat(w), Xerat(w)) whose distribution approximates the conditional distribution of
(Stiat, Xi1ar) given Fi. These generated samples are forward-looking one step-ahead
scenarios, which may be used to estimate the conditional mean and variance of the tracking
error via

N 2
= %Z <AVL wi) = Y L AH (wr > . var(AZF) = Z (AVL wi) — A = > GiAH|( m) ,

k=1 i€EH k:l i€H

where {wg }r=1,. .~ are N i.i.d. scenarios from the generator G. We can then compute an
estimator of (19), and compute hedge ratios by optimizing this estimator.

This leads to the following sequential optimization problem: at each step ¢, given previ-
ous hedge ratios ¢, we solve the following LASSO regression problem:

2
Aen g N Z <AV’5 wr) = Ay = 3 G} AH] (”’“)) tago D ci[0f — 6l (20)

i€H i€H

Hedging error variance Rebalancing cost

where

e (! is the cost of trading one unit of H* at time ¢ (we use the half the bid-ask spread for
instrument H* as a proxy);

® g is the initial gross position, and o > 0 is a dimensionless regularization parameter.

The solution to (20) can be computed via coordinate descent with soft thresholding (Hastie

et al., 2009), details of which are available in the Appendix.
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The regularization term in (20) favors lower turnover and hedging instruments H* with
lower transaction costs. Transaction costs lead to an ¢;-penalty which is known to induce
sparsity in regression: it leads to the "minimal" (sub)set of rebalancing transactions. Spar-
sity means that not all potential hedging instruments are selected, leading to an automatic
selection of hedging instruments.

Given that hedging instruments in H might have highly correlated returns (especially if
|H| = J is large), regularization is useful in (20). Furthermore, other (position, sensitivity)
constraints can be easily incorporated in the optimization.

The resulting procedure for data-driven hedging is described in Algorithm 1. Steps to
implement efficient coordinate descent for generalized LASSO regression are available in
Algorithm 2 in the Appendix.

Algorithm 1 Data-driven hedging with no market impact

Input : Market prices S5 and risk factors X; at time t;
Model-free pricing functions: portfolio value f(t,St, X¢) and hedging instruments
hi(t, St, Xt)
A generative model G for simulating (S;+a¢, Xi4at) given current market information;
Previous hedge ratios ¢;_ay;
Regularization parameter a;
Initial gross position gg
Output: Hedge ratios (¢i)ic and the cash position ¢;;
Estimate Ay of E [AV; — 3,0y $iAH] | ]

Step 1: Simulate forward-looking scenarios
Sample N one-step-ahead scenarios:
{(Se+ae(wi), Xevar(wr)) 1L, using G(Se, Xo, ..., wk)
Compute simulated portfolio values:
Vitar(we) = f(t + At Sepae(wr), Xevar(wr))
Compute simulated hedging instrument values:
HZJrAt(wk) = hi(t + At, SL+AL(wk),X,+AL(wk)) forieH

Step 2: Solve regularized regression (LASSO)
Estimate A; and hedge ratios ¢; = (¢i)icy by solving:

N 2
Ay elfi},lg}eRJ N - (AVt(wk) A Q‘AH‘ (“)‘”)> +ago Ct |¢t - ¢t—At‘

ieH =
Step 3: Update the cash position

Yo =T — Y G1H] =Y cilé} — ¢l

i€H i€H

return Ay, (¢1)LGH Py

Incorporating market impact

The proportional transaction assumption takes into account the bid-ask spread but not the
market impact of rebalancing which manifests itself for large portfolios (Webster, 2023). Mar-
ket impact depends on the size of the rebalacing relative to a measure of market depth, such as
average daily traded volume (ADV), volatility of the hedging instrument and possibly other
variables such as order flow imbalance. It may be modeled by stating that a trade of size
¢t — ¢l 5| in instrument H® gets executed at a price H; + s&|¢i — ¢ ,,|° where § > 0,
and s! is a measure, expressed in USD, of market depth for instrument i. This leads to a modi-
fied expression of profit/loss:
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Rebalancing cost

AL =Y GIAH] v [T = ST 6LH] =3 161 — i a sk | AL QD)

i€H i€EH i€EH

For options, impact should be measured in terms of implied volatility. Incorporation of mar-
ket impact as in (21) leads to an additional term in the optimisation problem:

N 2
: 1 i i i i i 1+6
AteR}qrﬁlthRdH N Z (AVt(Wk) mA Z GiAH] (wk)> A% Z St ’¢i n ¢t*At’ - (22)

k=1 i€H i€H

Empirical evidence supports the assumption of linear impact (6 = 1) across a wide range
of trading volumes and frequencies (Cont et al., 2014). In this case (22) leads to a “ridge
regression"” problem (Hoerl & Kennard, 1981) which has a closed-form solution. However,
the values of § > 0 do not lead to sparsity in (22). Automatic hedging instrument selection
can be implemented by first performing a LASSO regression as in (20) at time ¢ = 0 in order
to determine the hedging instruments, and then using the selected instruments to solve (22).
Alternatively, for § > 0, one could consider an "Elastic Net" regression (Hastie et al., 2009):

N 2
. 1 ; .
AtER,l;)ltfe]RdJrl N kZ (A‘/t (Wk) - At - § (lstAHt (wk)>

=1 i€H
Hedging error variance (23)
(2 (2 2 2 7 3
+ Ago § Sy |0y — (rbt—At‘ +ago § | oy — ¢t—At| .
iEH i€EH
Market impact Rebalancing cost

4 Example: hedging volatility risk with VoLGAN

The above methodology is general, but we will illustrate it with an example: hedging of
option portfolios using VOLGAN (Vuleti¢ & Cont, 2024), a generative model for arbitrage-
free implied volatility surfaces. The model is trained on time series of implied volatility
surfaces and underlying prices and is capable of generating realistic scenarios for joint
dynamics of the implied volatility surface and the underlying asset. We utilize raw VoL-
GAN outputs, without scenario re-weighting (Cont and Vuleti¢, 2023).

The portfolio we wish to hedge is a one-month long straddle with strikes K = mSp,
for mg € {0.75,0.8,0.9,1.1,1.2,1.25}. The initial portfolio instrument set indexed by P
consists of a Call(K, T) and a Put(K, T), with K = mSpand T = 1/12.

In addition to data-driven hedging through VOLGAN, we also consider delta hedging and
delta-vega hedging. The hedging experiment is performed over non-overlapping periods.
That is, a long straddle is entered and hedged until expiry, after which the new long straddle

@ Springer



Annals of Operations Research

is entered and the exercise is repeated. This results in 52 non-overlapping one-month peri-
ods. One day is taken to be At = 1/252.

The initial hedging set indexed by H consists of one-month calls and puts whose initial
moneyness values are in the set {0.9,0.95,0.975,1,1.025,1.05, 1.1}, where m < 1 corre-
spond to puts and m > 1 to calls. The hedging set indexed by H consists of all of the options
in the initial hedging set that are not in the portfolio we wish to hedge, that is H = Ho \ P.
The values « used for regularization are obtained through validation on new independent
samples from VOLGAN, as discussed in the next subsection.

Delta-vega hedging The hedging instruments are the underlying and an option. Denot-
ing by ! the vega of the option i € P in the initial portfolio we wish to hedge (long strad-
dle) at time ¢, the overall vega of the portfolio is

In order to obtain vega-neutrality, it is necessary to include an option H} with a vega of x !
whose hedge ratio is determined by the ratio of sensitivities:

%
1_ ke
¢t =
K

Delta-neutrality is obtained by adjusting the position in the underlying. Denoting by A}
and Af the deltas of the portfolio and the option used for hedging, the hedge ratio ¢q cor-
responding to the underlying is therefore:

8 =AY - ol

We opt to hedge with an option initiated at-the-money, i.e. with a strike K = Sy. However,
the choice of the hedging instrument is not unique. Opting for options with moneyness far
away from one, or in general with low vega, may result in unstable hedge ratios ¢;.

Delta hedging The only hedging instrument is the underlying. The hedge ratio is the
portfolio delta:

¢ =AY

4.1 Data

We use data on SPX options extracted from OptionMetrics for the period Jan 2000-28 Feb
2023. The data from 3rd Jan 2000 to 16th Jun 2018 is used for training the generative model,
and the subsequent time period for out-of-sample testing. We construct smooth implied vola-
tility surfaces and bid-ask spread surfaces for calls and puts by applying kernel smoothing
to market data (Cont & da Fonseca, 2002; Vuleti¢ & Cont, 2024). More precisely, we use a
vega-weighted Nadaraya-Watson kernel estimator with a 2D Gaussian kernel, using the same
bandwidth hyperparameters for the implied volatility and for the bid-ask spread surfaces as
for VOLGAN data pre-processing (Vuleti¢ & Cont, 2024). The grid (m, 7) is the one used for
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Mean Call bid-ask spread surface after smoothing Mean Put bid-ask spread surface after smoothing

bid-ask spread

(a) Calls. (b) Puts.

Fig. 1 Average bid-ask spread for calls and puts

Options ATM Spread vs Arbitrage Penalty

Average ATM Spread (USD)
Arbitrage Penalty

5.
ke

0.5

0.0

2000 2004 2008 2012 2016 2020 2024

Fig. 2 Average at-the-money bid-ask spread and the arbitrage penalty (Cont and Vuleti¢, 2023)

VOLGAN training, with 0.6 < m < 1.4 and times to maturity 7 ranging from one day to one
year. Interpolation is performed linearly first in moneyness, and then in time to maturity. When
extrapolation is necessary, it is linear. The average bid-ask spread surfaces for calls and puts
after smoothing are shown in Fig. 1. On average, longer-dated in-the-money options have a
higher bid-ask spread than out-of-the-money options with shorter times to expiry. We observe
a skew in both the moneyness and time to maturity variables.

We compare the average at-the-money bid-ask spread with the arbitrage penalty (Cont
and Vuleti¢, 2023) in Fig. 2, and note that the instances of non-zero arbitrage penalty coin-
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cide with high bid-ask spread values. This observation is consistent with the notion of no-
arbitrage, since the arbitrage penalty is calculated using implied volatilities of mid-prices.

4.2 Choosing the regularization parameter

High values of the regularization parameter o would result in low rebalancing due to the
high influence of the transaction costs, whereas low values of a would not provide suffi-
cient regularization and would lead to high transaction costs. That is, low values of o might
result in overfitting, and high values of « in underfitting. In order to set the appropriate
value of «, in each one-month experiment, we perform a search at time ¢ = 0 consider-
ing the potential « values in {0.01,0.02,...,0.2}, which is a scale similar to that of the
transaction-free hedging analysis of Vuleti¢ and Cont (2024). Let Ag(cv), (¢} (cx))ien be
the solutions of (20) given a, and let {AVy(w;), (AHE(w;))ien }j=1,...,1000 i.i.d. samples
from VOLGAN for each starting time ¢ = 0, used for regression fitting. We choose o min-
imizing the Akaike Information Criterion (AIC) (Akaike, 1974) for the day on which a
new position is entered (¢ = 0), calculated on new M = 100 i.i.d. samples from VoLGAN
{AVy(wj), (AHE(w;))ien }j=N+1,..., N+, independent of the N = 1000 simulations on
which the regression coefficients were estimated. The (relative) AIC value in the case of
linear regression is:

RSS(«)
=
where 1 + ZieH 1%(&#0 is the number of parameters of the regression fit (1<Z>6(a)7£0 is

zero if ¢ (a) = 0 and one otherwise), and the residual sum of squares RS'S(cv) is estimated
on the new M samples from VOLGAN:

N+M X N _ 2
RSS(@) = 3 (Amwj>Ao<a>Zasa(a)AH;(wj)) .
j=N+1 i€H

That is, at each starting time ¢ = 0 we choose o by minimizing an AIC criterion, where
the set of possible a is A = {0.01,0.02,...,0.2}. Estimating the AIC on independent
VoLGAN simulations prevents overfitting and provides more accurate estimates of regres-
sion fits. Since only VOLGAN simulations are used at time ¢ = 0, the choice of « is not
anticipative, i.e. there is no look-ahead bias. Figure 3 shows that during periods of market
turbulence, higher regularization is preferred. The most common choice is o« = 0.01. Fur-
thermore, we note that the values of mg closer to one result in more frequent recalibra-
tion of the regularization parameter .. The fact that the highest value of the regularization
parameter is selected during periods of market turbulence suggests that a higher value of
a would be more suitable than in those instances. However, a reduced search grid for o of
{0.01,0.05,0.1,0.5, 1} results in a similar performance, as demonstrated in the Appendix.
We also note that fixing o = 0.25 does not significantly alter the performance either.

The value of V; is the same as the gross value of the position since V; is made up of a long
call and a long put. Figure 4 shows that V/ is higher for values of m further away from one.

@ Springer



Annals of Operations Research

Choice of regularization parameter a for every starting date

ooooooooooooooooooooooooooooooooooooooooooooo

2020-07 2021-01
Starting date

Fig. 3 Choice of regularization parameter o minimizing the AIC (24) for each starting date t = 0 and for
different values of mg
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Fig.4 Value V; of the long straddle position for different values of mg
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That is, the same value of o would result in a lower value of the regularization term cgo in
(20) for mg € {0.9,1.1} compared to mg € {0.75,0.8,1.2,1.25}.

4.3 Number of hedging instruments

Since incorporating transaction cost via an ¢1-penalty (20) leads to sparsity, we investigate
the number of hedging instruments selected throughout the testing period. Unsurprisingly, the
underlying is always selected. A breakdown of the number of times that each possible hedg-
ing instrument count was used for each starting value my is available in Table 1. Data-driven
hedging with VOLGAN predominantly selected only the underlying as the hedging instru-
ments for the straddles with mg further away from one. When mg € {0.9,1.1} (the values
closest to 1), options were selected alongside the underlying most of the time.

Figure 5 shows the number of hedging instruments used for different starting values my.
We note a spike in the number of selected hedging instruments at the start of 2019, during
the start of the Covid-19 pandemic, and in the second half of 2022.

4.4 Tracking error statistics

We first compare the performance during the entire test set, and then without the initial Covid-
19 shock. To exclude the Covid-19 pandemic effect, we remove 5 one-month periods starting
from the position entered on the 13th Feb 2020. This results in exclusion of the dates 13th Feb
2020-21st Jul 2020.

Tracking error Z, statistics under consideration are the mean, median, standard devia-
tion, and Value-at-Risk, defined as

VaRy(Z) = —Fy(a),

for ¢ = 5%, 2.5%, and 1%, where Fz_tl is the quantile function of Z;.

The tracking error statistics (for all values of mg pooled together) for delta hedging,
delta-vega hedging, and VOLGAN are given in Table 2. Outside of the Covid-19 pandemic,
VOLGAN results in the lowest standard deviation and 1% VaR. The corresponding track-
ing error distributions over the entire test set are shown in Fig. 6. . We also note a signifi-
cant reduction in standard deviation, and Value-at-risk metrics compared to the unhedged
position.

Table 1 Frequency of the number of hedging instruments selected for different mq values

Number of instruments

mo 1 2 3 4 5 6 7 8
0.75 1058 3 11 20 0 0 0 0
0.80 788 156 46 88 3 11 0 0
0.90 193 279 168 277 93 67 15 0
1.10 565 40 72 110 219 69 17 0
1.20 1077 2 7 0 0 1 3 2
1.25 1087 0 0 2 3 0 0 0
The total number of days is 21 x 52 = 1092, with an additional day for unwinding. Position expiry dates
are not included since the only adjustments in the hedging portfolio happen on days O, . . ., 20
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Number of hedging instruments selected

e my=11
7 s my=0.8

N w » w (o)}

Number of instruments in the portfolio
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Date

Fig. 5 Number of hedging instruments selected for different values of mg

Table 2 Tracking error statistics in USD for all values of mq over the entire test period

Covid-19 period ~ Method Statistics
Mean  Median Std 5% VaR  2.5% VaR 1% VaR
Included Unhedged position 0.16 0.29 60.58  78.95 102.07 155.29
Delta hedging —123 —044 3270 19.49 36.33 58.63
Delta-vega hedging  0.98 0.00 29.70  10.90 19.70 43.72
Data-driven hedging  0.55 —0.16 3298 12.79 23.42 50.79
Excluded Delta hedging —146 —036 8.40 13.22 22.84 36.66
Delta-vega hedging  —0.37  0.00 9.34 9.58 16.67 34.81
Data-driven hedging —1.05 —0.18  8.15 10.55 17.32 33.85

Comparing VOLGAN hedge with delta hedge in Fig. 7, and with delta-vega hedge in Fig.
8, with the Covid-19 pandemic data excluded for better visualization, we observe that all
methods result in similar performance in the bulk of the experiments. In most cases where
delta hedging results in a positive PnL, the same holds for VOLGAN, and the points in
the first quadrant appear to scatter symmetrically around x = y. However, there are many
instances in which VOLGAN results in a positive PnL, while delta hedging does not. In the
scenarios in which both approaches result in a negative PnL, the loss is usually more severe
for delta-hedging. There is a bit more symmetry when comparing VOLGAN with delta-
vega hedging in Fig. 8. This observation aligns with the statistics in Table 2, where outside
of the Covid-19 pandemic, data-driven hedging leads to tracking errors statistics closer to
delta-vega hedging than to delta hedging. As m( moves away from 1, differences in hedging
approaches are less prominent: the points are tightly concentrated around x = y.

A detailed breakdown of performance for each individual value of my is available in the
Appendix.

@ Springer



Annals of Operations Research

Tracking error Z; distribution for all values of mq
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Fig. 6 Distribution of tracking error Z; for all values of mg pooled together, over the entire test set

Tracking error comparison (without the Covid-19 pandemic)
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Fig. 7 Tracking error: delta hedge versus VOLGAN hedge. Solid black line: x = y. Covid-19 data

excluded
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Tracking error comparison (without the Covid-19 pandemic)
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Fig. 8 Tracking error: delta-vega hedge versus VOLGAN hedge. Solid black line: = y. Covid-19 data
excluded

Figures 9 and 10 compare the performance of the data-driven hedging strategy with delta
hedging and delta-vega hedging, with the Covid-19 period included.

4.5 Sensitivity analysis of the hedging strategy

In order to better understand the nature of the hedging strategy resulting from our method
(20), we compare the vega and delta of the straddle V; with the total vega and delta of the
hedged position Z;. As shown in Table 3, the delta exposure of the position is almost com-
pletely hedged by data-driven hedging. On the other hand, Table 4 shows that although the
total vega of the hedged position Z; is reduced compared to that of the unhedged position
V4, itis not zero. These observations show that our data-driven hedging approach (20) is not
equivalent to delta-vega hedging. So, unlike what has been suggested in the recent literature
(Ludkovski, 2023), there is more to data-driven hedging than just "learning the Greeks".

5 Summary

We consider hedging as a conditional risk minimization problem and use a forward-looking
data-driven generative model in order to choose hedging instruments and compute hedge
ratios for a given portfolio. We simulate joint scenarios for the portfolio and from the hedging
instruments, conditional on the current market conditions, via a generative model. In the case
of variance minimization, we perform regression of the simulated portfolio increments onto
the simulated increments of the hedging instruments. Incorporating transaction costs leads to
an /1 -regularized regression problem, which induces sparsity and leads to the minimal subset
of rebalancing transactions. We illustrated how our approach can be applied to hedge volatility
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Tracking error comparison
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Fig.9 Tracking error: delta hedge versus VOLGAN hedge. Solid black line: x = y
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Fig. 10 Tracking error: delta-vega hedge versus VOLGAN hedge. Solid black line: z = y

risk through hedging long straddle positions using VOLGAN (Vuleti¢ & Cont, 2024). How-
ever, our approach is not restricted to the use of a particular generative model or architecture,
and can be combined with other generative models and applied to other asset classes.

Our methodology combines the benefits of regression-based hedging, such as linear-
ity, interpretability, and incorporation of covariance between different instruments, with the
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Table 3 Delta statistics

Mean Median 95% Quantile 5% Quantile Std Dev
mo  Zy Vi Zy Vi Zy Vi Zy Vi Zy Vi
0.75 0.003 0.994 0.000 1.000 0.005 1.000 —0.001 0.986 0.023  0.067
0.8 0.003 0.986 0.000 1.000 0.009  1.000 —0.016 0.958 0.040 0.097
0.9 —0.011 0.905 —0.011 0979 0.051  1.000 —0.111  0.618 0.100 0.214
1.1 —0.006 —0.940 0.000 —0.997 0.035 —0.760 —0.049 —1.000 0.066 0.174
1.2 —0.000 —0.996 —0.000 —1.000 0.000 —0.998 —0.001 —1.000 0.016 0.039
1.25  0.000 —0.999 —0.000 —1.000 0.000 —1.000 —0.001 —1.000 0.006 0.009
Table 4 Vega statistics

Mean Median 95% Quantile Std Dev

mo Zt Vi Zt Vi Zt Vi Zy Vi
0.75 5.828 6.889 0.078 0.102 32.904 35.288 21.269 22.073
0.8 9.546 17.136 0.170 0.805 66.971 91.581 36.314 40.845
0.9 0.096 111.500 —4.397 37.221 179.155 452.507 89.315 150.315
1.1 26.165 66.529 2.807 7.817 170.733 326.120 68.777 108.969
1.2 3.302 3.637 0.000 0.000 5.399 5.637 23.437 25.145
1.25 1.076 1.079 0.000 0.000 0.239 0.239 10.013 10.022

flexibility of generative models for scenario simulation. We have applied this approach to
dynamic hedging, but it may also be deployed for the design of trading strategies, by replac-
ing for instance the variance minimization step with a mean-variance tradeoff involving a

target return.

Appendix

Coordinate descent for data-driven hedging with transaction costs

We wish to solve

inf

A€R, ¢ €RITT N

Equivalently, by decomposing ¢, =
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With J = |H]|, this is a generalized LASSO regression (Tibshirani, 1996) of the form
1 & I S
ﬂg}gﬁ v ; (yk - Bo — 25#2) + Zlaj 151 27
= j= =

To solve it, we apply coordinate descent with soft thresholding, as outlined in Chapter
3.8.6 of Hastie et al. (2009). Denote the loss by

J
T80, 8) = 5y~ Bo1 — XBI3+ D a1,

j=1
where y = (y1,...,y,)7, and X, ; = mz There is no penalty on the intercept, hence the
oJ
optimal f; will be the solution to e 0:
0
1 T
BO:NZ(yi—wi B). (28)
i=1

Since the regularization term in (27) is co-ordinate separable, we can focus on each
J > 0 separately. Define the partial residual as

r(=9) = Yy —Bo— Z X8k, (29)
k#j

where X i, is the k-th column of the NV x J design matrix X . We are now interested in
solving the sub-problem for j3;:

.1 s
min NHXjﬁj — D3 + o581 (30)

A subgradient at zero is

%XJT (X;8; — 7)) + asign(B;)- 31

Defining the soft-thresholding map S as
S(z,7) = sign(2) (2] =),
we derive a closed-form solution for the /3; update:

S(X]Tr(*j),
XTX,

NOéj
i )

B = (32)
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Hence, we may iterate over each j = 0, ..., J, until convergence, or until the maximum
number of iterations, as outlined in Algorithm 2.
At each time step ¢, we use the Algorithm 2 by applying the steps below.
Construct y; as the adjusted portfolio changes: y; = AVy(w;) — Jen ¢{, A AH (wy).
Define X; ; as the instrument price changes: X; ; = AH] (w;).
Set or; proportional to transaction costs: a; = ozgocz .

Find the optimal 3 values via the Algorithm 2.
Set ¢+ = ¢pr—ar + B and Ar = fo.

nkh WD -

Algorithm 2 Coordinate Descent for Generalized Lasso
Input: Design matrix X € RV*/ (without intercept column)
Response vector y € RY
Regularization parameters a; > 0 for j =1,...,J
Maximum iterations maz_iter, default 1000
Tolerance tol, default 10~6

Output: Coefficients Sy, £1,..., 087

Initialization:
B+ 0eR’/

Bo <0

iter < 0
converged < False

Precompute:
XX« diag(X X)) forj=1,...,J

while iter < max_iter and not converged do

Bota + [Bo, Bl

Update intercept:

rey—pfo—XpB

Bo £ rh

Update coefficients:

for j =1 to J do

rey—pFo— Xp+6;X;

XIreX][r

Soft-thresholding:

if XIr> N;’ ‘f’hen
T, Y%

B & T

else if X]T7 < ;% then

B X

else
| Bj«0
Check convergence:
if ||[Bo, B] — Boidll2 < tol then
‘ converged < True
iter < iter + 1

return o, 81, ..., 07
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Hedging with VoLGAN: robustness checks

Performance for different values of m

Table 5 contains tracking error statistics over the entire dataset, for each value of mg. Most
of the time, for mg < 1, data-driven hedging results in all tracking error statistics of interest
between those corresponding to delta hedging and delta-vega hedging. The higher standard
deviation in mgy = 0.75 is due to the options selected as hedging instruments at the begin-
ning of the Covid-19 pandemic, which, as illustrated in Fig. 11, results in a more prominent
volatility of the tracking error. As more options are selected for hedging, the performance
of data-driven hedging is closer to that of delta-vega hedging than to pure delta hedging.

When mg = 1.1, hedging with options brings about a very clear reduction in all risk
measures being considered. In this instance, delta hedging has the worst performance, delta-
vega hedging has the lowest tracking error variance, but data-driven hedging results in the
lowest Value-at-Risk. For mg € {1.2,1.25}, data-driven hedging produces tracking error
of the lowest Variance, with Value-at-Risk statistics that are usually in between those cor-
responding to the Black-Scholes benchmarks.

Table 5 Performance metrics for different mq values over the entire test set (rounded to two decimal places)
mo Method Statistics

Mean Median Std 5% VaR 2.5% VaR 1% VaR
0.75 Delta hedging 0.17 —0.06 2.81 6.10 7.32 12.37
Delta-vega hedging 1.38 0.11 12.89 5.07 6.54 9.09
Data-driven hedging 1.48 0.00 19.23 5.66 7.01 9.04
0.80 Delta hedging 0.39 —0.32 27.20 8.69 12.23 18.39
Delta-vega hedging 2.43 0.23 26.65 6.31 8.82 17.05
Data-driven hedging 2.49 —0.16 32.66 7.78 10.31 15.30
0.90 Delta hedging —0.35 —1.95 70.56 40.24 53.71 81.30
Delta-vega hedging 4.90 0.55 63.76 26.88 56.35 81.00
Data-driven hedging 4.02 —0.32 68.66 34.48 55.92 80.78
1.10 Delta hedging —5.17 —0.98 17.00 33.66 46.66 76.69
Delta-vega hedging —1.20 —0.13 11.88 19.59 31.40 51.36
Data-driven hedging —2.82 —0.74 13.79 19.17 31.41 47.58
1.20 Delta hedging —1.41 0.00 11.90 8.59 13.36 73.09
Delta-vega hedging —0.87 0.00 10.49 8.07 12.79 31.22
Data-driven hedging —1.04 —0.01 9.26 8.45 13.39 56.66
1.25 Delta hedging —1.02 —0.001 9.33 8.61 13.88 54.51
Delta-vega hedging —-0.79 0.00 8.47 8.42 13.88 37.12
Data-driven hedging —0.82 —0.01 8.04 8.60 13.87 48.52

The initial positions Zo = 0 are included in the statistics

Table 6 Proportion of observations on which the tracking portfolio IT; was within 1% of the initial straddle
portfolio value V; for different methods and mg values

Method/mg 0.75 0.80 0.90 1.10 1.20 1.25
Delta-hedging 95.98% 88.11% 43.62% 50.61% 84.53% 89.34%
Delta-vega hedging 94.49% 88.02% 49.04% 51.57% 85.05% 89.42%

VOLGAN-based hedging 95.37% 89.25% 51.92% 54.63% 84.53% 89.34%
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Table 7 Performance metrics for different mo values without the start of the Covid-19 pandemic (rounded
to two decimal places)

mo Method Statistics
Mean Median Std 5% VaR 2.5% VaR 1% VaR
0.75 Delta hedging —0.23 0.00 2.81 4.99 6.27 7.15
Delta-vega hedging 0.09 0.04 2.92 4.89 6.47 8.57
Data-driven hedging —0.29 0.00 2.87 5.24 6.28 7.56
0.80 Delta hedging —0.73 —0.17 3.45 6.60 8.01 11.09
Delta-vega hedging 0.002 0.11 4.34 6.19 8.58 17.35
Data-driven hedging —0.71 —0.19 3.83 7.01 9.13 13.22
0.90 Delta hedging —4.35 —-1.77 15.58 34.46 42.10 51.00
Delta-vega hedging —0.88 0.40 18.52 27.61 56.87 81.74
Data-driven hedging —2.87 —0.39 16.30 32.88 51.28 73.20
1.10 Delta hedging —3.15 —0.82 10.09 24.34 32.93 43.12
Delta-vega hedging —-1.19 —0.17 10.47 17.59 27.81 40.52
Data-driven hedging —2.13 —0.72 7.84 16.40 24.08 33.99
1.20 Delta hedging —0.17 —0.02 4.49 7.17 9.48 12.79
Delta-vega hedging —0.12 —0.003 4.50 7.22 9.38 12.80
Data-driven hedging —0.17 —0.07 4.49 7.14 9.46 12.78
1.25 Delta hedging —0.14 —0.06 4.67 7.42 9.77 13.34
Delta-vega hedging —0.14 —0.05 4.67 7.42 9.78 13.36
Data-driven hedging —0.14 —0.07 4.67 7.41 9.78 13.32

The initial positions Zo = O are included in the statistics

The tracking errors Z; that come from different hedging approaches as functions of time
are shown in Fig. 11, for various values of my. For better visualization, Fig. 12 displays the
tracking values on a scale that is linear in the interval [—50, 50] and logarithmic away from
it. All three methods track the initial portfolio satisfactorily well, aside from the Covid-19
pandemic. The three methods are difficult to differentiate from each other during periods of
calm. Table 6 highlights that the absolute value of the tracking error is usually less than 1%
of the portfolio value, that is, the tracking portfolio and the portfolio we wish to hedge are
usually within 1% of each other. Furthermore, Table 6 indicates that all methods perform
worse for values of my closer to one. The most volatility is visible during March-June 2020,
and during 2022. The corresponding tracking error distributions are available in Fig. 13. The
bulk of the tracking error distribution is usually the tightest for data-driven hedging.

Given that we considered all 52 one-month intervals jointly, and that the start of the
Covid-19 pandemic resulted in high tracking error variance, as well as that the tracking error
was mainly positive during this period (as evidenced in Fig. 11), it is important to repeat the
analysis with 13th Feb 2020-21st Jul 2020 excluded. Once again, when mq < 0 data-driven
hedging results in tracking error statistics in between of that corresponding to the Black-
Scholes benchmark. As fewer options are selected for hedging, data-driven hedging results
in performance more similar to that of delta hedging. All three methods obtain very similar
performance to each other for values of mg € {0.75,1.2,1.25}, which have the lowest total
vega exposure (Table 4). Interestingly, all three examples result in the underlying being
selected by data-driven hedging during the analysis period (Fig. 5). The most significant
difference is visible in the my = 1.1 example, when data-driven hedging outperforms the
benchmarks in both variance and Value-at-Risk statistics. Outside of the Covid-19 pan-
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Fig. 11 Tracking error Z; as a function of time for different values of mg. Once an initial one-month
straddle is expired, a new one is entered

demic, data-driven hedging always results in lower variance and 1% Value-at-Risk than
delta-vega hedging, even when more options are selected for hedging, resulting in higher
rebalancing costs (Table 7).

Figure 11 indicates that the majority of the tracking error variance after 2020 is due to
the behavior in 2022. During this time VOLGAN combined with (20) results in much more
stable hedging performance compared to the Black-Scholes benchmarks.

Robustness with respect to regularization parameter
We investigate how the results of the data-driven hedging change with the change of the

search grid A for the regularization parameter «. Furthermore, we compare the perfor-
mance for fixed o on three different scales. From Fig. 14, we conclude that for o = 0.001
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Fig. 12 Tracking error Z; as a function of time for different values of mg on a scale which is linear in
[—50, 50], and logarithmic away from this interval. Once an initial one-month straddle is expired, a new
one is entered

overfitting occurs, whereas a = 5 results in underfitting. However, o = 0.25 leads to a
similar tracking error to that corresponding to a dynamic choice of « via the AIC criterion.

Table 8 contains the information from Table 2, in addition to the results for
data-driven hedging with potential values of the regularization parameter in
A; ={0.01,0.05,0.1,0.5,1}. The tracking error statistics are very similar for both the
search grids A; and A2 = {0.01,0.02,...,0.2}, indicating robustness to the regularization
parameter. However, it is important to note that much lower or higher values of a may result
in overfitting and underfitting, as demonstrated with & = 0.001 and « = 5.
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Fig. 13 Histogram of the tracking error Z; for different values of mq. Once an initial one-month straddle
is expired, a new one is entered

Table 8 Performance metrics for all values of mq over the entire test set (rounded to two decimal places)

Covid-19 period Method Statistics
Mean Median Std 5% VaR  2.5% VaR 1% VaR

Included Delta hedging —1.23 —-044 3270 19.49 36.33 58.63
Delta-vega hedging 0.98 0.00 29.70  10.90 19.70 43.72
Data-driven hedging (A1) 0.58 —0.13  33.01 13.01 24.44 50.45
Data-driven hedging (A2) 0.55 —0.16 3298 12.79 23.42 50.79

Excluded Delta hedging —146 —-036 840 13.22 22.84 36.66
Delta-vega hedging —0.37 0.00 934 9.58 16.67 34.81
Data-driven hedging (A;) —1.02 —0.18 8.16 10.80 18.08 35.35
Data-driven hedging (A2) —1.05 —0.18 8.15 10.55 17.32 33.85

Theinitial positions Zo = Oareincludedinthestatistics. Gridsearchesfora:. A1 = {0.01,0.05,0.1,0.5,1}
and Az = {0.01,0.02,...,0.2}
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Tracking error as a function of time (data-driven hedging) for different choices of a (mo = 0.75)
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Fig. 14 Tracking error as a function of time, mg = 0.75. Comparison between different values of a.. Opt-
ing for very low or very high values of « results in overfitting and underfitting, respectively. Opting for
fixed oo = 0.25 results in a similar performance to performing a grid search over A; or .Az. The "AIC
selected" refers to searching over Az = {0.01,0.02,...,0.2}
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