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Abstract

Institutional investors, such as banks and hedge funds, typically base their trad-
ing strategies on stochastic signals extracted from data sets. This thesis explores
the determinants of an optimal trading strategy in a game theoretical framework.
Since institutional investors compete for trading profits, they have an intrinsic mo-
tive to forecast their competitors’ information and incorporate that forecast into
their trading strategies. This thesis contributes to the literature by letting trading
strategies account for stylized empirical facts like autocorrelated order flows and
news arrivals.

The first chapter explores the influence of autocorrelated order flows on trad-
ing strategies. Since market microstructure models predict that informed traders
have an intrinsic motive to submit unpredictable orders, the empirically observed
autocorrelation in order flows is likely to come from uninformed traders. Instead
of assuming uninformed orders to be white noise, the model allows uninformed or-
ders to exhibit a general correlation structure that generates autocorrelation in the
aggregate order flow. As a result, the market maker’s prices and beliefs are linear
functions of the innovation in the aggregate order flow, implying that any form of
predictability in financial markets gets priced immediately. A vital result of the
model is that autocorrelation in the uninformed order flow implies uninformed
orders to be conditionally correlated with the asset value and informed traders’
signals. Therefore, autocorrelated uninformed orders also contain relevant infor-
mation upon conditioning. Although informed traders still submit unpredictable

orders in equilibrium, a numerical analysis shows that the correlation structure



of uninformed orders significantly affects informed traders’ trading intensities and
expected profits.

The second chapter explores the influence of news arrivals on trading strategies.
Given that modern market makers are high-frequency traders competing for speed,
the model assumes that the market maker can trade news faster than other traders.
Consequently, the market maker is also an informed trader since she possesses
short-lived private information about the asset value in every period. Informed
traders learn the news after the market maker and incorporate that information
into their trading strategies. A vital result of the model is that the market maker
only prices the innovation in news. In general, news improves price discovery and
has the highest price impact the first time it arrives. Also, since news arrivals reveal
information about the asset value, informed traders’ expected profits are negatively
related to the informativeness of news. Finally, depending on the correlation
structure of news arrivals, the model can produce new stylized facts like negative

trading intensities and increasing price sensitivities to news.
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1 Information in Noise: Strategic
Trading under Autocorrelated

Uninformed Orders

Vladislav Gounas'

ABSTRACT

This paper develops a strategic trading model in which uninformed orders exhibit
a general correlation structure that generates autocorrelation in the aggregate
order flow. Since the order flow is predictable, informed traders and the market
maker not only need to infer information about the asset value but also forecast
future order flows. The correlation structure of uninformed orders significantly
affects trading intensities, market liquidity, and price efficiency. Since the empirical
autocorrelation in order flows is likely to come from uninformed traders, strategic

trading models should not assume them to be simply noise.

KEYWORDS: Kyle model, autocorrelated order flow, strategic trading, asymmetric

information, signal processing, price impact, market microstructure.
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1.1 Introduction

Strategic trading models usually classify traders as either informed or unin-
formed.! The common assumption is that uninformed traders are noise traders
who submit orders completely randomly due to liquidity or rebalancing needs.
However, this is a relatively strong assumption. Just because most traders do not
possess non-public information does not imply that their trades should follow a
random walk. So what if orders submitted by uninformed traders are not simply
noise? What if instead there is a pattern to uninformed orders?

The first strategic trading model was developed by Kyle (1985), and ever since
its original publication, the model has inspired a large body of literature.? A
key result in strategic trading models with long-lived private information is that
informed traders have an intrinsic motive to place unpredictable orders. Due
to informed traders’ trading strategy, the market cannot infer whether informed
traders will submit buy or sell orders. Since orders by uninformed traders are
usually assumed to be white noise, the aggregate order flow is uncorrelated over
time in those models.

However, as studies by Hasbrouck (1991a,b) and Brogaard, Hendershott, and
Riordan (2019) show, there is significant autocorrelation in empirical order flows.
Consequently, if informed traders have an incentive to be unpredictable with their
trades, then the empirical autocorrelation should come from uninformed traders.
Consider momentum strategies as a simple example. If a single stock performed

strongly in the past, a momentum strategy would imply buying that stock. Thus,

IThe existence of uninformed traders is a necessary condition for informed traders to participate
in the market. See Kyle (1985), Glosten and Milgrom (1985), and Easley and O’Hara (1987).

2Extensions with multiple informed traders include Holden and Subrahmanyam (1992, 1994),
Foster and Viswanathan (1994, 1996), Bernhardt and Miao (2004), Dridi and Germain (2009),
Colla and Mele (2010), Ostrovsky (2012), Rostek and Weretka (2012), Lambert, Ostrovsky,
and Panov (2018), and Sastry and Thompson (2019). Back (1992), Back, Cao, and Willard
(2000), Back and Baruch (2004), and Collin-Dufresne and Fos (2016) extend the Kyle (1985)
model in continuous time. Admati and Pfleiderer (1988), Kyle (1989), Seppi (1990), Foster
and Viswanathan (1990), Degryse, Jong, and Kervel (2014), and Choi, Larsen, and Seppi
(2019) incorporate strategic uninformed traders into their models. Caballe and Krishnan
(1994) and Pasquariello (2007) study a multi-asset version of the one-period Kyle (1985)
model with multiple informed traders.



if several uninformed traders were to follow this strategy, not only would the order
flow be autocorrelated, but it might also be correlated with the true asset value
and even non-public signals.

Moreover, there are also economic reasons why the autocorrelation in the order
flow is likely to come from uninformed traders. In Degryse, Jong, and Kervel
(2014) and Choi, Larsen, and Seppi (2019), autocorrelation in the order flow arises
endogenously by modeling an uninformed trader who strategically rebalances his
position to maintain a target level.? Since that uninformed trader must reach
his target level before the end of the trading day, his orders are autocorrelated
as a result. To conclude, it stands to reason that uninformed traders generate
autocorrelation in the order flow and that their orders might even be correlated
with other variables of interest.

This paper contributes to the literature by allowing uninformed orders to ex-
hibit autocorrelation in the time series and cross-sectional correlation with the
asset value and informed traders’ signals. As a result, the aggregate order flow
will also be autocorrelated and thus predictable. Even though this paper speaks of
uninformed traders, one can think of them as being partially informed traders who
do not behave strategically. Being uninformed in that context means not possess-
ing relevant non-public information. This paper wants to ask the following ques-
tions: how should heterogeneously informed traders adjust their trading strategies
under (auto)correlated uninformed orders? How does the (auto)correlation affect
the value of non-public information? What is the impact on information efficiency
in financial markets? How sensitive are prices to arriving orders when there is
autocorrelation in the order flow?

This paper builds on the model by Foster and Viswanathan (1996), who were
the first to derive a dynamic trading equilibrium with heterogeneously informed

traders.? As is usual in strategic trading models, it is assumed that the market

3Choi, Larsen, and Seppi (2019) also allow the uninformed trader to be partially informed.
However, the model still generates autocorrelation in the order flow if the uninformed trader
is entirely uninformed.

4Back, Cao, and Willard (2000) study the Foster and Viswanathan (1996) model in continuous

3



consists of informed traders, a mass of uninformed traders, and a competitive
market maker. Before trading starts, each informed trader receives a private
signal about the asset’s true value, leading to a “forecasting the forecasts of others”
problem. Foster and Viswanathan (1996) show that the average of the informed
traders’ signals is a sufficient statistic to forecast the asset value. However, that
result no longer holds once uninformed orders are allowed to be (auto)correlated.
Since uninformed orders now also contain information about the asset value, the
average signal no longer captures all available information in the market.

A vital result of this paper’s model is that autocorrelation in the uninformed
order flow implies uninformed orders to be conditionally correlated with the asset
value and informed traders’ signals in the cross-section. Thus, even if autocorre-
lated uninformed orders do not initially contain information about the asset value
and non-public signals, they do so upon conditioning. Another main result is that
only the innovation in the aggregate order flow has a price impact, implying that
any form of predictability in the market gets priced immediately.

A numerical study shows that (auto)correlated uninformed orders significantly
affect informed traders’ expected profits and price discovery. Informed traders
make the highest expected profits, and prices are least revealing if uninformed
orders are negatively correlated with the asset value in the cross-section. In that
scenario, private information is most valuable because uninformed traders effec-
tively conceal informed traders’ orders by pushing the price away from the true
asset value. In contrast, informed traders’ expected profits are lowest, and price
efficiency is highest if the cross-sectional correlation between uninformed orders
and the asset value is positive. In that case, uninformed orders reveal information
about the asset’s true value, generating competition for informed traders.

Moreover, the speed at which information gets incorporated into prices depends

on the cross-sectional correlation between uninformed orders and informed traders’

time. Other papers with heterogeneously informed traders include Foster and Viswanathan
(1994), Bernhardt and Miao (2004), Dridi and Germain (2009), Colla and Mele (2010),
Rostek and Weretka (2012), Ostrovsky (2012), and Lambert, Ostrovsky, and Panov (2018).

4



signals. A positive correlation implies that most information about the asset value
gets revealed in the first periods. In contrast, price discovery is initially low and
increases in later periods if the correlation is negative.

Finally, the shape of the market maker’s illiquidity parameter is determined by
the correlation structure of uninformed orders. In particular, the market maker’s
price sensitivity to order flows can be monotonically decreasing/increasing, con-
stant, U-shaped, and even have an inflection point. Thus, (auto)correlated unin-
formed orders can explain various dynamics of market depth.

This research is related to Aase, Bjuland, and @Oksendal (2012) and Lambert,
Ostrovsky, and Panov (2018). Aase, Bjuland, and Oksendal (2012) consider a
model with one perfectly informed trader and allow the uninformed order flow to be
correlated with the asset value. The authors find a negative relationship between
the informed trader’s expected profit and the correlation between uninformed
orders and the asset value. Additionally, price efficiency is lowest if uninformed
orders are negatively correlated with the asset value.

In contrast, Lambert, Ostrovsky, and Panov (2018) consider multiple informed
traders with heterogeneous information and allow for a general correlation struc-
ture between the asset value, informed traders’ signals, and the uninformed or-

der flow.?

They also find that correlated uninformed orders significantly affect
informed traders’ expected profits and price discovery. Moreover, the authors pro-
vide general results on equilibrium existence and uniqueness and derive general
closed-form equilibrium characterizations.

However, both papers focus on a one-period model, whereas this paper wants to
study a dynamic trading game. Even though it will be necessary to impose sym-
metry conditions for (co)variances to keep the analysis tractable in the dynamic
setting, this paper can be viewed as a multi-period extension of the one-period

model in Lambert, Ostrovsky, and Panov (2018).

The rest of this paper is organized as follows. Section 1.2 explains the gen-

®Lambert, Ostrovsky, and Panov (2018) also allow the market maker to receive a signal that
is correlated with the asset value, informed traders’ signals, and the uninformed order flow.

5



eral model framework, and Section 1.3 describes the conjectured equilibrium.
In Section 1.4, informed traders’ updating processes along equilibrium and off-
equilibrium paths are analyzed. Moreover, necessary and sufficient conditions
for a dynamic trading equilibrium are provided. Finally, Section 1.5 numerically

evaluates the model, and Section 1.6 concludes.

1.2 The Model

Let the trading day be standardized to the interval [0, 1]. Trading takes place
over N € N sequential batch auctions at equidistant time points 1/N. The market
consists of M € N risk-neutral informed traders, a mass of uninformed traders,
and one risk-neutral competitive market maker, who all trade a single risky asset

with stochastic value v and variance ¥ = Var[v]. Trading takes place as follows:

(i) In each period n € {1,..., N}, informed and uninformed traders place their

orders to the market maker.

(ii) The market maker observes the aggregate order flow and sets the clearing

price.
(iii) The clearing price and aggregate order flow become public information.
(iv) Steps (i) to (iii) are repeated until the last trading period NN is reached.

(v) After the last round of trading, the liquidation value of the asset v gets

publicly announced, and profits of the asset holders are realized.

Before the start of the trading game, each informed trader i € {1,..., M} receives
a private signal s; o about the asset’s true value. Denote the signal vector as s =
(51,0, -.,5mp0], and let £ be the corresponding covariance matrix with diagonals
Yo" = Var[s; o] and off-diagonals X3"*° = Cov|[s;, sj0] where j € {1,..., M}
and 7 # 1. Also, define the covariance between the asset value and informed trader

»84,0

i’s signal as $y°"° = Cov|v, s;0]. To keep future analysis tractable, the following



symmetry conditions are imposed for all i, 7,k € {1,..., M}:

Si Si S8:.0,S7 8i.0,8 Si.0,87 s 850 v,8; V,8,
201,0 — ZO],O’ EOZ,O: 7,0 — 201, ) k,O7 201,07 7,0 — Zok,O: s , EO’ 2,0 — 207 j,O.

The symmetry in (co)variances is a crucial assumption for the analysis that follows
as it will keep the dimensionality space small.

In each period n € {1,..., N}, uninformed traders submit the aggregate order
up. Collect these orders into the vector w = [uy,...,ux]’, and let X¥ be the
corresponding covariance matrix. Instead of assuming uninformed orders to be
simply noise, they are allowed to be autocorrelated in the time series and exhibit
cross-sectional correlation with the asset value and informed traders’ signals.

To this end, assume that 3§ has diagonals ¥§" = Var[u,| and off-diagonals
Yot = Covlug, uy,) where m € {1,..., N} and m # n. Moreover, define the
covariance between the asset value and the uninformed order flow in period n as
Yo" = Cov]v, u,] and the covariance between informed trader i’s signal and the
uninformed order flow in period n as $3°""" = Cov|[s; o, u,]. As before, to keep

future analysis tractable, the following symmetry conditions are imposed for all

n,m,l€{l,...,N}andall 7,5 € {1,..., M}:

Up U Un ,Um Un, U] Un ,Um, ur,U V,Un v,U 5i,0,Un __ 55,0,Um
Zon — Zom’ Zon m — Zon , Eon m — ZO 'm7 ZO n — EO 7n’ EO — ZO

Allowing for (auto)correlation in the uninformed order flow is the main contri-
bution of this paper. At first glance, the uninformed order vector w could be
interpreted as a signal vector just like s. However, the crucial difference is that
signals are realized simultaneously before the first trading period, whereas unin-
formed orders are only realized sequentially over time. Consequently, informed
traders not only need to infer information about other informed traders’ signals
but also forecast future uninformed order flows.

Let ¥5° be the (1 x M) vector with entries ¥7°"°, ¥¢* be the (1 x N) vector

with entries ¥g*", and ¥g* be the (M x N) matrix with entries $g"*"". Tt is



assumed that the asset value, informed traders’ signals, and uninformed orders

are jointly normally distributed as follows:

0 IS D ¥

v . (1x1) (I1xM) (1xN)

s| ~N ' N I 2 ¥ . (1.1)
(Mx1) (MxM) (MxN)

U IS Vol X8
0 (Nx1) (NxM) (NxN)

Denote the covariance matrix in (1.1) as ¥ and assume the distribution is common
knowledge in the market.®

Finally, there is a risk-neutral competitive market maker who observes the ag-
gregate order flow and sets the clearing price. Suppose each informed trader
i€ {l,..., M} submits a quantity x;, in period n € {1,..., N}, then the aggre-

gate order flow g, in period n is defined as

M
Yp = Z:cm—l—un (1.2)

=1

The market maker cannot distinguish whether a single order is informed or unin-
formed, and perfect competition implies that the clearing price p, in period n is

set to her conditional expectation of the asset value:
Pn = E [U’ylzn], (13)

where the order flow history yi., = (y1,...,y,) is the available information to the
market maker after n periods of trading.
Consider the objective function of any informed trader ¢ € {1,..., M}. In each

period n € {1,..., N}, he maximizes his terminal conditional expected profit.

SNaturally, restrictions are required to ensure that the covariance matrix 3¢ in (1.1) is positive
definite. Numerically, this will put upper bounds on the absolute values of covariances.



The Bellman equation for his dynamic programming problem writes

max E {(v — Pn)Tin + Vin

Tin

Si,anlzn—laji71:n—1:|7 (14)

where

N
Vin = max NE [ Z (V= Pm)Tim

Tin41s0-5T4, 1

54,05 Y1:n, fi,l;n] (1-5)

is informed trader ¢’s value function after n rounds of trading. Note that informed
trader ¢’s information set in period n consists of his private signal s; o, the order
flow history vi.,—1, and his individual trading history Z;;.,—;. The individual
trading history is written with a “tilde” to stress that the history can be arbitrary.
By definition, the Bellman equation accounts for both optimal and suboptimal
play in the past.

A Bayesian Nash equilibrium of the dynamic trading game is defined as in Foster

and Viswanathan (1996).

Definition 1.1. The strategies {x1 p, ..., Trrn, Puth_, form a Bayesian Nash equi-

librium of the dynamic trading game if they satisfy two conditions:

(i) Given the strategies {x1 ;...\ Ti1ns Titim, -, Tarntry and {p, 2, the
strategy {x;,}N_, mazimizes the objective function (1.4) for each informed

trader i € {1,..., M} in every period n € {1,...,N}.

(ii) Given the strategies {Ti,,...,Tynth_;, the market maker’s pricing rule

{p.}0_, satisfies (1.3) in every period n € {1,...,N}.

There are two important things to note about Definition 1.1. First, the Bell-
man equation (1.4) requires informed trader i’s strategy x;, in period n to be
optimal given any arbitrary past trading history #;1.,—1. It is therefore necessary
to distinguish between equilibrium and off-equilibrium play. Second, deviations
by any informed trader ¢ € {1,..., M} from his optimal strategy are unobserv-
able to the market maker and other informed traders. Consequently, there are no

off-equilibrium beliefs in the model.



1.3 The Conjectured Equilibrium

Following Kyle (1985) and its extensions, this paper wants to derive a linear
and symmetric trading equilibrium. To this end, conjecture that informed traders’
equilibrium strategies are of the same form as in Foster and Viswanathan (1996),

that is, for all i € {1,..., M} and alln € {1,...,N}:

Lin = anz‘,n—l, (16)

where s;,-1 = 5,0 — E [sw ylm_l} is the part of informed trader i’s private in-
formation that is not known to the market maker after n — 1 periods of trading.
Thus, conjecture that even when uninformed orders are (auto)correlated, informed
traders have an incentive to place orders that are unpredictable from the market
maker’s point of view. However, it is important to stress that (1.6) only charac-
terizes the strategy played along the equilibrium path and does not yet account
for off-equilibrium play.

Although informed traders’ orders are unpredictable, the aggregate order flow

is autocorrelated since

M
E [yn’yl:n—l} =K [Zﬁnsi,n—l + U
i=1

ylzn—1] =K [un‘ylzn—l]u (1-7)

that is, the autocorrelation in the aggregate order flow comes solely from unin-
formed traders. In particular, the trading strategy (1.6) has the following impli-

cations for the market maker’s updating processes along equilibrium play.”

Lemma 1.1. Suppose informed trading strategies are as in (1.6). Then for all
ne{l,...,N}, i€ {l,...., M}, and t € {1,...,N — n}, the market maker

recursively updates her prices and beliefs as follows:

m=E {U‘yl:n} = Pn1+ (Yo — Tnn-1), (1.8)

"The market maker has no off-equilibrium beliefs since off-equilibrium play is unobservable.

10



ti,n

{Si,O yl:n} =tin-1+ Cu(¥Yn — Tnn-1), (1.9)

E
Tnttn = B {un—l—t‘yl:n} =Tpn-1t+ On(Yn — Tnn—1), (1.10)

where \,, C,, and 6, are projection coefficients.
Proof. See Appendix 1.A.1.

There are two important things to note about Lemma 1.1. First, prices and
beliefs are linear functions of y,, — 7, ,—1, the innovation in the aggregate order
flow. Thus, the predictable part of the aggregate order flow r,,_; has no price
impact. Moreover, similar to Kyle (1985), the projection coefficient A, is an inverse
measure of market depth. The less sensitive prices are to aggregate order flow
innovations, the deeper the market.

Second, the market maker needs to forecast future uninformed orders. According
to (1.7), this problem is equivalent to forecasting future aggregate order flows. It
can be inferred from (1.10) that r,,, is independent of the forecasting horizon ¢.
Consequently, forecasting uninformed orders only one period ahead is sufficient,
that is, after n periods, 7,41, is a sufficient statistic for forecasting all future
uninformed orders. This property is important since it keeps the dimensionality
space small. Otherwise, the market maker would need to forecast each future
uninformed order flow separately, resulting in a dimensionality problem with a
growing number of trading periods.

While the market maker can also smooth past and filter current uninformed
orders, it is not necessary for solving the model. More importantly, the smoothing
and filtering processes are different for each uninformed order flow, that is, for
all n € {1,..., N}, one can show that r,,, # 1, for all m,l € {1,...,n} where
m # [. Thus, to avoid the curse of dimensionality, this paper does not keep track

of the smoothing and filtering processes.®

80ne can show that E [v]s,u] = p 3N si0 +w XN u, =9, where y and w are constants.
While ¢ is a sufficient statistic for solving the model, it also leads to a dimensionality issue
since one would need to smooth past and filter current uninformed orders.

11



It will prove helpful to consider uncertainty from the market maker’s point of

view. To this end, define for all periods n € {1,..., N} and all informed traders

i,7 € {1,..., M} the following conditional (co)variances:
¥ = Var [v]yi]. S50 = Var [si0[yin)
Yottt = Var [unJrl‘yl:n]’ 2,70 = Cov [v, 5,0 yl:"}’
Yytuntt = Cov [Ua unJrl‘yl:n}? 200 = Cov [Sm’ Sj’()’yl:”]’
ottt = Cov [si, tnst|[yia], ZRT = OOV [t Wnsa|Yin)-

These (co)variances are conditional on the market maker’s information after n
periods, consisting of the aggregate order flow history v;.,. In particular, 3! mea-
sures how much uncertainty about the asset value remains after n trading rounds.

The following lemma shows how these conditional (co)variances are related.

Lemma 1.2. Suppose informed trading strategies are as in (1.6). Then for all

ne{l,...,N—1} andi,j € {1,..., M}, it holds that

51,0 S;,0 __ ¥159%4,0555,0 $4,0,55,0
Y0 = B = M = 200, (1.11)
U _ Un4+1 Un,Un+1 Un+4+1,Un+2
SUn | Rl = Ut Sngunte, (1.12)

Moreover, the market maker’s illiquidity parameter A, in (1.8) satisfies

Cn
—1
DN Dkt
/\n:< ve ;;g;) , (1.13)
ZZTf 17’;711 Cn
0,

where ¥32_| is the (M x M) conditional covariance matriz with diagonals X%

and off-diagonals ¥,°°°7° Y0, is the (1 x M) conditional covariance vector with

v,84,0

entries 3,750, Lo is the (M x 1) conditional covariance vector with entries

S4,0,U A . . . .
.00 and 0,, # 0, is a projection coefficient.
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Proof. See Appendix 1.A.2.

The first part of Lemma 1.2 implies for all periods n € {1,..., N — 1}:

T — B0 = x, (114
By — S = X, (115)

where y s and y, are constants. Thus, for both informed traders’ signals and future
uninformed orders, the difference between variances and covariances is indepen-
dent of the trading period.

The second part of Lemma 1.2 implies that the market maker’s update of the

asset value is not proportional to her update of informed traders’ signals:

M
Prn— Pt K O (tin — tin—1). (1.16)
=1

A key result in Foster and Viswanathan (1996) is that the market maker only
needs to forecast the average of the informed traders’ signals. However, that
result is no longer true once (auto)correlation in the uninformed order flow is
introduced. Since uninformed orders now also contain relevant information, the
average signal is no longer a sufficient statistic for all available information in
the market. Thus, (auto)correlated uninformed orders disentangle the one-to-
one relationship between forecasting the asset value and forecasting the private

information of informed traders.

1.4 Informed Traders’ Updating Processes

This section addresses the dimensionality issue of the dynamic trading game and
shows how informed traders’ beliefs are updated over time. Definition 1.1 requires
one to distinguish between updating along equilibrium and off-equilibrium play.
Deriving the updating processes will help identify the state variables of informed

traders’ dynamic programming problem.
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1.4.1 Updating along the Equilibrium Path

Following Foster and Viswanathan (1996), it is first shown that for every in-
formed trader i € {1,..., M} the individual past trading history is redundant
information along the equilibrium path. Indeed, from (1.6), (1.9), and (1.10), one
can infer that informed trader i’s optimal trading strategy z;, in every period

n € {l,..., N} is equivalent to

n—1
Tin = BnSin-1 = Pn(Si0 — tin-1) = Bn (Si,O — Z G [yt — Tt,t—l})

t=1

= bn <3i70 —2@ [y -y ( I [: —@]) m]) .

r=1 \s=r+1

(1.17)

Equation (1.17) implies that informed trader i’s optimal trading strategy in period
n is a function of his private signal s; o and the past aggregate order flow history
Y1:m—1. Therefore, the individual trading history z;;.,—; is redundant and the
meaningful information for informed trader ¢ is just (s; 0, y1.n—1). This result also
implies that the only relevant information that informed trader ¢ has relative to
the market maker is his private signal s, o, which helps identify the state variables

for updating along the equilibrium path.

Lemma 1.3. Assume the market maker sets prices and forms beliefs as in (1.8),
(1.9), and (1.10), and all informed traders i,j € {1,..., M} where i # j trade
as in (1.6). Then s;,—1 is a sufficient statistic for informed trader i’s updating
processes after n — 1 periods for alln € {1,...,N}. In particular, the updating

processes satisfy

E [U — Pn—1|5i,0, Y1:n—1, wi,l:nfl} = MnSin—1, (1-18)
E [Sj,nfl Si,00 Y1:n—1, xi,l:nfl} = ¢n3i,n717 (119)
E [un - Tn,nfl Si,Ou Y1:n—1, xi,l:nfl} = wnsi,nflu (120)

where N, ¢n, and 1, are projection coefficients.
Proof. See Appendix 1.A.3.
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If all informed traders (including i) have played optimally in the first n — 1
trading rounds, then the residual signal s;,,_1 = s;0 — ti,,—1 is a sufficient statistic
for informed trader 7 to forecast the asset value, other informed traders’ signals,
and the next period’s uninformed order flow.” Thus, sin—1 is the only state variable
along equilibrium play. However, it is important to stress that these results only
hold if informed trader ¢ has played his equilibrium strategy in the first n—1 trading

periods. Additional state variables are required to account for off-equilibrium play.

1.4.2 Updating along Off-Equilibrium Paths

Without loss of generality, assume informed trader i has submitted an arbitrary
order sequence Z; 1., in the first n € {1,..., N} trading periods while all other
informed traders j € {1,..., M} where j # i follow the equilibrium strategy (1.6).
Furthermore, suppose the market maker sets prices and forms beliefs as in (1.8),
(1.9), and (1.10).

Since deviations from the equilibrium strategy are unobservable, informed trader
7 can manipulate the market maker’s and other informed traders’ beliefs about the
asset value, signals, and uninformed orders. More importantly, if informed trader
¢ manipulates beliefs by submitting arbitrary orders Z; ;.,, the projection theorem
for Gaussian random variables cannot be applied since s;, and y;.,, need not
be jointly normally distributed. In particular, s;, will no longer be a sufficient
forecasting statistic for informed trader ¢ after n periods of trading.

To address this issue, closely follow Foster and Viswanathan (1996) and intro-
duce the following notation for all trading periods n € {1,..., N} and informed

traders j € {1,..., M}:

M
j=1

Al ) P
8 n = 8j0 — U5, and 8} 5 = 55,

9Technically, informed traders need to form beliefs about all future uninformed order flows.
However, as was shown in Lemma 1.1, it is sufficient to forecast uninformed orders only one
period ahead.
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ﬁ:q = ]37‘1_1 + /\n (@:1 - f;,n—l) and ]510 = 07
N i i i N
tj,n = t}n—l + Cn (y; - quz,n—l) and t;‘,O = 0,

Al N A7 AL N
Tniin = Tnn—1 + 971 <yn - Tn,n—l) and 1o = 0.

These “hat” processes are the quantities that would have occurred along the equi-
librium path in trading period n if informed trader ¢ had followed his equilibrium
strategy {ﬂm§f7m_1}§;:1. All results from the previous sections apply to these
“hat” processes, which denote the equilibrium path processes. With this notation
in mind, an important result from Foster and Viswanathan (1996), which will help

characterize off-equilibrium paths, is stated.

Lemma 1.4. Assume the market maker sets prices and forms beliefs as in (1.8),
(1.9), and (1.10), and all informed traders j € {1,..., M} where j # i trade
as in (1.6). Suppose informed trader i has submitted an arbitrary sequence of
orders Tjy., in the first n € {1,..., N} trading periods. Then the following two

information sets are equivalent:

(Sz',o, Yiins fii,l:n) = (Si,(b - fi,l:n), (1.21)

~1

wher@ gin = (g?l7 A Jyn)'

Proof. See Appendix 1.A 4.

Lemma 1.4 states that the equilibrium order flow history 4%, is in informed
trader ¢’s information set even along off-equilibrium paths. Intuitively, informed
trader ¢ knows how his trades affect the market maker’s and other informed traders’
strategies and beliefs. Consequently, he can recursively reconstruct the aggregate
order flow history that would have occurred along the equilibrium path if he had
played his equilibrium strategy. Since #:., is in informed trader i’s information
set, so is the history of the equilibrium quantities {8}, 5%, & .7 3% .

Lemma 1.3 has shown that, along the equilibrium path, §§7n_1 is a sufficient

forecasting statistic for informed trader ¢ after n — 1 periods of trading. The
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following lemma lists the additional state variables required for updating along

off-equilibrium paths.

Lemma 1.5. Assume the market maker sets prices and forms beliefs as in (1.8),
(1.9), and (1.10), and all informed traders j € {1,..., M} where j # i trade as in
(1.6). Suppose informed trader i has submitted arbitrary orders Z;1.,—1 in the first
n—1 trading rounds. Then 8., |, P’ y—pn—1, ', 1 —tjn-1, and £, | —Tnn 1 are
sufficient statistics for informed trader i’s updating processes after n — 1 periods

for alln € {2,...,N}. In particular, the updating processes satisfy

E [U = Pn-1[8i,05 Y1:n—1, fi,l;n—l] = a8l 1+ (ﬁ2_1 - pn—l) ; (1.22)
E [Sj,n—l 81,05 Y1:n—15 fi,l:n—l] = ¢n8l, 1+ (f§,n_1 - tj,n—1) ; (1.23)
E {Un — Tnn—1|56,0> Yin—1, fi‘i,hn—l] = ¢n§§,n_1 + (ffm_l — T’n,n—l) . (1.24)

Proof. See Appendix 1.A.5.

In Foster and Viswanathan (1996), the residual signal 8}, _, and the price de-
viation from equilibrium p! |, — p,_; are sufficient statistics for updating along
off-equilibrium paths. However, in the presence of (auto)correlated uninformed
orders, two additional state variables are required: the deviation in beliefs from
equilibrium about informed traders’ signals f;'-’nfl —tjn—1 and the deviation in be-
liefs from equilibrium about the next period’s uninformed order flow 7, ,, | =7 1.

If uninformed orders are assumed to be white noise, the updating process of
the asset value is proportional to the updating process of informed traders’ sig-
nals. For this reason, f§-7n_1 — tjn—1 is a redundant state variable in Foster and
Viswanathan (1996). However, as shown in (1.16), this proportionality breaks
down if uninformed orders exhibit a general correlation structure. Consequently,

updates about the asset value and updates about informed traders’ signals have

to be distinguished from each other.

17



1.4.3 Necessary and Sufficient Conditions for Equilibrium

With the insights from Lemma 1.5 in mind, conjecture informed trader i’s op-
timal strategy, which accounts for both equilibrium and off-equilibrium play, to
be linear in the state variables. In particular, given any arbitrary order sequence
Z;1:n—1, conjecture informed trader ¢’s optimal strategy for the remaining trading

periods m € {n,..., N} to be of the following form:

A

xi,m = 6m§§7m_1+7m (ﬁ:n—l - pm—1>+am (t;'7m_1 - tj,m—1>+5m (ﬂn7m_1 - rm,m—l) .
(1.25)
Along the equilibrium path, one has pm—1 = ph,_1, tjm-1 = 5, 1, and -1 =

A

Prnm—1 SO that only 5m§§7m_1 remains. Thus, the initially conjectured strategy

(1.6), which will be played along the equilibrium path, is consistent with the
general strategy (1.25).

Moreover, since informed traders are assumed to be risk-neutral, conjecture
the value function V;,_; of informed trader i after n — 1 trading periods to be
quadratic in the state variables, that is, for all periods n € {1,..., N} and all

informed traders i,j € {1,..., M} where i # j, conjecture:

A,

Vinet = @t (85000) "+ buct By = Pact) + ot By = )
o dt Py = Tnet) a8y (s — pac)
+ 181 (Bt = tim1) + gn180 1 (Fhps = Ton1)
ot (s = pn) (Bns = tines) +nms (P = Pac) (Frins = 7

+ jn—l (tA;‘-’n_l — tjﬂ—l) (fi’n_l — rn,n—l) + kn—l-
(1.26)

Only the first and last terms of the value function remain along the equilibrium
path. However, since Definition 1.1 requires trading strategies to be optimal for
arbitrary trading histories, one must consider the additional terms. In particular,
equilibrium parameters will depend on off-equilibrium parameters as the following

proposition shows.
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Proposition 1.1. The strategies and beliefs (1.8), (1.9), (1.10), (1.22), (1.23),
(1.24), and (1.25) form a symmetric linear Markov perfect equilibrium if the fol-

lowing recursions hold for all periodsn € {1,..., N}:

M2+ (M = 1)) = Gall + (M = D)gn)(endn + fnln + gnbn)’

1 — 2bu A — Ao — inbh

(M —1)8, [en@dnen +inAn 4+ Jnn) — An(1 — 2bn)\n PG — in n)]
"2 = 200 A — MG — i) — (260G + B + jnen) — 00(2d0n0p + in A + nCn)’
" An(2 = 2bp Ay — b — inbn) — Cn(2chn + hn)\n + ]nen) — 0n(2d, 00 + inAp + JnCn)
N = M/Bn U810+Evun
MB2[S) + (M = DS ] 50+ 2M B, 3
5 [EZZ 01 + (M 1)27511;01753,0} + EZZ Olun
M@ [S50) + (M = )05 ] + 3+ 2M Sy
9 Mﬁn Sz 0 Un + Eun JUn 1

MBE[S01 + (M — 1>25Zf’sﬁ’°}+z L 2M B

n—1

with value function coefficients

nt = o (10 = DB+ OF = DB 0] ) + an(l G+ (M~ 1)B0 + wn})g,
b1 = bu(1 = An)? + (1 = JaAa) (1 = AuGn = indh) +¥2(caC2 + dnb2 + jnCubn):
Cn1 = n (1 — Galan + (M — 1>5n])2 + [0+ (O = 18] (02 + da? + i 00)

— |om + (M = 1)8,] [anxn + (1= Galan + (M = 1)B,] ) (hudn + jn9n)] ,

2
dn1 = dn (1= 02[1+8a]) " + (14 0,)2(bu X2 + €aC + hnhnGa)

— (146, [cmn + (1 — 0,1 + 5n]) (inAn + jncn)] ;

en—1 = {en(l — An) = Yn(fuln + Qnen)} (1 — (n [ﬁn + (M —1)Bnon + T/Jn])

+ Yn (nn - [ﬁn + (M —1)Bnon + ¢n}> + Bu(1 = YnAn),
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Jn-1= {fn(l —Cn {O‘n + (M — 1)/8nD - [O‘n + (M — 1)&1} (enAn + gnen)} (1 —Gn [ﬁn
+ (M - 1)6n¢n + djn}) + ap (nn - An {/Bn + (M - 1)ﬁn¢n + 7/’71})
= A en + (M = 1)B,],
gt = [ga (1= 8alL 4 80]) = (1 8a) enda + 126 (1= a4 (OF = D)6 + ]
4810 = Mo+ (M = DBadn + ] ) = Mafal1+ 52,
it = [t = 20hn) = 302G+ 3u60)] (1= Ga e + O = D8] ) + (1 = 200
[0+ OF = D8] 3080 2180 + 30) = A1 = B = i8]
(1= ) oo+ i)
in1 = [in(1 = MmAn) = 12 + GnGo)| (1= 0n1 + 6] ) + (1 = 3 An)
+u+%w%@@%@+ﬁ@J—Ma—m@—%%ﬂ—u—%hm%mw+m@w
jqup41—%u+%g—uﬁw@@%@+hﬁw“ﬁ—@pm+m4—an
= (L4 3) + [+ (OF = D8] [ (14 80 a2 + 1) + Bnlinha + 5]

—M%—@—@u+mywwwmmﬁ,
kn_1=Fk,+ angﬁ lVar [un - rn,n,l‘si,g, ylzn,l] +2(M —1)4, Cov [sjm,l, Uy, — Tn,n,l‘sw, yl;n,l}
+ (M — 1)57%(\7&1” {Sj,nqlsi,o,yl:nq} + (M —2)Cov {Sj,nfla Sk,n—l‘si,07y1:n1}>‘| ;

whereaN:bN:cN:dN:eN:fN:gN:hN:iN:jN:k:NzOand
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Also, for all 1,5,k € {1,..., M} where i # j # k:

Var [un — Tnyn—1|5i,0, Ylin— 1} Sty — Yasl,
Var [Sj,nq 54,0, Yl:n— 1} = )Z5
Cov [Sj,n—h Skyn—1[8i,0, Ylin— 1} = (1 — ),
Cov {Sj,n—la Unp — Tnn—1(5,0, Yl:n— 1} 1 - ¢n Sl o un.

Moreover, the second-order condition must hold in every period:
)\n(2 - 2bn)\n - hnCn - 'Lnen) - Cn(2cn<n + hn)\n +]n0n) - Qn(2dn‘9n + in)\n + ]nCn) >0

Finally, conditional (co)variances must satisfy the following recursive block struc-

ture in every period:

U Z—l_)‘EL(MBEL[ flzol_i_(M 1)231',0753',0} +Zun1+2Mﬁn SZO:“n)’

n n—1
n—1 n—1

S0 = S0 = NG (MBR S50 4 (M = DEO0 ) 4 50y +2M B, 8 )

St = S = A (MBS + (M = D00 4 Sim 4 2M B, 205",

n—1
S = B = (MBS0 + (M = )T 4 B 4+ 2M B3,
S0 = Bt - 2 (MBR[EE0 + (M = 1Sy 4 3| + 2M B, B0,
sLotntL _ gysiotn - g n(MﬁZ [ijfl + (M- 1)251*0’8]"0} 4B 4 2M BB “")

n—1

n—1

Syt = Sy — 62 (MBS0 + (M = D070 | + Sy +2MB, 25",

Zzn_;,_hun_;,_z — EuTun-&-l 02 (MﬁZ |: Zz 01 + (M 1)251,075j,0:| + 2”" . + 2Mﬂn Sz Oyun) )

n—1

Proof. See Appendix 1.A.6.

Proposition 1.1 specifies the necessary and sufficient conditions for a dynamic
trading equilibrium. As is the case with most discrete-time strategic trading mod-

els, including Foster and Viswanathan (1996), this paper does not have analytic
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expressions for the equilibrium. Therefore, Proposition 1.1 must be computed
numerically. The corresponding algorithm is described in Appendix 1.A.7.

While 27 is not technically required to solve the remaining system of equations,
one still needs to keep track of it for the numerical analysis. Since the equilibrium
is only sustainable if the market maker does not fully learn about the asset’s true
value before the final trading period, one has to ensure that X%,_; > 0.

Moreover, from the equations for 6, 0un+1 Y00+ “and Sun+tuntz it can be
inferred that uninformed orders are conditionally correlated with the asset value
and informed traders’ signals in the cross-section if they are autocorrelated in the
time series. Thus, even if autocorrelated uninformed orders do not initially con-
tain information about the asset value and signals, they do so upon conditioning.
Similarly, if uninformed orders are initially uncorrelated over time, they become
conditionally autocorrelated as long as they initially contain information about
informed traders’ signals.

Finally, note that the models by Kyle (1985), Holden and Subrahmanyam
(1992), and Foster and Viswanathan (1996) are all nested in Proposition 1.1.
If one assumes uninformed orders to be white noise, one obtains the Foster and
Viswanathan (1996) model. Additionally, if informed traders perfectly observe
the asset value v, one gets the Holden and Subrahmanyam (1992) model with
homogeneously informed traders, while the Kyle (1985) model is obtained for the

special case where there is only one informed trader.

1.5 Numerical Analysis

This study is interested in how (auto)correlated uninformed orders affect the
equilibrium outcome. Numerically, correlations have to be bounded above in ab-

solute value to ensure that the covariance matrix ¥ in (1.1) is positive definite.

Denoting py? as the unconditional correlation coefficient between two arbitrary
: = — V,5i,0 V,Un, S4,0,Un 54,0555,0 Un, ,Un+1
variables  and y, the absolute values of py”™*", py"™", Py s Po , and p,
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have to be bounded above for the model to be well-defined. Therefore, the equi-
librium in Proposition 1.1 is only sustainable for small to moderate correlations.

The main variables of interest are py", the unconditional correlation between
the asset value and uninformed orders, and py”*"", the unconditional correlation
between informed traders’ signals and uninformed orders. This study fixes the
number of informed traders to M = 3 and the number of trading periods to N =
10. Initial variances equal 33 = 5, ¥7*° = 1, and 3§" = 3/N. The unconditional
signal informativeness equals py”*° = 0.4, and the unconditional autocorrelation
in the uninformed order flow is set to py™*"** = 0.1 since positive autocorrelation
is empirically the most relevant case.'’ Finally, three different unconditional signal

4,0,55,0

. . o) . . S .
correlations are considered: positive correlation p, = 0.25, zero correlation

80,0587, . . 84,0555 . . .

po" 7" = 0, and negative correlation p,"*""° = —0.25. Different combinations of
84.0,U .. . .

po " and py """ are analyzed for each unconditional signal correlation.

1.5.1 Positive Initial Signal Correlation

In this analysis, the initial signal correlation equals py">*° = 0.25. For unin-
formed orders, the unconditional correlation structures are (pg " = 0.25, pg""*™°" =
0.25), (pg™" = 0.1, pg">"" = —=0.1), (pg*" = —0.1, pg">"" = 0.1), and (pg"" =
—0.25, pg """ = —0.25).

Figure 1.1 plots informed traders’ trading intensity (,, the market maker’s
illiquidity parameter \,, the conditional asset variance X7, and informed traders’
terminal conditional expected profits over time. Suppose uninformed orders are
initially positively correlated with the asset value and signals. In that case, the
market maker’s price sensitivity monotonically decreases over time since most in-
formation about the asset value gets incorporated into prices in the first periods.
Since uninformed orders reveal information about the asset’s true value, competi-
tion for informed traders is high. Consequently, informed traders make the lowest

expected profits and decrease trading intensities throughout the trading day.

10See Hasbrouck (1991a,b) and Brogaard, Hendershott, and Riordan (2019).
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Figure 1.1: Trading Intensity, Illiquidity Parameter, Conditional Asset Variance,
and Expected Profits with Positive Initial Signal Correlation. The figure plots informed
traders’ trading intensity S,, the market maker’s illiquidity parameter \,, the conditional asset
variance X7, and informed traders’ terminal conditional expected profits over time. Parameter
values are M = 3, N = 10, 3§ = 5, X% =1, g = 3/N, py°° = 0.4, py"**"" = 0.25, and

0" " = 0.1. The model is solved for four initial parametrizations: (pg™" = 0.25, pg"*"" =

0.25), (po = 0.1, piio" = —0.1), (po" = —0.1, pi>"" = 0.1), and (pJ™"" = —0.25,
Pyt = —0.25).

If uninformed orders are initially positively correlated with the asset value but
negatively correlated with signals, informed traders’ trading intensity monotoni-
cally increases over time, even though uninformed traders still reveal information
about the true asset value. Surprisingly, at the end of the trading day, price dis-
covery is the highest. In that scenario, aggregate order flows remain consistently
informative about the asset value, resulting in most information getting incorpo-
rated into prices. Consequently, the market maker’s price sensitivity only slowly

decreases over time.

Suppose uninformed orders are initially negatively correlated with the asset value
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but positively correlated with signals. In that case, uninformed traders push the
price away from the true asset value, which provides camouflage for informed
traders. As a result, informed traders trade most aggressively on their residual
signals throughout the trading day and make high expected profits. Interestingly,
the market maker’s illiquidity parameter exhibits a clear U-shape. It initially de-
clines because aggregate order flows are most informative about the asset value in
the first trading rounds. However, the illiquidity parameter eventually increases in
later periods since informed traders submit their most aggressive orders towards
the end of the trading day.

Finally, if uninformed orders are initially negatively correlated with the asset
value and signals, informed traders also increase their trading intensity over time
and make high expected profits. As in Kyle (1985), informed traders have an
incentive to delay their trades towards later periods to capitalize on their private
information. Moreover, the market maker can extract the least information from
aggregate order flows since uninformed traders trade in the opposite direction of
the true asset value and signals. Consequently, the market maker keeps a steady
price sensitivity, resulting in slow price discovery over time.

Figure 1.2 shows the evolution of the conditional correlations pi»+t:“»+2 p ,

putntt and pp®*" . If uninformed orders are initially positively correlated with

the asset value and signals, the conditional correlations monotonically decrease
over time. Thus, uninformed orders become less informative about the asset value
and signals in later periods. Furthermore, pr»+1""+2 strongly decreases in the
first periods so that uninformed orders become conditionally less autocorrelated.
Finally, p»">*° becomes negative over time, meaning that informed traders switch
from trading in the same direction to trading in opposite directions. This result
is equivalent to informed traders developing a difference of opinion about the true
asset value.

Suppose uninformed orders are initially positively correlated with the asset value

but negatively correlated with signals. In that case, the conditional signal corre-
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Figure 1.2: Conditional Correlations with Positive Initial Signal Correlation. The

figure plots the conditional correlation between future uninformed orders p,"*"""*2 the condi-

tional correlation between informed traders’ signals py,°"**°, the conditional correlation between

. v, spe .
the asset value and future uninformed orders p, "', and the conditional correlation between
Si,0,Un+1

informed traders’ signals and future uninformed orders py over time. Parameter values are
M =3 N=10,%=55"=1,34" =3/N, pg°"° = 0.4, pg"°""° = 0.25, and py" """ = 0.1.
The model is solved for four initial parametrizations: (pg™" = 0.25, pg"*"“" = 0.25), (pg*" = 0.1,
P = —=0.1), (pg™ = —0.1, pg"*"" = 0.1), and (pg™*" = —0.25, py"""“" = —0.25).
lation slowly decreases, while the remaining conditional correlations stay approx-
imately constant over time. Therefore, uninformed orders remain consistently
informative about the asset value and exhibit a persistently high conditional auto-
correlation. Moreover, the conditional signal correlation stays positive throughout
the whole trading day so that no switch in trading directions occurs. Finally, note
that pp-“~+! is U-shaped and thus non-monotonic.

If uninformed orders are initially negatively correlated with the asset value but

positively correlated with signals, the conditional correlations monotonically de-

cline over time. In that scenario, uninformed traders effectively conceal informed
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traders’ orders from the market maker by pushing the price further away from the
asset’s true value while losing their informational value about signals after the first
few trading rounds. Furthermore, the conditional signal correlation becomes neg-
ative after the first period. Thus, even if informed traders initially agree whether
the asset is overvalued or undervalued, they will have different opinions after only
one round of trading.

Finally, if uninformed orders are initially negatively correlated with the asset

. 84,0,54 . .
value and signals, pU»+1%n+2 and p,"*"” monotonically decrease, while p2¥n+1 and

72" monotonically increase over time. Since uninformed orders become less
negatively correlated with the asset value and signals, uninformed traders provide
less camouflage for informed traders in later periods. Surprisingly, the conditional
uninformed order flow autocorrelation becomes negative over time. Thus, even

if uninformed orders are positively autocorrelated, they can become negatively

autocorrelated upon conditioning.

1.5.2 Zero Initial Signal Correlation

In this analysis, the initial signal correlation equals py™*"*° = 0. For uninformed

orders, the unconditional correlation structures are (pg" = 0.2, py""" = 0.1),
(pg"™ = 0.1, pg"""" = =0.1), (pg"" = —0.1, pg">"" = 0.1), and (pg™*" = —0.1,
P = —0.2).

Figure 1.3 plots informed traders’ trading intensity [,, the market maker’s
illiquidity parameter ),, the conditional asset variance X7, and informed traders’
terminal conditional expected profits over time. It is worth noting that, except
for (pg"" = —0.1, p3">"" = 0.1), trading intensities are approximately unaffected
by the correlation structure of uninformed orders if informed traders receive inde-
pendent signals. Also, trading intensities monotonically increase over time.

If uninformed orders are initially positively correlated with the asset value and
signals, informed traders make the lowest expected profits. Since uninformed

traders reveal information about the true asset value, competition for informed
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Figure 1.3: Trading Intensity, Illiquidity Parameter, Conditional Asset Variance, and
Expected Profits with Zero Initial Signal Correlation. The figure plots informed traders’
trading intensity [3,,, the market maker’s illiquidity parameter A, , the conditional asset variance
3y, and informed traders’ terminal conditional expected profits over time. Parameter values are
M =3, N=10,%5 =5, 5" =1, 34" = 3/N, py*° = 0.4, pg""*° =0, and py""“"™" = 0.1.
The model is solved for four initial parametrizations: (pg™" = 0.2, pg"*"“" = 0.1), (pg*" = 0.1,
po" 0 = —=0.1), (pg = —0.1, pg"“" = 0.1), and (pg™*" = —0.1, pg" """ = —0.2).

traders is high. Moreover, the market maker’s price sensitivity monotonically
decreases since aggregate order flows become less informative about the asset value
over time. Consequently, price discovery is highest in the first trading periods.

If uninformed orders are initially positively correlated with the asset value but
negatively correlated with signals, informed traders make moderate expected prof-
its. Simultaneously, the market maker’s price sensitivity remains approximately
constant throughout the trading day. In that scenario, aggregate order flows stay
consistently informative about the asset value, resulting in the highest price dis-

covery at the end of the trading day.

If uninformed orders are initially negatively correlated with the asset value but
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positively correlated with signals, informed traders trade most aggressively on
their residual signals and make high expected profits. In that scenario, unin-
formed traders push the price away from the true asset value while not being
informative about signals after the first few trading rounds. As a result, price
discovery is lowest at the end of the trading day since informed traders can effec-
tively conceal their information from the market maker. Moreover, the illiquidity
parameter exhibits a clear U-shape. It initially declines because the first aggre-
gate order flows contain the most information about the asset value. However, the
illiquidity parameter eventually increases in later trading rounds since informed
traders trade most aggressively on their private information towards the end of
the trading day.

Finally, if uninformed orders are initially negatively correlated with the asset
value and signals, informed traders also make high expected profits. Furthermore,
the illiquidity parameter monotonically increases over time. In that scenario, un-
informed orders provide camouflage for informed traders by trading in the opposite
direction of the true asset value and signals. As a result, the market maker in-
creases her price sensitivity throughout the trading day since she can extract the
least information from aggregate order flows in the first periods.

Figure 1.4 shows the evolution of the conditional correlations p/»+t“»+2  p

)

putntt and pp*" "', If uninformed orders are initially positively correlated with

the asset value and signals, the conditional correlations monotonically decrease
over time. Therefore, uninformed orders become less informative about the asset
value and signals in later periods. Moreover, informed traders develop a differ-
ence of opinion about the asset value after only one round of trading, and the
conditional uninformed order flow autocorrelation strongly declines over time.
Suppose uninformed orders are initially positively correlated with the asset value
but negatively correlated with signals. In that case, the conditional uninformed
order flow autocorrelation slowly decreases, while the remaining conditional corre-

lations stay approximately constant over time. Since aggregate order flows remain
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Figure 1.4: Conditional Correlations with Zero Initial Signal Correlation. The figure
plots the conditional correlation between future uninformed orders p,"™" "2, the conditional
correlation between informed traders’ signals p,°*"°, the conditional correlation between the
asset value and future uninformed orders p, " **, and the conditional correlation between in-
formed traders’ signals and future uninformed orders p,°""*" over time. Parameter values are
M =3 N=10,% =5, 5" =1, 34" = 3/N, pg°° = 0.4, p;>*° =0, and py"""*" = 0.1.
The model is solved for four initial parametrlzatlons (g™ = 0.2, pg"*"" = 0.1), (pg"" = 0.1,
py 0t = —=0.1), (pg" = —0.1, pg""" =0.1), and (pg " = —0.1, pgw’“" =—0.2).
consistently informative about the asset value, prices reflect the most information
at the end of the trading day. Moreover, uninformed orders stay conditionally
highly autocorrelated and informed traders submit independent orders through-
out most of the trading day. Finally, note that the conditional correlation between
the asset value and uninformed orders is U-shaped and thus non-monotonic.

If uninformed orders are initially negatively correlated with the asset value but
positively correlated with signals, the conditional correlations monotonically de-

crease over time. In that scenario, uninformed orders provide high camouflage for

informed traders by pushing the price further away from the true asset value while
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losing their informational value about signals after the first few trading rounds.
Also, the conditional uninformed order flow autocorrelation and the conditional
signal correlation strongly decline over time.

Finally, suppose uninformed orders are initially negatively correlated with the
asset value and signals. In that case, the conditional correlations stay approxi-
mately constant over time and only change towards the end of the trading day.
Since putn+t and pn """ remain persistently negative and only increase in the
final periods, price discovery is low in the first trading rounds. Also, uninformed

orders stay conditionally highly autocorrelated, and informed traders submit in-

dependent orders throughout most of the trading day:.

1.5.3 Negative Initial Signal Correlation

In this analysis, the initial signal correlation equals py"”*° = —0.25. For unin-
formed orders, the unconditional correlation structures are (pg™" = 0.4, pg"""" =
0.15), (po" = 0.2, pg"""" = 0.1), (pg"" = 0, pg">"" = 0), and (pg*" = —0.2,
P = —0.1).1

Figure 1.5 plots informed traders’ trading intensity [,, the market maker’s
illiquidity parameter \,, the conditional asset variance X7, and informed traders’
terminal conditional expected profits over time. If uninformed orders are initially
positively correlated with the asset value and signals, informed traders make the
lowest expected profits and price discovery is the highest. Since aggregate order
flows are most informative about the asset value in the first trading periods, the
market maker’s price sensitivity declines over time. It only increases towards the
end of the trading day if the initial correlation between the asset value and un-
informed orders is not too high. Interestingly, informed traders’ trading intensity
has a smirk shape if uninformed orders are initially highly correlated with the

asset value. Therefore, trading intensities need not be monotonic.

V,Un, Un

. . . . ol . Si.0, . .

HPrevious numerical results included cases where pg“" is positive while py”*"" is negative and

vice versa. However, if signals are initially negatively correlated, the covariance matrix g
U7’“‘Tl

in (1.1) is only positive definite given the specified parametrization if pg*" and pg*"“" have
the same sign.

31



Panel A: ﬁn Panel B: ).n
0.4 T T 2 T :
03¢
15¢
QC 02l ’<c
1 L
0.1}
0 - - - - 0.5 - - - -
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Trading Time Trading Time
Panel C: 3 Panel D: Profits
5 A T T 5 : "
4 L
3 L
> C
Al
2 L
1 L
0 ‘ ‘ ‘ ‘ 0 ; 0—6—0-—o6-@g 8
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Trading Time Trading Time

—©—py"" = 0.4, pg""" =015 —B-pytt = 0.2, p"""" = 0.1

V,Un,

po — 0’ pgi,mun — O pg,un — _02’ pgi,mun — _01

Figure 1.5: Trading Intensity, Illiquidity Parameter, Conditional Asset Variance, and
Expected Profits with Negative Initial Signal Correlation. The figure plots informed
traders’ trading intensity 3,,, the market maker’s illiquidity parameter \,,, the conditional asset
variance 37, and informed traders’ terminal conditional expected profits over time. Parameter
values are M = 3, N = 10, X% =5, °° = 1, 54" = 3/N, py°"° = 0.4, py"*° = —0.25, and

po" "™ = 0.1. The model is solved for four initial parametrizations: (pg“" = 0.4, py """ =

0.15), (pg*" = 0.2, po"“" = 0.1), (pg™™ =0, pg"*"“" = 0), and (pg™"" = —0.2, pg"*"" = —0.1).

If uninformed orders are initially uncorrelated with the asset value and signals,
informed traders trade aggressively on their private information and make high
expected profits. In that scenario, uninformed orders become conditionally neg-
atively correlated with the asset value and signals over time. Thus, uninformed
traders effectively conceal informed traders’ orders by pushing the price away from
the true asset value. Furthermore, the market maker’s price sensitivity exhibits a
clear U-shape. It initially declines because aggregate order flows are most informa-
tive about the asset value in the first periods. However, the illiquidity parameter
eventually increases in later trading rounds since informed traders submit their

most aggressive orders towards the end of the trading day.
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Finally, if uninformed orders are initially negatively correlated with the asset
value and signals, informed traders trade most aggressively on their residual signals
and make the highest expected profits. Moreover, the market maker’s illiquidity
parameter monotonically increases over time, and price discovery is lowest at the
end of the trading day. In that scenario, uninformed traders trade in the opposite
direction of the true asset value and signals. As a result, informed traders can
effectively conceal their orders from the market maker, who extracts the least
information about the asset value from aggregate order flows.

MR

Figure 1.6 shows the evolution of the conditional correlations pi»+t-"n+2 p

)

putnttand pp*" ', If uninformed orders are initially positively correlated with

the asset value and signals, pin+tun+2 prt®%0 and pr”*"* monotonically decline
over time. Interestingly, p“»+! grows larger than its initial value in later periods.
Consequently, uninformed orders can become even more informative about the
asset value throughout the trading day.

Suppose uninformed orders are initially uncorrelated with the asset value and sig-
nals. In that case, the conditional correlations monotonically decrease over time.
Specifically, uninformed orders become conditionally negatively correlated with
the asset value and signals, providing camouflage for informed traders. Therefore,
even if autocorrelated uninformed orders initially contain no information about
the asset value and signals, they do so upon conditioning.

Finally, if uninformed orders are initially negatively correlated with the asset
value and signals, the conditional signal correlation slowly declines, while the
remaining conditional correlations stay approximately constant over time. It is
interesting to note that the conditional uninformed order flow autocorrelation stays
persistently high. Moreover, uninformed orders remain conditionally negatively
correlated with the asset value and signals. In that scenario, informed traders

can most effectively conceal their private information from the market maker and

make the highest expected profits.
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Figure 1.6: Conditional Correlations with Negative Initial Signal Correlation. The
figure plots the conditional correlation between future uninformed orders p,"™" "2, the condi-
tional correlation between informed traders’ signals py,°"**°, the conditional correlation between

the asset value and future uninformed orders p, """, and the conditional correlation between
informed traders’ signals and future uninformed orders p, ”“"™ over time. Parameter val-
ues are M = 3, N = 10, £y = 5, %°° = 1, ¢ = 3/N, po*° = 0.4, pg""™" = —0.25,
and po™“"*' = 0.1. The model is solved for four initial parametrizations: (pg"" = 0.4,
P07 = 0.15), (pg = 0.2, po = 0.1), (pg"" = 0, pg°"" = 0), and (pg™*" = —0.2,

S; u )7
poiot = —0.1).
1.6 Conclusion

This paper has derived a dynamic trading equilibrium with heterogeneously
informed traders and (auto)correlated uninformed orders. A numerical analysis
has shown that (auto)correlated uninformed orders significantly affect informed
traders’ trading intensities, the shape of the market maker’s illiquidity parameter,
and information efficiency in financial markets. In particular, autocorrelation
in the uninformed order flow implies that uninformed orders are conditionally

correlated with the asset value and informed traders’ signals in the cross-section.
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Since informed traders have an intrinsic motive to submit unpredictable orders,
the empirically observed autocorrelation in order flows is likely to come from
uninformed traders. Given the non-trivial effects of (auto)correlated uninformed
orders on the dynamic trading equilibrium, this paper wants to emphasize that
strategic trading models should not assume uninformed traders to be simply noise.

This paper’s results provide testable implications for the dynamics of prices, or-
der flows, and market depth. Moreover, this paper’s model serves as a framework
for interesting future research. Since this paper has studied a discrete-time frame-
work, one natural extension is to solve the model in continuous time. Another
extension is to relax the assumption of risk-neutral investors and allow for a more
general utility function. Finally, the model only accounts for market orders, and

allowing traders to submit limit orders may provide new valuable insights.
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1.A Appendix

1.A.1 Proof of Lemma 1.1

Proof. Assume informed orders are as in (1.6). Then for all periodsn € {1,..., N},

one has
po = E [t]on]
=Pt +E [v = puci|yin]
= Pt +E [0 = put |y 1,0 — P (1.A1)
=pn1t+E {fu 1Yn — rn,n,l}

= Pn1+ Aa(Yn = Tnn-1)-

In deriving this expression, the second line follows by definition since p,_; is in
the market maker’s information set after n rounds of trading. The third line uses
the fact that the information sets y., and (y1.n—1,Yn — rnn—1) are equivalent since
Tnn—1 is a function of yy.,—1. Going from the third to the fourth line, a direct
application of the projection theorem for Gaussian random variables implies that
bothv—p,_ 1 =v—E Myl:n,l} and yp, —7Tpp-1 = Yp—E [yn‘ylm,l} are independent
of y1.,—1. Finally, A\, is the regression coefficient from the projection of v — p,,_1
on Yn — Tnpn—1-

Similarly, for all ¢ € {1,..., M} and all n € {1,..., N}, one has

(1.A2)

i)
_tzn 1+]E{$z,0_ i,n— 1‘9171 1Yn — Tnpn— 1}
=tin— 1+E{sm 1‘ rnyn,l}

(

where (,, is the regression coefficient from the projection of s;,,_1 on y, — 7y pn_1.
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Finally, for alln € {1,...,N —1} and ¢t € {1,..., N — n}, one has

Tnttn = K [un—i-t‘yl:n]
= Tpttmo1 T E [Un+t - Tn+t,n—1‘y1;n—1, Yn — Tn,n—l}
= Tpytn—1 T E {un—i-t - Tn+t,n—1‘yn — Tn,n—l} (1.A3)
=Tpn-1 +E {Un+1 - Tn,n—l’yn - Tn,n—l}

=Tnn—1 + Qn(yn - /rn,n—l)7

where 0, is the regression coefficient from the projection of u,41 — 75,1 O0 Y, —
Tnn—1. In going from the third to the fourth line, the distribution assumption (1.1)
is used, which implies that u,,,; and u,; have the same conditional distribution

for all ¢t € {1,..., N —n}. Consequently, one also has 7,1t ,-1 = Tpn_1. O

1.A.2 Proof of Lemma 1.2

Proof. Define for all n € {1,..., N} the following conditional (co)variances:

erlzzl = Var [yn’ylzn—l}a (1A4)
Zf;i)iyn = Cov [Siﬁ? yn’ylzn—l} . (1A5)

S,Yn

Moreover, let %% be the (M x 1) vector with entries ¥,"°*". Then the property
of multivariate Gaussian distributions implies that the update of the (M x M) co-
variance matrix Y2 with diagonals ¥° and off-diagonals """ can be expressed
recursively as

n—1

oo =3, - m () (2) (1.A6)

n

Since the entries in X0 are all identical, it can be concluded that

S; . 84,055 : .
S0 — W0 = WO 50080, (1.A7)

n—1

37



A similar analysis yields

U - Un4+1 Un,Un+1 Un+4+1,Un+2
Enil Znn - Enf’l Enn R

(1.A8)

Finally, to show the relation for )\, note that according to (1.8):

)‘n(yn - Tn,n—l)

=Pn — Pn—1
=K v— pn—l‘ylzn]
=E|E|v— Pn—1|51,0y- -3 SM,0, Un, yl:n—l} yl:n:|
=E|E|v— Pn-1|S1n—15-+ 3 SMmn—1,Un — Tnn-1, ylzn—l} Y1n—1,Yn — Tn,n—l]
=E|E|v— Pn-1|S1,n-1,- s SMmn—1, Un — 7ﬁn,nfl} Yn — Tn,n1:|
S1,n—1
-1
ES Es7un
=F v,8 V,Un n—1 n—l —_r
o n—1 n—1 w Yn n,n—1
, U
Enril nyil SMn—1
Up — Tn,n—l
Cn
-1
E] S,Un
_ v,8 V,Unp, En—l Enfl ( —r )
- n—1 n—1 Yn nn—1)-
Zunys Un,
n—1 n—1 Cn
On

(1.A9)
In deriving the above expression, the fourth line follows from the law of iterated
expectations since the information set y;., is a subset of (s1,0, ..., Sr.05 Uns Y1:0-1)-
Also, these information sets can be equivalently expressed as (y1.n—1,Yn — Tnn—1)
and (S1n-1,- -5 SMm—1,Un —Tnn—1,Y1:n—1), respectively. Then the projection theo-
rem for Gaussian random variables implies that v — pp_1, (S1 -1, -+, SMn—1, Un —
Tnn—1), and y, — r,,—1 are all independent of y;.,_;. Finally, the last two lines
follow from the property of multivariate Gaussian distributions, and 6, is the

regression coefficient from the projection of u, — 7, -1 o0 Yy — 1y p_1. O
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1.A.3 Proof of Lemma 1.3

Proof. The proof is analogous to Foster and Viswanathan (1996). In every period
n — 1 where n € {1,..., N} every informed trader ¢ € {1,..., M} forecasts the

next period’s uninformed order flow u,, as follows:

E [un

5i,05 Y1:n—1, xz‘,m—l] =EK [Un 53,05 y1;n_1}
= Tnn—1 +E [un — 'nyn—115i,0, yl:n—l}

= Tn7n_1 + E [Un - Tn7n_1 Si7n_1’ ylzn—l] (1A10)

= Tnn—1 +E [un — T'nn—1 Si,n—l}

= Tnn—1 + wnsi,n—l-

The first line exploits the result that the trading history ;.,—1 is redundant
information, as was shown in (1.17). The second line follows by definition since
Tnn—1 1s in informed trader ¢’s information set after n — 1 periods of trading. The
third line uses the fact that the information sets (S; 0, Y1.n—1) and (8; n—1, Y1.n—1) are
equivalent since s;,,—1 = s;0 — tin—1 and ¢;,_ is a function of y;.,—1. Finally, the
last two lines follow from the projection theorem for Gaussian random variables
and v, is the regression coeflicient from the projection of u,, — r,,,,—1 on 8;,_1.

Similarly, informed trader ¢’s update of the asset value v equals

E{v

51,05 Ylin—1, Tijim—1| = Pn—1 + E [U — Pn—1 Si,nfl}

(1.A11)
=Pn-1+ "nSin—1,

where 7, is the regression coefficient from the projection of v — p,—1 on s; 1.
Moreover, informed trader i’s belief about informed trader j’s signal s, where

je{l,...,M} and j # i, equals

E [Sjp 84,05 Ylin—15 il?i,l:n—l} =tjn-1+E [Sj,n—l Si,n—l}
(1.A12)
= tj,nfl + ¢n3i,n717
where ¢,, is the regression coefficient from the projection of s;,_; on s;,_1. O
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1.A.4 Proof of Lemma 1.4

Proof. The proof is taken from Foster and Viswanathan (1996) and is shown by
induction. Consider the aggregate order flow in the first trading period as the

base case:

1= BisjotTitu =Y A8 g+ 518 o+ (Ti1—B18,0) +ur = §i 4 (Fi1—Pisio)-
J# J#1

(1.A13)

Since (80, Y1, Z1) is in informed trader i’s information set after the first trading
period, so is 4.

Assume as induction hypothesis that §¢. , is in informed trader i’s information

set after n — 1 periods where n € {2,...,N}. To show that ¢’ is in informed

trader ¢’s information set after n trading periods, write the aggregate order flow

in period n as

n — Z 5n3j,n71 + j'i,n + up

i
22@1(83‘,0 tin—1) + Tin + up
J#
= Z ﬁn (Sj,() - fz',nfl) + Z 571 (fé',nfl - tj,n—l) + jz‘,n + Un
i i
=3 B8+ Budlp a3 B (B — tin) + Fim — Budl,
i i
—yn+25n(]n—1 tjn— 1)+xm B"(SZO in— 1)

J#i
(1.A14)

Note that f;’,nfl is a function of the equilibrium order flow history ¢}, ,, which is
in informed trader ¢’s information set by the induction hypothesis. Since informed
trader ¢ knows (s; 0, Y1.:n, Zi1:n) and thus also ¢;,_1 after n trading periods, it can

be concluded that § is also in informed trader i’s information set. ]
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1.A.5 Proof of Lemma 1.5

Proof. The proof is analogous to Foster and Viswanathan (1996). Suppose in-
formed trader ¢ has submitted an arbitrary order sequence Z;;.,—1 in the first

n — 1 periods where n € {2,..., N}. Then

E {Un — Tnn—1[5:,0, Y1:n—1, xi,l:n—l}
AP N ~
=E {Un ~Tnn-1 + Tnn—1— Tnn-1|3i,0, Y1:n—1, $z’,1m—1] (1'A15)
o A7 ~ A7
=K {Un — T'nn—1]5i,0 ylzn—bxi,l:n—l} + (Tn,n_l - Tn,n—1> :

Note that Lemma 1.4 has shown that §i _, can be recursively constructed from

the information set (s;0,Y1:n—1,Ti1m—1), Which implies that 7, ; — r,, 1 is in
informed trader i’s information set after n — 1 periods. Moreover, the term on the

left-hand side equals

_ Ny 5
E |u, — Tnn—154,0 Y1:n—1, -jS,l:n—l}
_ [ Af A7 ~

=K Un = T n—1(5,00 Y1:n—1> a:i,l:nfl}

o [ N Ad N ~

=E Un = Thn—1]Sin—1> Y1:n—1> xi,linfl}
- (1.A16)

At

o [ Ad -
- Un = Tpn—1|5in—1 xi,l:nfl}

= [ty — 1 |3%, 1]

n,n—1{i,n—1

:wngzynfl )

where the penultimate line makes use of the fact that Z;;.,,—; is an arbitrary
sequence of numbers that is unrelated to equilibrium play. Therefore, it can be

concluded that
E [Un — T"nn—1|54,0, Y1:n—1, i11’,1:n—1} = wnginfl + (ffﬂb’nfl - Tn,n—l) . (1A17)

A similar analysis shows that

E [U — Pn—1|5i,0, Y1:n—1, «%i,lzn—l] = nn§§7n,1 + (ﬁfl,l — pn_l) , (1.A18)
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and

E [Sj,n—l

56,0, Y1in—1, 501‘,1:71—1] = OnS,q + (f;‘-,n_l — tjm—l) : (1.A19)

as was to be shown. O

1.A.6 Proof of Proposition 1.1

Proof. Given the conjectured value function (1.26), informed trader i’s Bellman

equation in trading period n € {1,..., N} writes

max [& {(U - pn)xi,n 8i,05 Y1:n—1, ji,l:nfl}

Tin

A,

B an (31,)+ bn (0= p0) + e (B = tin) + o (i = ravan)

ety (3= pa) + udi (B = i) + gl (Fipr = Parin)  (1:A20)

+ hy, (ﬁ; - pn) (té‘,n - tj,n) +in (ﬁ; - pn) (ﬁ‘wl,n - Tn—i—l,n)

+ Jn (f_;,n - tj,ﬂ) (ﬁwl,n - Tn+1,n> + kK,

Si,0, Y1:n—1, xi,l:n—1:| .

Under the conjectured equilibrium, one has

Pn = Pn—1 + /\n(yn - Tn,n—l) = Pn-1+ )\n (xi,n + E /anj,n—l + Uy — Tnn—1 1],
J#
(1.A21)

and

tj,n = tj,nfl + Cn(yn - Tn,nfl) = tj,nfl + Cn (xi,n + E ﬁnsj,nfl + U, — Tnn—1 |
J#i
(1.A22)

and!'?

Tn+in = Tnn—1 + en(yn - Tn,n—l) = Tnn—1 + Hn (xi,n + E anj,n—l + Uy — Tnn—1
J#i
(1.A23)

12By definition, rx 11 n = 0 since there are no uninformed orders after the final trading period.
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Taking the first derivative with respect to z;,, yields the first-order condition

E

J#

UV —Pn-1— >\n (Z ﬁnsj,n—l + Up — Tn,n—l)

Si,05 Y1:n—1; xi,l;n—l] - 2)\nxi,n

HE |20 (5 p) (<A) + 260 (B = tin) (=60) + 2 (Pl = Pusin) (~60)
t enshn(=An) + Fadln(—Go) + 98t (=0n) + o [=Nn (B = 15n) = G (Bh = P2 )]
+ in {_/\n (fﬁz—l-lm - rn—&-l,n) - en (ﬁ; - pn)] + ]n {_Cn (f:1+1,n - rn—&-l,n)

O (Ein = )

8,05 Y1:n—1, xi,l:n—1:| =0.

(1.A24)

Similarly, one obtains the second-order condition

— A (2=2bp A = "G = 10n) G (2¢0 G P A+ in b)) +00 (2d, 0 A1 Ay + 5 Ga) < 0.
(1.A25)

Following Foster and Viswanathan (1996), expand the first-order condition:

E

AL Al Al
V= Ppg — A (Z Bnn—1 + tn — Tn,n—l)

JFi

83,05 Yl:in—1, xi,l:n—l]

— 2>\n$i7n + (ﬁ%—l - pn—l) + )\n

at A1
Zﬁn (Sj,n—l - Sj,n—l) - (Tn,n—l - rn,n—l)]

J#i
_E [(en/\n T S+ Gubn)8L, + (25N + haGo -+ in) (i — pa)

+ (260Gn + hudn + Gubn) (T = tin) + (2 + inhn + GnCa) (Phir — Tnsin)

Si,o,ylml,fi,lznl] =0,

(1.A26)
where pj,_; — pn-1, 85,1 — Sjm-1, and 7, | — rpp-1 are in informed trader
1’s information set. Before proceeding with the first-order condition, recall from

Lemma 1.3 that

E [U - ﬁfm—l 84,05 Y1:in—1, ji,l:n—l} = nn§§7n_17 (1A27)
E [§§,n_1 $i,00 Y1:n—1, ji,l:n71:| = ¢n§§7n_1, (1.A28)
E [un - f;7n—1 84,05 Yl:n—1, ji,l:nfl} = wné\;n_la (1A29)
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where 7n,, ¢,, and 1, are the corresponding regression coefficients. With these

results, one can show that

E[g

$i,05 Y1:n—1, ji,l:nfl}

7
,n

=§§,n71 -G E [ﬁn§i,n1 + Z Bn‘g;',nfl + up — ffm,nfl
J#i

§§,n1] (1.A30)

= (1= G+ (M = DB 0] )8
Moreover,

~

ﬁ; —Pn= ﬁiLfl — DPn—1+ /\n [@Z - Tn,nfl - (yn - Tn,n—l)}

:ﬁ%_l — Pn—1 + )\n |:6n§§,n_1 - xi,n - (M - 1)671 (fé,n—l - tj,n—l) - (fz,n_1 - rn,n—l) :|7
(1.A31)

and

B =t =Ty = it o [0 = 7y — (U — T

i i+ G [5,1@;1,”1 i = (M = 1)80 (s = t1) = (Fhy = T }
(1.A32)

Al N

Al A7
Tpntin — Tntln = Tppno1 =~ Tnn-1 + 9” |:yn ~Thn—1" (yn - Tnm,l)}

s = Panet 0| Bd s — T — (M = DB, (B0 = ti01) = (Phy = ) ].
(1.A33)

Using all of these relations in the first-order condition, one can show that informed

trader i’s optimal strategy in period n equals

Tim = Budhp 1+ (P = ot + o (B g = tin1) + 0n (Pl — Tt )

(1.A34)
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where the coefficients 3, V., a,, and 9, are just as in Proposition 1.1. Finally,

plugging z;,, into the Bellman equation and noting that

E| ()’

:<1 = Gu|Bu+ (M = 1)Butn + wnDz (gin—l)?

Si,05 Y1:n—1, xi,l:n—1:|

~j
53,05 yl:n—l}

53,05 ?ji;n_J )] )

(1.A35)

+ C'Z lVar [un - ﬁ’riz,n—l Si,Oa gi:n—l} + 2(M — ]-)Bn COV |:§;",n—17 Wy, — ff‘n,n_l

~f At al
84,05 ?J1;n—1} + (M — 2) Cov {Sj,n—l’ Skn—1

(M- 1)55(Var B

one obtains the value function coefficients in period n — 1. At this stage of the
proof, the “hat” notation is suppressed because informed trader ¢ will not deviate
from his optimal strategy along the equilibrium path. The regression coefficients
Mn, On, and 1, are defined by projecting v —pp_1, $j,—1, and U, — 7y -1 ON S; 51,

respectively. Consequently,

Cov [U — Pn—1, Si,nfl} EU’Si’O

Np = . [Sm_l} = 27: , (1.A36)
bn = CVV[[]} _ EE (1.A37)
LRl i Rt S
Next, one obtains
Var [ty = Tnp1|i0, Yin-1)

=E {(un — Tnn—1 — @Dnsi,n—l)Q]
—E [(tn = 7un-1)*] = 200 [(ttn = Tun-)sinot] + G2E [(s0-0)%]  (1LA39)
=X — 20, T PR

_Nu 2 54,0
_Enil_ nzn—la
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and

84,0 yl:n—l}

=k {(Sj,n—l - ¢nsi,n_1)2]

=k [(Sa‘vn—l)ﬂ ~ 200 E [sjn-18in 1] + 0L E [(sin1)?] (1.A40)
=000 = 20 500 + RN

(1 - Qb )2781 017

Var [sjm_l

and

Cov

Sjn 173kn 15107y1n 1:|

|
|

= Cov {SJTL 1y Si;n— 1} — 2¢,, Cov |:8jn 1, Sin— 1] +(Z52 Cov {S“L 1, Sin— 1} (1.A41)

=CoV |8jn-1 — PnSin—1;Skn-1 — ¢n5i,n71:|

_ESJOSzO_Q(bn 8]080+¢n2

<l_¢n) 8]08 0,

and

Cov [Sj,nfl, Up, — Tnn—1(5,0, yl:nfl}
=Cov |:3j,n71 — ansi’nfl, Up — Tnn—1 — wnsi,nfl}

= Cov |:8j7n717 Up — Tn,n71:| - (bn Cov [Si,nfly Uy — rn,nfl}

(1.A42)
— 1, Cov [Sj,nfl; Si,nfl} + ¢y, Cov {Sz’,nfla Si,nfl}
:Eiifiun (bn I O o ¢n 8] 0 o + anwn
(1 - ¢n) S i un~
To compute \,, recall that
M
Yn — Tpn—1 = Z ani,n—l + up — Tnn—1- (1A43)
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Then the projection theorem implies

Cov [U — Pn—1,Yn — Tn7n—1:|

Ap =
Var {yn —Tn nfl}
_ M B, + 0
M [Z:}’—Ol + (M — 1)22”—01’5”0] + XU+ 2M B, S
Similarly,
g Cov [Si,n—la Yn — rn,n—l}
n = Var [yn — rnm_l}
Bn |:Zfli,01 + (M — 1)ESZO’SJ O:| + Zsz ,0,Un
MAR[ES, + (M = )Ze] + 2, + 20,5
and!'?
0 _ Cov {unﬂ — Trn—1,Yn — Tn,n—l]

Var [y — Tpon— 1}
Mﬂn sz o,un + Zun,un+1

n

M@FEH%M—Uy?M}EWH+MM£EW

(1.A44)

(1.A45)

(1.A46)

Finally, to compute the updates of conditional (co)variances, define for all periods

ne{l,...,N —1}:

¥¥r = Var {yn‘ylzn_l} = Var [yn — Tn,n—l};

¥ovn = Cov [v, yn‘ylm_l} = Cov [v — Pn—1,Yn — rnm_l},

S$4,0:Yn  __ .
Yol = Cov [Si,07 yn‘ylzn—l} = Cov [Sz‘,n—l’ Yn — Tn,n—lL
Un+1,Yn — _
Znril " = Cov [Un+17 yn‘ylzn—l} = Cov [un-‘rl —Tnn—1,Yn — Tn,n—l}a

(1.A47)
(1.A48)
(1.A49)

(1.A50)

13By definition, f = 0 since there are no uninformed orders after the final trading period.
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Also, consider the unconditional covariance matrix g in (1.1), and define the

corresponding conditional covariance matrix 3, for all n € {1,..., N — 1} as

LD VS vl
(1x1) (IxM) (I1xN)
o= | usv S8 SI8u
" (MT>L<1) (MXTE\/[) (MQN)
Suv o yws oy

(Nx1) (NxM) (NxN)

, (1.A51)

where (co)variances are conditional on the aggregate order flow history ;.,. Then
the property of multivariate Gaussian distributions implies that the conditional

covariance matrix X, can be expressed recursively as

’U7y van
anf Enfl
$1,0,Yn 51,0,Yn
Zn—l En—l
-1
— SM,0,Y Y SM,0,Y
S = By — [ miew | (Sh,) (s | (1.A52)
u1,Y U1,y
Zn—ln En—ln
UN Yn UN Yn
Zn—l 2n—l
where the (co)variances in Proposition 1.1 are obtained after simplification. [

1.A.7 Algorithm

The equilibrium in Proposition 1.1 is solved via backward induction. Specify
the number of informed traders M, the number of trading periods N, the desired
period zero (co)variances ¢, X%, gt B0 3570 B and the constants
and y, for computing ¥5°*° and ¥3™"“"*' from (1.14) and (1.15), respectively.
Note that the desired specification is only valid if the covariance matrix g in
(1.1) is positive definite.

The algorithm starts in the last trading period N and takes as inputs guesses

. .- . v,84 , $4,0,U si,
for the period N — 1 conditional (co)variances ¥, "7, X5, Xy, x°, and
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YA Immediately, v"7° follows from (1.14). By definition, the value func-
tion coefficients ay, ..., ky and the projection coefficient 6y are zero in the last

trading period, simplifying the equations for Sy and Ay to

NN — ANYN
AN[2+ (M = 1)¢n]
B M/BNEUSZO—i_Zqu
MBSy + (M — DSROPC] + SR, + 2M B Sy

On = (1.A53)

(1.A54)

Rearranging yields a quadratic equation in Ay, where only the positive root satis-
fies the second-order condition in period N. Given Ay, one can compute Sy, (y,
YN, an, Oy, and the value function coefficients ay_1,...,kn_1.

In the induction step, the algorithm takes the following quantities as inputs in

every period n € {1,..., N — 1}:
(i) the projection coefficient f,1,
(ii) the conditional (co)variances X,""°, Luun+1 Fp00ntt 5300 and Hun+t

(iii) and the value function coefficients a,, ..., kj,.

. . . v,8; , Sq ,u 8i
With these inputs, one can simultaneously solve for 3,,, ¥,°5°, X0t ¥ 005 3000

and XU

a1, resulting in a polynomial system with six equations and six unknowns.
Given Y, and y,, one also obtains ¥, and X,™"*" from (1.14) and (1.15),
respectively. These results allow one to compute \,, (., 0, Yn, Qn, On, and the
value function coefficients a,,_1, ..., k,_1 and proceed to the next iteration.

After the final iteration, one can compute X0 for every period n € {1,..., N—1}

since 3§ was initially specified. If
(i) the second-order condition is satisfied in every period,
(ii) conditional (co)variances are consistent in every period,

(iii) and the value function monotonically decreases over time,

14This paper does not compute conditional (co)variances for the last period N since these
quantities are realized after the trading game.

49



an equilibrium was found. Additionally, if 3o*°, L, 272", 20°°, and Sg»
satisfy the initial specification, the algorithm terminates. Otherwise, the guesses
for the period N — 1 conditional (co)variances are adjusted, and the algorithm

runs anew.
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2 Strategic Trading when the
Market Maker Has a Monopoly

on Short-Lived Information

Vladislav Gounas'

ABSTRACT

This paper develops a strategic trading model in which the market maker has a
monopoly on short-lived information. Given that modern market makers are high-
frequency traders, it is assumed that market makers can process any short-lived
information event faster than other traders. Since the market maker’s informa-
tion is short-lived, informed traders sequentially learn about it and adjust their
strategies accordingly. The correlation structure of the market maker’s short-lived
information significantly affects the dynamic trading equilibrium. The model can
generate new stylized facts like negative trading intensities and increasing price

sensitivities to news.

KEYWORDS: Kyle model, strategic trading, long-lived information, short-lived

information, signal processing, price impact, market microstructure.

T thank my supervisor Laurent Calvet for his help and support throughout the creation of this
work.
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2.1 Introduction

Strategic trading models can explain how information gets incorporated into
asset prices. Most models assume a financial market with a single information
event solely observed by informed traders. Through dynamic trading, market
makers partially learn about informed traders’ private information and adjust
their prices accordingly.

However, empirical financial markets are characterized by the arrival of news.
Any asset-specific news released during the trading day directly impacts that as-
set’s price. Thus, the assumption of a single non-public information event may
be limiting in describing trading dynamics. A natural question is what types of
traders can react to news arrivals first. Since modern market makers are high-
frequency traders competing for speed, a reasonable assumption is that market
makers can trade news faster than other market participants.

This paper studies a strategic trading model in the spirit of Kyle (1985) and
its vast extensions.! In the literature, the market maker can only learn about the
asset value by observing aggregate order flows. Exceptions to that assumption
include Jain and Mirman (1999), Daher, Mirman, and Saleeby (2014), and Fou-
cault, Hombert, and Rosu (2016). Jain and Mirman (1999) study a one-period
Kyle (1985) model in which the market maker observes the aggregate order flow
and a stochastic signal about the asset value.? Daher, Mirman, and Saleeby (2014)
extend the Jain and Mirman (1999) model to two periods. Both papers conclude
that prices are more efficient if the market maker observes an additional signal

next to the aggregate order flow.

!Notable extensions of Kyle (1985) include but are not limited to Admati and Pfleiderer (1988),
Kyle (1989), Seppi (1990), Foster and Viswanathan (1990), Holden and Subrahmanyam
(1992), Back (1992), Holden and Subrahmanyam (1994), Caballe and Krishnan (1994), Foster
and Viswanathan (1994), Foster and Viswanathan (1996), Jain and Mirman (1999), Back,
Cao, and Willard (2000), Back and Baruch (2004), Bernhardt and Miao (2004), Pasquariello
(2007), Dridi and Germain (2009), Noh and S. Choi (2009), Nishide (2009), Colla and Mele
(2010), Ostrovsky (2012), Rostek and Weretka (2012), Daher, Mirman, and Saleeby (2014),
Collin-Dufresne and Fos (2016), Foucault, Hombert, and Rogu (2016), Lambert, Ostrovsky,
and Panov (2018), J. H. Choi, Larsen, and Seppi (2019), and Sastry and Thompson (2019).

2Lambert, Ostrovsky, and Panov (2018) provide a most general analysis of the one-period Kyle
(1985) model, where the model by Jain and Mirman (1999) is obtained as a special case.
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However, empirical signals like news arrive frequently rather than only once or
twice during the trading day. Since news can have substantial impacts on trading
strategies and asset prices, a dynamic model is more suitable to describe a market
in which the market maker can trade news faster than other traders.

Foucault, Hombert, and Rogu (2016) analyze a continuous-time version of the
Kyle (1985) model where public signals arrive deterministically over time.®> The
authors distinguish between the two cases where the informed trader either “slower”
or “faster” than the market maker. Clearly, the market maker has a monopoly on
short-lived information if the informed trader is slower than the market maker.

However, while Foucault, Hombert, and Rosu (2016) focus on trading speed,
this study focuses on the informativeness of news when the market maker is faster
than informed traders. Moreover, Foucault, Hombert, and Rogu (2016) consider a
single informed trader in a continuous-time setting. In contrast, this paper studies
a dynamic discrete-time model with multiple informed traders who possess het-
erogeneous information about the asset value. Consequently, this paper accounts
for game-theoretical aspects that multiple informed traders must consider when
they are collectively slower than the market maker.

Building on the framework by Foster and Viswanathan (1996), the contribution
to the literature lies in allowing the market maker to have a monopoly on short-
lived information in a dynamic discrete-time setting. Specifically, it is assumed
that the market maker sequentially receives short-lived signals that are correlated
with the asset value, informed traders’ long-lived private information, and future
short-lived signals.

One can think of short-lived signals as news arrivals, which the market maker
can process faster than other traders. Since information is short-lived, the market
maker can only trade it for one period before it becomes public knowledge. More-

over, since short-lived information events are autocorrelated, informed traders and

3Foucault, Hombert, and Rosu (2016) also study the case where public signals arrive stochas-
tically over time. The authors conclude that their main results remain unaffected by this
change.
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the market maker need to forecast future news arrivals. Overall, the model al-
lows for two types of information events in the market: one long-lived information
event solely observed by informed traders before the start of the trading game and
short-lived information events that arrive sequentially over time.

Numerical results show that the correlation structure of the market maker’s
short-lived information significantly affects market liquidity and price efficiency.
The more informative news arrivals are about the asset value, the higher the
corresponding price impact. Since the market maker only prices the innovation
in short-lived information, the first news arrival generally has the highest price
impact. In particular, short-lived information events help the market maker ex-
tract informed traders’ long-lived private information from aggregate order flows,
resulting in high price discovery.

Surprisingly, depending on the correlation structure of news arrivals, price sen-
sitivity to news innovations can also be monotonically increasing or U-shaped.
In particular, prices become more sensitive to news innovations in later periods
if news arrivals are (conditionally) negatively autocorrelated. That scenario is
equivalent to contradicting news arriving throughout the trading day. As a result,
the market maker smooths her incorporation of news into prices, resulting in the
final news innovation having the highest price impact.

Finally, the model can produce new stylized facts like negative trading intensi-
ties that become positive throughout the trading day. Under specific correlation
structures, equilibria are attainable in which the conditional correlation between
informed traders’ long-lived information and the asset value is initially negative
but becomes positive over time. For example, if informed traders receive the signal
that the asset value is currently undervalued, then it is optimal for them to ini-
tially sell the asset and only buy it in later trading periods. Intuitively, informed
traders realize that their initial private information is biased, which is why they
trade against it. However, as informed traders learn about the market maker’s

short-lived signals over time, they eventually switch trading directions since every
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subsequent news arrival reduces informed traders’ initial bias.

The idea of a strategic trading model with short-lived information is not a new
one. Admati and Pfleiderer (1988) consider a market in which traders can acquire
short-lived information at a cost so that traders decide in every period whether to
become informed or not. In contrast, Noh and S. Choi (2009) assume that informed
traders have a monopoly on long-lived and short-lived information. Consequently,
both papers implicitly assume that informed traders can trade short-lived infor-
mation events faster than other traders in the market. That assumption may be
appropriate if informed traders are high-frequency traders with faster algorithms
than market makers.

Nishide (2009) studies a continuous-time Kyle (1985) model with a continu-
ous public signal that is correlated with the asset value and uninformed orders.
The underlying idea is that uninformed traders base their orders on public news.
However, in contrast to this paper, the market maker in Nishide (2009) does
not have a monopoly on short-lived information since news gets released continu-
ously, eliminating the market maker’s informational advantage that she enjoys in
a discrete-time setting.

Finally, this paper’s model derivation is closely related to Gounas (2021), who
develops a strategic trading model where uninformed orders exhibit a general
correlation structure. As a result, there are two types of signals in Gounas (2021):
informed traders’ signals that are realized before the start of the trading game and
sequentially realized signals in the form of the uninformed order flow. By simply
substituting the sequentially realized signals with the market maker’s short-lived
information, one obtains this paper’s model framework.

Even though many results in Gounas (2021) apply to this paper’s model, the
economics differ considerably. First, in Gounas (2021), the sequentially realized
signals (in the form of the uninformed order flow) remain stochastic throughout
the trading day. In contrast, this paper’s sequentially realized signals (in the

form of the market maker’s short-lived information) become public knowledge
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over time, allowing informed traders to incorporate those signals into their trading
strategies. Second, in Gounas (2021), the market maker only observes aggregate
order flows throughout the trading day. In contrast, this paper’s market maker
also receives short-lived private information about the asset value in every period.
Consequently, this paper’s market maker is also an informed trader.

In what follows, Section 2.2 sets up the model. Section 2.3 explains the equi-
librium concept, and Section 2.4 derives necessary and sufficient conditions for its
existence. Finally, Section 2.5 numerically evaluates the model, and Section 2.6

concludes the paper.

2.2 The Model

The model framework is based on Foster and Viswanathan (1996). Consider a
market with a single risky asset. Denote the asset’s stochastic liquidation value
as v and its unconditional variance as ¥f = Var[v]. Buy and sell orders for the
asset can be submitted over N € N equally spaced batch auctions that take place
during the time interval [0, 1]. Strategic agents trading the asset include I € N
risk-neutral informed traders and a competitive market maker. Also, there are
uninformed traders whose orders are assumed to arrive exogenously over time.

For all informed traders ¢ € {1,...,I}, denote informed trader i’s long-lived
private signal in period zero as s;o. Let s; = [s1,...,Sr0]" be informed traders’
collective long-lived signal vector, and define the covariance matrix of sy as 37,
consisting of diagonals ¥3*" = Var[s; o] and off-diagonals 33"*° = Cov]|s,, s;.0]
where j € {1,...,1} and j # i. Moreover, long-lived signals are correlated with
the asset value, and the corresponding covariance is given by $7°"° = Covl|v, s;].
Following Foster and Viswanathan (1996), assume that $3°°, ¥5°"%° and 3"
are independent of ¢ and j for all 4,5 € {1,...,1} wherei # j. Thus, (co)variances

are identical across all informed traders, which is a necessary assumption to resolve

the underlying dimensionality problem of the dynamic trading game.
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The innovation of this paper lies in allowing the market maker not only to
observe aggregate order flows but also short-lived signals that are correlated with
the asset value, long-lived signals, and future short-lived signals. Specifically,
assume that the market maker receives a short-lived private signal s, about
the asset’s true value in every period n € {1,..., N}. Short-lived signals can be
interpreted as news arriving throughout the trading day, where it is assumed that
the market maker can trade news faster than informed traders.* Since the market
maker’s signals are short-lived, they become sequentially public information over
time, that is, each signal sy, gets publicly announced after trading period n.

Let spr = [Sma,---,Smn) be the market maker’s collective short-lived sig-

nal vector, and define the covariance matrix of sp; as XM, consisting of diag-

onals ¥3"" = Var[sy,] and off-diagonals 35" = Cov|syn, Sprm] Where
m € {1,...,N} and m # n. Moreover, short-lived signals are correlated with

the asset value and long-lived signals. The corresponding covariances are given by
YoM = Covlv, sarn] and Sg""""" = Covl[sio, San) for all i € {1,...,I}. As be-
fore, to resolve the dimensionality problem of the dynamic trading game, assume
that X", St *m w0 and $57"" are independent of 4, n, and m for all
ie{l,....,I} and n,m € {1,..., N} where n # m.

Summing up, informed traders have a monopoly on long-lived information, while
the market maker has a monopoly on short-lived information. Since the market
maker possesses short-lived private information about the asset value in every
period, the market maker is also an informed trader. However, note that the
market maker never fully learns about informed traders’ signals, whereas informed
traders perfectly learn about the market maker’s signals over time.

The central assumption of this paper is that the asset value, long-lived signals,

4This assumption is justified by the fact that modern market makers are high-frequency traders
who can react to news arrivals faster than other traders.
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and short-lived signals follow a multivariate normal distribution:’

0) [ =5 mper sy

v ) (1x1) (1x1) (IxN)

s |~n ]z s e | (2.1)
(Ix1) (IxI) (IxXN)

Sm ESMJ) ESM,SI ESM
0 (Nx1) (NxI) (NxN)

where ¥7°T has entries X*"°, X¢*™ has entries X"""", and $;7°™ has entries
Yo """ Informed traders and the market maker know the distribution (2.1) and
form beliefs about v, sy, and sp; during the trading day.

Similar to Foster and Viswanathan (1996), the model provides a sufficient statis-

tic that will facilitate the forecasting problem of the dynamic trading game.

Lemma 2.1. Assume the distribution assumption (2.1) holds, then
I N
E[U‘SI,SM} :01281‘70—}-‘9MZSMJE@, (22)
i=1 t=1

where 0; and 0,; are constants.
Proof. See Appendix 2.A.1.

Lemma 2.1 implies that instead of forecasting the asset value v, it is sufficient
to forecast the weighted sum of both informed traders’ and the market maker’s
signals 0. Intuitively, © captures all available information about the asset value
in the market. Consequently, the best forecast of the asset value is the combined
forecast of all signals correlated with the asset value, where the corresponding

correlations are captured by the constants 8; and 6y;.

>The distribution assumption (2.1) is similar to the one in Gounas (2021). In Gounas (2021), it
is assumed that uninformed orders (instead of the market maker’s signals) are correlated with
the asset value, informed traders’ signals, and each other over time. While the distributions
are statistically equivalent, the economics differ considerably. Informed traders and the
market maker never fully learn about uninformed orders since they are hidden in aggregate
order flows. In contrast, there is no uncertainty about the market maker’s signals at the end
of the trading day since they become public information over time. Moreover, this paper’s
market maker is also an informed trader since she possesses short-lived private information
about the asset value in every period. As a result, this paper’s strategies and beliefs will
differ from those in Gounas (2021).
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Finally, uninformed traders submit the aggregate quantity u, in every period
n € {1,...,N}. It is assumed that uninformed orders arrive identically and
independently distributed over time with zero mean and homogeneous variance
Yo = Var[u]. As discussed in Gounas (2021), this is an unreasonable assumption
since it implies aggregate order flows to be unpredictable, standing in contrast

6 However, this

to the significant autocorrelation found in empirical order flows.
assumption is kept for simplicity and may be addressed in future research.

Define the aggregate order flow y, in every period n € {1,..., N} as

I
Yn = Z Tin + Up, (23)

=1

where z; ,, is informed trader ¢’s order in period n. The market maker observes
y, and needs to set the clearing price p,, in every period n € {1,..., N}. Due to

perfect competition, she makes zero expected profits, implying
P = E [0]s0 10, Y1n) (2.4)

where the market maker’s information set in trading round n consists of the his-
tories sar1m = (Spmas-- -5 Smm) and Y, = (Y1,...,Yn). Interpreting short-lived
signals as news arrivals, the perfect competition condition (2.4) creates a direct
link between news and asset prices.

The Bellman principle of optimality implies that every informed trader i €

{1, ..., I} maximizes the following objective function in each period n € {1,..., N}:

max E {(U — Pn)Tin + Vin

Ti,n

54,0, SM,I:n—layl:n—lyxi,lzn—1:|7 (25)

where

N
Vin = max NE l Z (V= Dm)Tim

Si,Oa SM,lzna Y1, xi,l:n (26)
Ti,n415-Ti, - —

6See Hasbrouck (1991a,b) and Brogaard, Hendershott, and Riordan (2019).
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is informed trader i’s value function after n trading rounds. Thus, in each pe-
riod, every informed trader maximizes his terminal expected profit conditional
on his available information. Note that every informed trader sequentially learns
about the market maker’s signals and incorporates them into his profit maximiza-
tion problem. Moreover, by definition of the Bellman equation (2.5), informed
trader i’s strategy z;, in period n must be optimal for any arbitrary trading his-
tory Zji1m-1 = (Zi1,...,Tin-1). Therefore, optimal trading strategies must also
account for suboptimal play in the past.

Given informed traders’ and the market maker’s objective functions, a dynamic

trading equilibrium is defined as in Foster and Viswanathan (1996).

Definition 2.1. A Bayesian Nash equilibrium is defined by the set of strategies

{@10y oy Tr, P}y if the following two conditions hold:

(i) The Bellman equation (2.5) is mazimized for all informed tradersi € {1,...,1}

in every periodn € {1,...,N}.
(ii) The clearing price satisfies (2.4) in every period n € {1,...,N}.

Note that Definition 2.1 implies that there cannot exist a Bayesian Nash equi-
librium in which a competitive market maker possesses long-lived private informa-
tion, and the proof is shown by contradiction. Suppose the market maker receives
a long-lived private signal sj;; in the first period. In that case, the pricing rule
(2.4) implies that the price p; in the first period is a function of the signal s, and
the aggregate order flow y;. However, both p; and y; become public information
after the first round of trading. Since Definition 2.1 requires the functional form
of the market maker’s pricing rule to be common knowledge, informed traders can
derive the market maker’s signal sj;; from observing p; and y;. Consequently,
syr1 cannot be long-lived private information. By induction, it follows that a com-
petitive market maker cannot possess long-lived private information in a Bayesian

Nash equilibrium.
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2.3 The Conjectured Equilibrium

This paper focuses on a linear and symmetric trading equilibrium. Let s;,_; =

sio — E [31,0 SM1n—1, ylm,l} be informed trader i’s residual long-lived signal after
n — 1 trading rounds, and conjecture that informed trader i’s equilibrium strategy

Z;n in trading period n is linear in s; ,,_1:

Lin = anz‘,n—l, (27)

for all informed traders i € {1,..., I} in each period n € {1,..., N}. As in Foster
and Viswanathan (1996), the trading strategy (2.7) implies that the market maker
cannot predict whether informed traders will submit buy or sell orders in the next

trading period, yielding the following lemma.

Lemma 2.2. Given (2.7), the market maker’s prices and beliefs satisfy the fol-

lowing recursions:

Pn = E [U‘SM,li'NJ yl:n} = Pn-1 + ,un(SM,n - Tn,nfl) + )\nyn; (28)
ti,n =K [Si,O SM,1:n, yl:n} = ti,nfl + an(sM,n - 7,n,nfl> + Cnyn7 (29)
T'nttn =EK [SM,n—l-t’SM,l:na yl:n} = Tnn—1 + Wn<SM,n - Tn,n—l) + 5nyn7 (210)

for all periods n € {1,..., N}, informed traders i € {1,...,1}, and forecasting
horizonst € {1,..., N —n}. Moreover, the multivariate projection coefficients i,

Ay O, Cn, Wh, and 0, satisfy the relations

tn = 1070, + Oy {1 + (N — n)wn], (2.11)

Proof. See Appendix 2.A.2.

According to Lemma 2.2, the market maker’s prices and beliefs are not only

linear functions of the aggregate order flow y,, but also of the innovation in short-

64



lived information sp;, — 7,—1. Note that the projection coefficient ), measures
the price sensitivity to aggregate order flows and is equivalent to an illiquidity
parameter as in Kyle (1985). However, since projection coefficients are multivari-
ate now, the market maker also considers interaction effects that aggregate order
flows have with short-lived signal innovations.

Of particular interest is the projection coefficient u,,, which measures the impact
of short-lived signal innovations on prices and can be thought of as a news param-
eter. The larger pu,, the more sensitive prices are to news innovations. Moreover,
instead of forecasting all future short-lived signals, (2.10) implies that the market
maker only needs to forecast the next period’s short-lived signal sps,41 after n
rounds of trading. This result follows from the symmetry conditions imposed for
(co)variances, which resolve the dimensionality issue of the dynamic trading game.

Finally, Lemma 2.2 and the law of iterated expectations imply that the price

p, in trading period n € {1,..., N} can be expressed as’

Pn = ]Qlti,n —f- ‘9M Z SM,t + (N — n)Tn—i—l,n . (213)

t=1

Consequently, the market maker’s price in period n is a weighted sum of her be-
lief about informed traders’ long-lived signal ¢;,,, her realized short-lived signals
Snm.1:m, and her belief about future short-lived signals 7,44 ,,. This result will facil-
itate informed traders’ dynamic programming problem since prices will become a
redundant state variable.

To measure information efficiency during the trading day, define for all periods

n € {1,...,N} and all informed traders 7,j € {1,...,I}:

v — ~ $i0 —
X, = Var [U‘SM,I:m ylm], X0 = Var [Si,o SM,1m; ylm},
S = 54,0,55,0 — . .
ZTLMJHl = Var [SM,n+1’3M,1:n7 yl:n}) Enl’o 70 = Cov [31,07 SJ,O‘SM,lzny yl:n:|7

84,08 — s JSM, —
YypoesMntl = Cov |:Si,073M,n+1’3M,1:nay1:n]7 LMt LIMnt2 = (Cov {SM,n—l—la SM,n+2‘SM,1:my1:n}-

"This result is shown in Appendix 2.A.2.
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These conditional (co)variances capture the market maker’s remaining uncertainty
about long-lived and future short-lived signals in every trading period. In partic-

ular, they satisfy the following relations.

Lemma 2.3. Given (2.7), the market maker’s conditional (co)variance updates

of long-lived and future short-lived signals satisfy

S; . S; S5 . .
S0 — W0 = FH0S0 33805550 (2.14)
S S S
Enlifln _ EZM,'(H»I — an\jlnv Mn+1 Eflltl,n+175M,n+2’ (2.15)

for all periodsm € {1,..., N—1} and informed tradersi,j € {1,...,1}. Moreover,

it holds that

Sh = TS50 + (1 = )50 | 4 21(N = 1)00 S0 n+

(2.16)
+ (N = n)0, [Spmr + (N = n = 1)mppmsnannez]
Proof. See Appendix 2.A.3.
From (2.14) and (2.15), it can be concluded that
S, — S0 = (2.17)
S — S =y, (2.15)
for all periods n € {1,..., N — 1}, where x; and x,; are constants. Therefore,

similar to Gounas (2021), the difference between variances and covariances for
long-lived and future short-lived signals remains constant over time.

Finally, recall from Lemma 2.1 that ¢ is defined as the conditional expectation
of the asset value given all available information in the market. Thus, 3% in (2.16)
is the market maker’s conditional variance of the best forecast of the asset value.
Since the market maker cannot perfectly learn the asset value in discrete time,® it

must hold that Y% > 0, yielding the same lower bounds for X3 and Y3 as

8See Foster and Viswanathan (1996) for proof of this statement.
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in Foster and Viswanathan (1996):

oo I—1

D (2.19)
84,0, 1

SN > =, (2.20)

for all informed traders i,j € {1,...,1} where i # j. From (2.14) and (2.20),
it follows that the conditional correlation between informed traders’ long-lived
signals monotonically decreases over time and must eventually be negative for a

sufficiently large number of trading periods.

2.4 Informed Traders’ Updating Processes

The Bellman equation (2.5) states that informed traders’ trading strategies must
be optimal for any arbitrary trading history. For this reason, there is a need
to distinguish between equilibrium and off-equilibrium play. First, it is shown
how informed traders update their beliefs along the equilibrium path. Then the
updating processes are extended to account for off-equilibrium play. Finally, this

section concludes with the necessary and sufficient conditions for equilibrium.

2.4.1 Updating along the Equilibrium Path

Lemma 2.2 implies that the trading strategy (2.7), which will be played in

equilibrium, can be written as

n—1

Tin = PnSin-1 = Bn(8i0 = tin-1) = Pn <3i,0 =3 Joulsare = rep1) + CtytD

t=1
n—1 t—1 t—1
= Bn <5i,0 - [Oét <5M,t - ( T [1- wsD (wrsarr + M/TD + CtytD :
t=1 r=1 \s=r+1
(2.21)
for all informed traders ¢ € {1,...,1} in each period n € {1,..., N}. Therefore,

informed trader i’s equilibrium strategy in period n only depends on his indi-

vidual long-lived signal s, the public history of short-lived signals sjs1.,—1, and
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the public history of aggregate order flows ¥;.,_1. Most importantly, the equilib-
rium strategy is independent of the individual trading history z; 1.,—1, yielding the

following lemma.

Lemma 2.4. Given (2.7), (2.8), (2.9), and (2.10), informed traders’ updating

processes satisfy

E [U — Pn—1]5i,0, SM,1:n—15 Y1:n—1, lEi,l:n—l] = MnSin—1, (2.22)
E {Sj,n—l 8.0, SM,1:n—1s Y1:n—1, $i,1:n—1] = OnSin—1, (2.23)
E [SM,n — Tnn—1|8i05 SM,1n—1> Y1in—15 xi,1:n—1] = YpSin_1, (2.24)

for all periods n € {1,..., N} and informed traders i,j € {1,...,1} where i # j.
Proof. See Appendix 2.A 4.

To conclude, along equilibrium play, the only state variable for every informed

trader 4 after n — 1 periods is his residual long-lived signal s;,_;.”

2.4.2 Updating along Off-Equilibrium Paths

To ensure that informed traders do not have an incentive to deviate from the
equilibrium strategy (2.7), one needs to account for off-equilibrium play. By de-
viating, any informed trader i € {1,...,I} can distort equilibrium beliefs since
deviations from (2.7) are invisible to the market maker and other informed traders.

Suppose informed trader ¢ is the only informed trader to have deviated from
the equilibrium strategy (2.7). To account for off-equilibrium play, closely follow
Foster and Viswanathan (1996) and define the following equilibrium quantities for

all trading periods n € {1,..., N} and informed traders j € {1,...,1}:

1
Uy =Y Bn8j g + Un,
j=1

9This result also applies to Foster and Viswanathan (1996) and Gounas (2021). However, since
beliefs differ in each paper, so does the functional form of s; ,,_1.
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At — n Al —

Sj,n = S0 — tj,n and Sj,(] = 55,0,
A AT

Pn =Pp_1 + M (SM,TI - nn 1) + )‘Tbyn a’nd 07

N — 3 A1 7 D

tin =51t an (SM,n - rn,n—l) + (n9,, and tio =0,

N — ot
Tntin = Tnn—1 +wn (8]\/[7” — Tpn— 1) + Hnyn and 7 7“1 0= =0.

These quantities would have been realized in equilibrium if all informed traders
(including ¢) had played the equilibrium strategy (2.7). A fundamental result
from Foster and Viswanathan (1996), which also applies to this paper, is that the
above equilibrium quantities are in informed trader 7’s information set even along

off-equilibrium paths.

Lemma 2.5. Given (2.7), (2.8), (2.9), and (2.10), assume any informed trader
i€ {l,...,I} has deviated from (2.7). Then for all periods n € {1,..., N}:

~ . N ~
(31,07 SM,1:n; Y1:n, wi,l:n) == (Si,07 SM,1:ns Y1:n> xi,l:n)a (225)

where §i,, = (3, ., 3):
Proof. See Appendix 2.A.5.

According to Lemma 2.5, any informed trader ¢ who has deviated from the
equilibrium strategy (2.7) can recursively reconstruct the equilibrium order flow
history and, by extension, the history of equilibrium prices and beliefs. It is this

result that helps characterize off-equilibrium paths.

Lemma 2.6. Given (2.7), (2.8), (2.9), and (2.10), assume any informed trader
i € {1,...,1} has deviated from the equilibrium strategy (2.7). Then informed

trader v’s updating processes satisfy

E [U — Pn—1{5i,0, SM,1:n—1, Y1:n—1, fi,lm—l] = 77n§§,n_1 + (ﬁ;_1 _pn—l) > (2‘26)

E [Sj,n—l

Si,o,8M,1:n—1,y1:n—1,Ii,1:n—1} = ¢n 1t (t]n 1 tj,n—1> ;

(2.27)
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~ o Al N
84,0, SM,1:n—1, Y1in—1, Ii,l:n—l] = lﬂnsi,n_l + (Tn,n_l - Tn,n—l) )

(2.28)

E {SM,n — T'nn—1

for all periods n € {2,..., N} and informed traders j € {1,...,1} where j # i.
Proof. See Appendix 2.A.6.

Along off-equilibrium play, the state variables for every informed trader i after
n — 1 periods are his residual long-lived signal §§7n_1 and the manipulations of
conditional beliefs about the asset value p,_; —pn_1, long-lived signals #* ,, _;—t; 1,
and the next period’s short-lived signal fiw_l — Trp—1-

However, p,_; — p,_1 is a redundant state variable since (2.13) implies

By = Pny =107 (£ = tjm1) + (N =nt DO (7, = 7). (229)
Therefore, informed trader i’s manipulation of the market maker’s conditional
belief about the asset value can be reconstructed from his manipulations of the
market maker’s conditional beliefs about long-lived and future short-lived signals.
To conclude, along off-equilibrium play, the non-redundant state variables for every

~

informed trader ¢ after n — 1 periods are & t

Al
imn—1» t]'»“*b and Tpmn—1 — Tnn—1-

i _
7,mn—1

2.4.3 Necessary and Sufficient Conditions for Equilibrium

A linear dynamic trading equilibrium implies that informed trader i’s optimal

trading strategy in period n must be linear in the non-redundant state variables:

Tim = Budbp 1+ (Bny = timar) + pn (Pt = Tunon) (2.30)

for all informed traders i € {1,...,I} in each period n € {1,..., N}. Moreover,

informed trader i’s value function in the Bellman equation (2.5) must be quadratic
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in the non-redundant state variables:

. 2
Al
V;,n—l = Up—1 (52‘771_1) + bn 1 ( jn—1 tj,n—l) + Cp—1 ( nn 1 rn,n—l)

tdn18), 1 (Bt = tino) a1,y (Fhy = Tonc) (2.31)

+ fn 1 ( jn—1 tj,n71> (f:’L,n—l - rn,nfl) + In—1,

for all periods n € {1,..., N} and all informed traders 7,5 € {1,...,I} where
i # j. Note that the equilibrium strategy (2.7) is consistent with (2.30) since
tjn-1 =1, 4 and rn,-1 =, ,_; along equilibrium play. However, as the follow-
ing proposition shows, one has to account for off-equilibrium paths to ensure that

informed traders do not have an incentive to deviate from equilibrium play.

Proposition 2.1. A Markov perfect equilibrium is defined by the strategies and
beliefs (2.8), (2.9), (2.10), (2.26), (2.27), (2.28), and (2.30) if they satisfy the
following system of equations for all periods n € {1,...,N}:

- ann - (1 - anl/}n)(dncn + en(sn)
)‘n[z + (I - 1)¢TL] - C’Vl[l + (I - 1)¢n](dnCn + endn),

- IOI - ( - 1)571[ n (2cn5 + fnCn)] [1 - ( - 1)<n,8n}(2bn6n + fnén)
= 2\, —<n<2bn<n+fn 5n) — 00 (26000 + Fuln) ’

(N —n+ )9M Wn, + an(2bngn + fn n) (1 - wn)(2cn5n + fnCn)

Bn:

Pn =
pn = 10700, + O {1 + (N - n)wn},

)\n - Ie[Cn + (N - n)0M5n7

o 278; Oisl\lnzu

Loy (18 (2 (- m] 4 g - 18]

Bn (2,?_“; (S + (L= 1)y | = 1[5 O’SM"]Z>
Cn = - - S: 0.84 $50.0,8 27
Mn(IBQ { n201+(I 1)2711’—017 ]’0}4—28) [Iﬂn 107Mn:|
- Zizx_f,ln,SM,nH (Iﬁg[ ZZ 01 + (I 1)22’—%8].’0} +28) [I/Bn 51075A1n:|2

Wp = sMn (IIBQ [ flz 01 —I—(I 1)221',_01,%0} +23) [Iﬁn slo,szwnr )
i Iﬁn N 0 SMn {Efﬁln . E;]Zin7sN[,n+1j|
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where the value function coefficients are given by the recursions

nt = an (1= anthn = G L+ (I - 1)%})2 48 (0 = snton = a1 (2= D3] ),

b = (1= G+ (1= 03] ) 30 (101 = A+ - 15,
b8t (1= 1] = fubalra+ (7= D8] (1= G+ (7= 1] ).

en1 = cn(1 = wn = 8upn)? + pu [(N = 1+ 1)001 — i — Aupn] + b + Copn)?
~ Foln + Gupn) (1= = Gup),

ot = (0 = st = M1 (1= 1000] ) + 8 (161 = [+ (1 = 1)) )
4 (1= antn = G [14 (1= 1)60] ) (0 (1 = G oo+ (7= 1))

~ eada [+ (1= 1] ).
a1 = o (1 = b = ML+ (T = 1n] ) + Ba[(V =+ Doas = st = A
+ (1= antn = G [+ (1= 1)6n] ) eald = = Bup) = dnlan + Gupn)]
Fae1= pa <I€1 — [+ (I - 1)@1}) + [ (N =1+ )00 = fin — Aupn
4 (1= G+ (1= 18] ) [£a(2 = 00 = 8apa) = 2B+ Gup)]

+ dn, {'Yn + (I — 1)511} {fn(an + Cnpn) — 25 (1 — wy — 6npn)}»

In—1 = gn + an

2y 2
(n2g + oy, Var [SM,n — Tnn—1 ‘Sz‘,o, SM1n—1, ylzn—l}

+ 2(I - 1)Cnﬁnan Cov {Sj,nfla SMn — Tnn—1 ‘Si,(]; SM,1:n—1, yl:nfl}

+ (I - 1)@%5721(\/&1" [Sj,n—l‘si,()a SM,lzn—laylzn—l]
+ (I —2) Cov [Sj,n—h Sk,nq‘sz',o? 8M,1:n—1,y1:n—1D]7
with terminal condition ay = by =cy =dy =ey = fy = gn = 0. Also,
M = 0 {1+ (I = )gn] + (N = n+ D,

Esi,O:sj,O
_ “n—1

¢Tl - Si.0 I
an’—l
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Esi,075M,n

-1
Yy = %577

n—1

and for alli,j, k € {1,...,1} wherei # j # k, it holds that

Var [SM,n — T"n,n—1(5i,0, SM,1:n—1, Yl:n—1

2 $i,0
Var [Sj,n—1 53,05 SM,1:n—1, y1:n—1} =(1-9,)%,7,
} $56,0:85,0

Cov |:3j,n717 Skn—1[54,0, SM,1:n—1, Ylin—1| = (1 - ¢n) n—1_

8i,0,SM,n
Cov [Sj,n—h SMm = Tnn—1]56,0, SM,1m—1, Y1m—1| = (1 — ¢p) X700

Moreover, the second-order condition must be satisfied in every period:
An — anEL - cn(s?%, - fnCn(sn > 0.

Finally, conditional (co)variances must satisfy the following recursions:

n

S = 167 [2?;*0 + (I - 1)22’*0"””} + 2I(N — n)f0p Sy "M
+ (N = n)f3; [SR 0 4 (N == 1))
W= S = an S = G [S0 (1 - )E]

SO0 = OO — an SO — G [ S50 + (- DI

$i,0,SM,n+1 5i,0,5M, $i,0,5M, 54,0 5i,0,55,0
Z”Z " = an—l "= w”znl—l i 5nﬁn [Enl—l + (I - 1)2111—1 ! } ’

SM,n+1 __ SM,n SM,nsSM,n+1 $4,0,SM,n
En ! — Zn_’l - wnzn_i ’ ! - I(Snﬁnzn_i ’ 3

SMn+1:SM,n+2 __ SM,n»SM,n+1 SM,n»SM,n+1 5i,0:SM,n
n =X 2,y T = I0, B2

Proof. See Appendix 2.A.7.

Similar to Foster and Viswanathan (1996) and Gounas (2021), Proposition 2.1
does not provide analytic results and must be evaluated numerically. Appendix 2.A.8

explains the corresponding backward induction algorithm.
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2.5 Numerical Analysis

This section studies the influence of the market maker’s short-lived signals on the
dynamic trading equilibrium. To this end, let p¢¥ be the unconditional correlation
coefficient between two arbitrary variables x and y. The main variables of inter-

3,058 M,

est are pj ", the unconditional correlation between long-lived and short-lived

. s ,8 .- . .
signals, and py""™" """ the unconditional correlation between future short-lived

4,0,5M,n SM,nySM,n+1

signals. Note that any given combination of p; and p, is only valid
if the covariance matrix in (2.1) is positive definite.

Consider the special case where the combination of long-lived and short-lived
information constitutes the truth, that is, v = Zle Si,0+21{\;1 sare- Thus, the true
asset value equals the sum of long-lived and short-lived signals. By Lemma 2.1,
it follows that #; = 1 and 0); = 1. Additionally, assume that long-lived and
short-lived signals have the same initial uncertainty, that is, £5° = 33" for all
informed traders ¢ € {1,...,I} and all periods n € {1,...,N}. If Xf is given,
then ¥3"° and 3" immediately follow from (2.16).

The following study considers I = 3 informed traders and N = 10 trading
periods. Moreover, the unconditional asset value variance is standardized to X =
1, and the uninformed order flow variance in each period is set to X = 1/N.
For long-lived signals, the unconditional correlations py**° € {0.25,0,—0.25}

,0,SM,n SM,nsSM,n+1

are studied in conjunction with different combinations of p; and p,

2.5.1 Positive Initial Long-Lived Signal Correlation

This analysis sets the initial correlation between long-lived signals to py™**" =

0.25 and considers the following initial correlation combinations for short-lived

signals: (pg"”™"" = 0.5, pg™™ "M = 0.5), (pg"”™™ " = 0.25, pg" M = 0.25),

(poror™m — 0.1, pgMm =t = 0.1), and (pg @™ = 0, pg M = —0.1).
Figure 2.1, Panels A and B plot informed traders’ trading intensity (3,, and their

terminal conditional expected profits over time. First, trading intensities mono-
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tonically increase throughout the trading day. Thus, as in Kyle (1985), informed
traders submit their most aggressive orders towards the end of the trading day.
Second, trading intensities are highest and expected profits are lowest if short-
lived signals are initially highly correlated with long-lived and future short-lived
signals. In that scenario, the market maker’s signals are highly informative about
the asset value, resulting in informed traders playing a “rat race” as in Holden
and Subrahmanyam (1992).

In contrast, trading intensities are lowest and informed traders make the highest
expected profits if short-lived signals are initially independent of long-lived signals
and negatively correlated with future short-lived signals. Since short-lived infor-
mation events are not informative about long-lived signals, informed traders have
the highest monopoly power on their long-lived information. As a result, informed
traders play a “waiting game” as in Foster and Viswanathan (1996).

Finally, informed traders make approximately the same expected profits in the
cases (pg """ = 0.25, pg"" "M = 0.25) and (pg" "M = —0.1, pgt M =
0.1). In the former case, informed traders trade more intensively on their residual
information since the market maker’s signals are strongly positively correlated
with the asset value, generating competition for informed traders. In contrast,
the market maker can only gradually learn about the asset value in the latter
case, resulting in informed traders submitting less aggressive orders to keep their
information private.

Figure 2.1, Panels C and D display the market maker’s corresponding news
parameter u, and illiquidity parameter A, over time. It can be inferred that
both parameters monotonically decrease throughout the trading day if short-lived
signals are initially positively correlated with long-lived and future short-lived
signals. In that scenario, news and aggregate order flows are most informative
about the asset value at the beginning of the trading day. Consequently, prices
are most sensitive in the first trading periods, especially towards news arrivals.

In contrast, if short-lived signals are initially negatively correlated with long-
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Panel A: 8, Panel B: Profits
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Figure 2.1: Trading Intensity, Expected Profits, News Parameter, and Illiquidity Pa-
rameter with Positive Initial Long-Lived Signal Correlation. Informed traders’ trading
intensity ,, informed traders’ terminal conditional expected profits, the market maker’s news
parameter u.,, and the market maker’s illiquidity parameter A, are plotted over time. The model
is solved for the parameter values I = 3, N = 10, ¥y = 1, X3¢ = 1/N, py"**"° = 0.25, and the
correlation combinations (pg" "™ = 0.5, pg™ "M = 0.5), (pg" "M = 0.25, pgM M =
0.25)’ (pgi,OgSM,n — _0.1, pSM,n’SM,n+l — 01)7 and (pgi,(hSM,n — 0’ pSM,n75M,n+l — _0.1)
lived signals but positively correlated with future short-lived signals, p, moder-
ately decreases, while \,, moderately increases throughout the trading day. In that
scenario, short-lived information events and aggregate order flows remain moder-
ately informative about the asset value, which is why the market maker keeps
steady price sensitivities over time.

Finally, suppose short-lived signals are initially independent of long-lived signals
and negatively correlated with future short-lived signals. In that case, the news
parameter is close to zero throughout most of the trading day and only increases

in the final periods. Since future short-lived information events are negatively

autocorrelated, the market maker effectively smooths her incorporation of news
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into prices, resulting in the last news innovation having the highest price impact.

Simultaneously, the illiquidity parameter exhibits high values and monotoni-
cally decreases over time. Since short-lived information events are independent of
long-lived signals, the market maker can only learn through aggregate order flows
about informed traders’ information. Consequently, prices are highly sensitive to
aggregate order flows.

Figure 2.2, Panels A and B plot the conditional asset variance ! and the
conditional correlation pn"**° over time. Naturally, price discovery is highest if
the market maker’s signals are highly informative about the asset value. In the
case (pg" "™ = 0.5, pg™™ "Mt = 0.5), prices reflect almost 65% of all available
information in the market after the first trading round.

In contrast, price discovery is lowest if short-lived signals are initially indepen-
dent of long-lived signals and negatively correlated with future short-lived signals.
In that case, only aggregate order flows are informative about long-lived signals,
and informed traders submit the least aggressive orders. As a result, prices are
least revealing about the asset value. Even though less pronounced in later periods,
a similar argument applies if short-lived signals are initially negatively correlated
with long-lived signals but positively correlated with future short-lived signals.

Finally, as in Foster and Viswanathan (1996), the conditional correlation be-
tween long-lived signals becomes negative over time. This result is equivalent to
informed traders developing a difference of opinion about the true asset value.
Also, it can be inferred that the higher the initial correlation between long-lived
and short-lived signals, the more significant the difference of opinion grows.

Figure 2.2, Panels C and D display the evolution of the conditional correlations

o0 and pp M2 T short-lived signals are initially positively correlated

with long-lived and future short-lived signals, then pn*°* "' and py*m "+
monotonically decrease over time. Therefore, the market maker’s first signal con-

tains the most information about the asset value since subsequent short-lived

information events are conditionally less informative.
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Figure 2.2: Conditional Asset Variance and Conditional Correlations with Positive

Initial Long-Lived Signal Correlation. The conditional asset variance Xj, the conditional

correlation between long-lived signals p,/°*”"°, the conditional correlation between long-lived and

future short-lived signals p;’°"**"*", and the conditional correlation between future short-lived
signals pp"" "2 are plotted over time. The model is solved for the parameter values I = 3,

N =10,%5 =1, 2% = 1/N, pg"**° = 0.25, and the correlation combinations (p;"**"" = 0.5,
pSM,n,SM,n+1 _ 05)’ (pgi,()asM,n _ 025’ pSM,mSM,n+1 — 025), (pgi,OwSM,n — _0'1’ p(S)M,n,SM,nJrl _
001), and (pgi,()ysl\/f,n — O7 pSM,n73M,n+1 — _0_1)'

If short-lived signals are initially negatively correlated with long-lived signals

but positively correlated with future short-lived signals, pn*°* """ moderately

increases, whereas pn'"" ™ "** " moderately decreases throughout the trading day.
Consequently, short-lived information events stay conditionally informative about
the asset value, which is why the market maker keeps steady price sensitivities to
news innovations and aggregate order flows over time.

Finally, suppose short-lived signals are initially independent of long-lived signals

and negatively correlated with future short-lived signals. In that case, the market

maker’s signals remain conditionally independent of informed traders’ information.
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However, the conditional correlation between future short-lived signals grows even
more negative throughout the trading day. As a result, the market maker smooths

the impact of news arrivals on prices.

2.5.2 Zero Initial Long-Lived Signal Correlation

This analysis sets the initial correlation between long-lived signals to pg"”*° = 0

and considers the following initial correlation combinations for short-lived signals:
(o™ = 0.3, g™ = 0.4), (p" "M = 0.2, p"t T = 0.1), (pg" M =
0, p"t "M = 0), and (pg """ = —0.1, pg™ M = 0.1).

Figure 2.3, Panels A and B plot informed traders’ trading intensity /3, and their
terminal conditional expected profits over time. The higher the initial correlation
between the asset value and the market maker’s signals, the higher the competition
between informed traders, and thus the more significant the trading intensity.
Moreover, informed traders have an incentive to delay their trades by submitting
their most aggressive orders towards the end of the trading day. However, trading
intensities need not be monotonic, as can be inferred from the case (pg"” """ = 0.3,
Pt = 0.4).

Naturally, informed traders’ expected profits are highest if either the market
maker’s signals are initially moderately informative or not informative at all about
long-lived and future short-lived signals. Intuitively, if short-lived information
events are not too informative about the asset value, informed traders enjoy some
degree of monopoly power and make high expected profits as a result.

In contrast, informed traders make the lowest expected profits in the cases
(po ™™ = 0.3, pg"t ™™™ = 0.4) and (py"*""" = —0.1, p™"™"M " = 0.1). In
the former case, competition deteriorates profits in later periods so that informed
traders realize most profits at the beginning of the trading day, while in the latter
case, informed traders make their largest profits in the final periods when they
submit their most aggressive orders.

Figure 2.3, Panels C and D display the market maker’s corresponding news
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Figure 2.3: Trading Intensity, Expected Profits, News Parameter, and Illiquidity
Parameter with Zero Initial Long-Lived Signal Correlation. Informed traders’ trading
intensity ,, informed traders’ terminal conditional expected profits, the market maker’s news
parameter u.,, and the market maker’s illiquidity parameter A, are plotted over time. The model
is solved for the parameter values I = 3, N = 10, 2§ = 1, ¢ = 1/N, p;"°*"° = 0, and the

. . . Si.0,SM.n SM,n>SM,n $i,0,SM,n SM,n;SM,n
correlation combinations (p,"" """ = 0.3, pg""" M = 0.4), (p," "M = 0.2, pgtt M =

0.1), (pg"""™ =0, pg*t "Mt = 0), and (pg" "M " = —0.1, pg™" M = 0.1).
parameter pu, and illiquidity parameter A, over time. If short-lived signals are
initially positively correlated with long-lived and future short-lived signals, then
i and A, monotonically decrease throughout the trading day. Thus, news and
aggregate order flows contain the most information about the asset value in the
first periods. In particular, prices are highly sensitive to news arrivals at the
beginning of the trading day if news arrivals are highly informative about the
asset value.

If short-lived signals are initially independent of long-lived and future short-lived
signals, the news parameter p, is equal to one in every period. Since news ar-

rives independently over time, each news has the same price impact. Even though
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visually not distinguishable due to scale, the illiquidity parameter A, exhibits a
U-shape. It initially declines because aggregate order flows are most informative
about the asset value at the beginning of the trading day. However, the illig-
uidity parameter increases in the final periods when informed traders trade most
aggressively on their residual information.

Finally, suppose short-lived signals are initially negatively correlated with long-
lived signals but positively correlated with future short-lived signals. In that case,
14, monotonically decreases, whereas \,, monotonically increases over time. Since
the market maker’s signals are informative about future short-lived signals, the
first news arrival has a price impact larger than one. In contrast, the market
maker increases her illiquidity parameter throughout the trading day since she
can extract the least information from aggregate order flows in the first periods.

Figure 2.4, Panels A and B plot the conditional asset variance ¥ and the con-
ditional correlation pn**° over time. The higher the initial correlation between
the asset value and the market maker’s signals, the faster information about the
asset value gets incorporated into prices. In particular, price discovery is low-
est if short-lived signals are independently distributed of long-lived and future
short-lived signals. Nonetheless, prices still reflect almost 85% of all available
information in the market at the end of the trading day.

Moreover, the conditional correlation between long-lived signals immediately
grows negative. As in Foster and Viswanathan (1996), informed traders with
long-lived independent signals develop a difference of opinion about the true asset
value after only one trading period. Also, the difference of opinion grows faster
with a higher initial correlation between long-lived and short-lived signals.

Figure 2.4, Panels C and D display the evolution of the conditional correlations

PO and pp M2 T short-lived signals are initially positively correlated

with long-lived and future short-lived signals, then p, """ "' and p,*"0 %"+
monotonically decrease throughout the trading day. Since news arrivals are most

informative about the asset value in the first periods, price discovery is high.
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Figure 2.4: Conditional Asset Variance and Conditional Correlations with Zero Ini-
tial Long-Lived Signal Correlation. The conditional asset variance ¥, the conditional cor-

relation between long-lived signals p;’°"*”°, the conditional correlation between long-lived and

future short-lived signals p;’°"**"*"', and the conditional correlation between future short-lived

signals pp"" "2 are plotted over time. The model is solved for the parameter values I = 3,

N =10, Xy =1, 2% = 1/N, pi>*° = 0, and the correlation combinations (py """ = 0.3,
SMnySMntl 04)’ (pgi,msM,n _ 0.2’ pSM,n,SM,n+1 _ 01)’ (pgi,msM,n _ 07 pSM,n7SM,n+1 — 0), and

0
(pp "M = =0.1, ™Mt = 0.1).

If short-lived signals are initially independent of long-lived and future short-lived
signals, they also remain independent upon conditioning. In that scenario, news
arrives independently over time, not containing any information about informed
traders’ signals or future news. As a result, price discovery is low in comparison.

Finally, suppose short-lived signals are initially negatively correlated with long-
lived signals but positively correlated with future short-lived signals. In that case,

SM,n+1,SM n+2

8.0, . . .
n M monotonically increases, whereas pr monotonically decreases

over time. Therefore, the market maker’s signals become conditionally less infor-

mative about informed traders’ signals and future news arrivals in later periods.
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2.5.3 Negative Initial Long-Lived Signal Correlation

i,0,85,0

This analysis sets the initial correlation between long-lived signals to p;
—0.25 and considers the following initial correlation combinations for short-lived
signals: (pg" ™" = 0.35, pg""™""" " = 0.75), (pg""""" = 0.25, pg™ M =
0.35), (pg""™™ = 0.1, pg"™*" " = 0), and (pg"*""" = —0.1, pg™"™" " = 0.1).

Figure 2.5, Panels A and B plot informed traders’ trading intensity (3, and
their terminal conditional expected profits over time. Similar to the previous
analysis, informed traders submit their most aggressive orders towards the end
of the trading day. Moreover, it can be inferred that a high initial correlation
between the asset value and short-lived signals implies large trading intensities
and low expected profits for informed traders.

The case (pg""""" = —0.1, pg"""™ ™ = 0.1) is of particular interest. Sur-
prisingly, trading intensities are negative in the first four periods. Thus, informed
traders initially trade against their private information. Recall that the asset value
is assumed to be the sum of long-lived and short-lived signals. Since each informed
trader’s signal is initially negatively correlated with other informed traders’ sig-
nals and the market maker’s signals, the initial correlation between each informed
trader’s signal and the asset value is also negative. Consequently, it is optimal for
informed traders to trade against their signals at the beginning of the trading day.
However, as informed traders sequentially learn about the market maker’s signals,
the conditional correlation between each informed trader’s signal and the asset
value eventually becomes positive. As a result, informed traders change trading
directions in later periods.

Figure 2.5, Panels C and D display the market maker’s corresponding news
parameter pu, and illiquidity parameter A, over time. If short-lived signals are
initially positively correlated with long-lived and future short-lived signals, then
1y and A, monotonically decrease throughout the trading day. Moreover, the
magnitude of the parameters depends on the correlation between the asset value

and the market maker’s signals. Prices are especially sensitive to news arrivals if
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Figure 2.5: Trading Intensity, Expected Profits, News Parameter, and Illiquidity
Parameter with Negative Initial Long-Lived Signal Correlation. Informed traders’
trading intensity 3,,, informed traders’ terminal conditional expected profits, the market maker’s
news parameter fi,, and the market maker’s illiquidity parameter \,, are plotted over time. The
model is solved for the parameter values I = 3, N = 10, ¥y = 1, ¢ = 1/N, py"**° = —0.25,

and the correlation combinations (py """ = 0.35, py"™ """ = 0.75), (pg" """ = 0.25,
pSM,n,SM,nJrl _ 0.35)7 (pgi,o,SM,n = 0.1, ng,n75M,n+l _ 0), and (pgi,o,SM,n = 0.1, ng,n1sM,n+1 _
0.1).

short-lived information events are highly informative about the asset value.

Suppose short-lived signals are initially positively correlated with long-lived sig-
nals and independent of future short-lived signals. In that case, the illiquidity pa-
rameter is high in magnitude and only gradually decreases throughout the trading
day. Since short-lived signals help the market maker extract information about
long-lived signals from aggregate order flows, the market maker keeps a steady
order flow sensitivity as a result.

Even though visually not distinguishable due to scale, the news parameter is U-

shaped in that scenario. Therefore, prices are most sensitive to news innovations
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at the beginning and end of the trading day. Similar to the previous results, w,
initially declines because the first news arrival contains the most information about
the asset value. However, since the correlation between consecutive future short-
lived information events grows negative throughout the trading day, the market
maker eventually smooths her incorporation of news into prices, resulting in p,
increasing in the final periods. To conclude, the news parameter does not need to
be monotonic.

Finally, suppose short-lived signals are initially negatively correlated with long-
lived signals but positively correlated with future short-lived signals. In that case,
[, monotonically decreases over time, while ), exhibits a clear U-shape. Note
that the evolution of A, is directly linked to informed traders’ trading intensities.
The illiquidity parameter initially declines because trading intensities decrease in
absolute value in the first periods. In the fourth trading round, )\, is approxi-
mately zero and the market is most liquid because informed traders do not submit
orders in this period. Finally, the market maker increases her price sensitivity to
aggregate order flows in the final trading rounds when informed traders submit
their most aggressive orders.

Figure 2.6, Panels A and B plot the conditional asset variance ¥ and the condi-
tional correlation pn**° over time. The higher the initial correlation between the
asset value and the market maker’s signals, the higher the price discovery through-
out the trading day. In the case (pg"”™"" = 0.35, py""™*""*" = 0.75), prices reveal

almost 78.5% of the asset value after the first trading round. Moreover, note that

price discovery is lowest and approximately the same in the cases (py"""""" = 0.1,

SM,n,»SM,n+1 __ O) $i,0,SM,n __ _0 1 SM,n,»SM,n+1
0 - - )

and (p, Po = 0.1), even though informed
traders’ expected profits are almost four times higher in the former case.

Similar to the previous findings, the conditional correlation between long-lived
signals monotonically decreases over time. Moreover, it can be inferred that the
initial correlation between long-lived and short-lived signals determines the speed

at which informed traders’ difference of opinion about the true asset value grows.
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Figure 2.6: Conditional Asset Variance and Conditional Correlations with Negative
Initial Long-Lived Signal Correlation. The conditional asset variance Xj, the conditional

correlation between long-lived signals p,°*"°, the conditional correlation between long-lived
and future short-lived signals p,”** "™ and the conditional correlation between future short-
lived signals p,""""°"" " are plotted over time. The model is solved for the parameter values
I =3 N=10,% =1, 3¢ = 1/N, pi">*° = —0.25, and the correlation combinations
(po "M = 0.35, pp™ ™M = 0.75), ("M = 0.25, p I = 0.35), (pg" "M = 0.1,
P Mt = 0)) and (pg 0t = —0.1, pgtt M = 0.1).

Figure 2.6, Panels C and D display the evolution of the conditional correlations

and pp""" V"2 Tt can be inferred that both conditional correlations

pfli,Ost,nH
monotonically decrease over time if short-lived signals are initially positively cor-
related with long-lived and future short-lived signals. In that scenario, short-lived
information events are most informative about the asset value at the beginning of
the trading day. Consequently, prices become less sensitive to news innovations
and aggregate order flows in later periods.

If short-lived signals are initially positively correlated with long-lived signals and

independent of future short-lived signals, then pn"*"""™ and py""" """+ only
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slowly decrease over time. In that scenario, short-lived information events remain
consistently informative about the asset value throughout the trading day. How-
ever, the conditional correlation between the asset value and short-lived signals
remains small in magnitude, resulting in low price discovery in comparison.
Finally, suppose short-lived signals are initially negatively correlated with long-
lived signals but positively correlated with future short-lived signals. In that
case, pn’”"M" ! moderately increases, whereas pn'"" ™M™ slowly decreases over
time. Thus, short-lived information events remain consistently autocorrelated and

become conditionally less informative about informed traders’ signals throughout

the trading day.

2.6 Conclusion

This paper has studied a strategic trading model in which the market maker has
a monopoly on short-lived information. Necessary and sufficient conditions for a
dynamic trading equilibrium were provided, and a numerical study was performed.
Interpreting short-lived information events as news, the correlation structure of
news arrivals has significant effects on trading strategies, market liquidity, and
price discovery. In particular, the model can generate new stylized facts like
negative trading intensities and increasing price sensitivities to news.

One shortcoming of this paper’s model, shared by most strategic trading models,
is that aggregate order flows are unpredictable. In contrast, empirical order flows
exhibit significant autocorrelation. Therefore, one interesting future research is to
combine this paper’s framework with the model in Gounas (2021), which explicitly
accounts for autocorrelated order flows. Moreover, the derivation of the dynamic
trading equilibrium relies on symmetry conditions for (co)variances, and it remains
an open topic whether this assumption can be relaxed without affecting tractability
in a discrete-time setting. Finally, this paper assumes that short-lived information

events arrive deterministically over time, whereas news arrivals in financial markets
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can also be stochastic. Consequently, it would be interesting to extend the model
by allowing short-lived information events to arrive stochastically throughout the

trading day.
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2.A Appendix

2.A.1 Proof of Lemma 2.1

Proof. Assume the distribution assumption (2.1) holds. Then the projection the-

orem for Gaussian random variables implies

~1
> > O N (P
E [U’S[,SM} = <ZS’SI ES’SM> . (2A1)

SM,S1 SM

Since (co)variances are assumed to be symmetrical, it follows that

St
B [v]sr, su] = (Gm GMLN> : (2.A2)
Sm

where 0; and ), are constants and ¢y and ¢ are (1 x I) and (1 x N) vectors of

ones, respectively. Consequently,

E{’U‘SI,SM} :91i8i70+eMiSM,tE@. (2A3)

i=1 t=1

Since 0 captures all available information in the market, it is a sufficient statistic

to forecast the asset value v. O
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2.A.2 Proof of Lemma 2.2

Proof. Given (2.7), applying the projection theorem for Gaussian random variables

yields for all n € {1,..., N}:

pn=1KE |:’U’5M,1:n>y1:n}
= Pn-1+ E [U — Pn—1|SM,1:n, yl:n}

= Pn—-1 + E {,U — Pn-1|SM,1:n—1,SMmn — Tnn—1;Y1:in—1, yn} (2A4)

= Pn—1+ E [U — Pn—1|SMn — Tnn—1, yn}

= Pn—-1 + ﬂn(sM,n - Tn,n71> + )\nyn

Moreover, the symmetry conditions for (co)variances imply for all ¢ € {1,...,I}

and alln e {1,...,N}:

tin=E [Si,o SM,1:n; ym}
=tin1+E [Si,o — ti,n—l‘SM,lzn—h SMn — Tnn—1> Y1:n—1, yn}
(2.A5)
- ti,n—l +E [Si,n—l‘sM,n — Tnn—1, yn}
= ti,n—l + an(SM,n - rn,n—l) + Cnyn
A similar analysis yields for alln € {1,...,N —1} and t € {1,..., N —n}:
Tnttn = E |:SM,n+t‘SM,1:n7 yl:n}
= T'n+t,n—1 + E {SM,n+t - Tnth,nfl’SM,l:nfl; SMn — Tnn—1,Y1:n—1, yn}
= Tn+tn—1 +E {SM,n+t - 7,nthJLfl’SM,n — Tn,n—1, yn} (2A6)

= Tnn—1 +E {SM,n—I—l - Tn,n—l‘SM,n — T'nn—1, yn}

= Tnn—1 + wn(sM,n - Tn,n—l) + 5nyn
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Finally, to show the relations for u, and \,, the law of iterated expectations

implies
Pn = E :,U’SM,I:’IU yl:n}
=EE [U"Sla SM} SM,1:n, 914
=EK :@‘SM,lzn) yl:n}
T N
=FE (01> si0+ 0 D> Snre|Sarims yl:n‘| (2.A7)
L =1 t=1
I n N
=01 tin+0u [Z Smet+ Y 7”t,n]
i=1 t=1 t=n+1
= [01151-7” + eM [Z SMt + (N — n)Tn+1’n‘| .
t=1
Consequently,

Pn = Pn—1 = 101(ti — tin_1) + On [SM,n — -1+ (N = n)(rnyin — Tn,n—l)}
= (I@mxn + Oy {1 + (N — n)wnD(sM,n — Tnn—1) + [I@IQL + (N — n)@M&J Yn

= Mn(sM,n - Tn,n—l) + /\ny’m
(2.A8)

as was to be shown. O
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2.A.3 Proof of Lemma 2.3

Proof. The first part of the lemma is shown in Foster and Viswanathan (1996)

and Gounas (2021), while the second part of the lemma is derived as follows:

= Var

SMlnayln}

L
— le Zslo—i-(gMZSMt

SM,1:n; Y1: n‘|

I " N 2
=K <9123i,0 +0m ZSM,t — QIZti,n — O [ZSM,t + > Tt,nD ]
=1 t=1 =1 t=1 =

I N 2
=E <91 Z Sin + O Z [Sprt — Tt,n])
i=1

t=n+1

n

= [(9? [ZSi,O + ([ _ 1)22@0,8]‘,0} + 2[<N _ n)&;@MEf;»O’SMMl

+ (N = n)83, [Z5mmt1 4 (N — n — 1)Sgpnsioania],
(2.A9)

as was to be shown. O

2.A.4 Proof of Lemma 2.4

Proof. Given (2.7), (2.8), (2.9), and (2.10), applying the projection theorem for

Gaussian random variables yields for all n € {1,..., N} and i € {1,...,}:

E [SM,n 5i,0y SM,1:n—15 Y1:n—1, xi,l:n—l} =K [SM,n $i,0) SM,1:n—1, y1;n_1]

=Tpn-1+E {SM,n — Tnn—1|5i,0y SM,1:n—1, yl:n—1]

=Tnn—1 +E {SM,n — Tnn—1|Sin—1,SM,1:n—1, yl:n—l}

= Tnn-1 +E {SM,n —T'nn—1 Si,n—l}

=Tnn—1 + wnsi,nfl-
(2.A10)

A similar analysis shows that

E{v

53,05 SM,1:n—1s Y1in—1> Tijm—1| = Pn—1 + E [U — Pn—1 Si,nfl}

(2.A11)
=Pn-1+ "nSin—1,
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and

E [Sj,O 53,05 SM,1n—1s Y1in—15 Tijim—1| = tjn—1 + E [Sj,n—l Si,n—l}
(2.A12)
= tj,nfl + ¢n5i,n717
where j € {1,...,1} and j # 1. [
2.A.5 Proof of Lemma 2.5
Proof. See Foster and Viswanathan (1996) and Gounas (2021). O

2.A.6 Proof of Lemma 2.6

Proof. Given (2.7), (2.8), (2.9), and (2.10), assume any informed trader ¢ €

{1,..., I} has deviated from (2.7). Then Lemma 2.5 implies foralln € {1,...,N}:

[SM,n — T'nn—1{5:,0, SM,1:n—1, Y1:n—1, xz‘,1;n—1]

E
Ad A ~
=K {SM,n ~Ton—1 T Tnpn—1 = Tnn—1]5i,05 SM,1:n—1, Y1:n—1, $z‘,1:n—1} (2.A13)
=K

A7 ~ Al
[SM,n - Tn,n—l 5i,0) SM,1:n—15 Yn—1, xi,l:n—l} + (Tn,n—l - Tn,n—l) .

Applying the projection theorem for Gaussian random variables yields for the term

on the left-hand side: "

I N ~
E SMn — Tnpn—1|5:,0, SM,1:n—1, Y1:n—1, Ii,l:n—1:|

)

[ A N ~
— SMmn — rn,n—l 5i,0y SM,1:n—15Y1:n—1> xi,l:n—l]

[ A Al N ~

- SMmn — Tpnn—1|Sin-1SM1m—1, Y1.n—1, xi,l:n—1:|
- (2.A14)

Af ~i ~

- SMn — Tnn-1 Sz’,n—lv xi,l:n—l}

)

[ A Ad
- _SMJL - rn,n—l si,n—l}

:,lvbn §§7n— 1

10Recall that (2.21) has shown that the individual trading history Z; 1.,—1 is redundant infor-
mation along equilibrium play.
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Consequently,

~ . i ~d
E SMn — Tnn—1|5:,0, SM,1:n—1, Y1:n—1, l‘i,lzn—l} = wnsi,n—l + (rn,n—l - Tn,n—l) .

(2.A15)
Similarly,
E [U — Pr—18i.05 SM,1m—15 Yin—1s - - - Tistm—1| = TSt + (ﬁ;q - pn—l) , (2.A16)
and
E {sm,l S8i.05 SM1n—1s Y1m—1, i‘z’,l:nq] = ¢n§§,n—1 + (f;'-,n_l — tj,n,l) . (2.A17)
where j € {1,...,1} and j # 1. O

2.A.7 Proof of Proposition 2.1

Proof. Given (2.31), informed trader i’s Bellman equation (2.5) in trading period

n € {l,...,N} can be expressed as

max E [(U — Pn)Tin|5i,05 SM,1n—15 Ylin—1, $i,1:n—1]

Ti,n
E ¢ Vi, (B —t.,) L dai (Bt
TR an (S;n) T0n (i, —tin) T (Thpin = Ttin nSim \Ujn — Ljn
A A~ g Al
+ €nSin (rn—&—l,n - TTH‘L”) + fn (tj,n - tjvn) (Tn—&—l,n - TTH‘L")

+ gn

5i,0) SM,1:n—15 Y1:n—1, xi,l:n—1:| )

(2.A18)

where the market maker’s prices and beliefs are given by

Pn = Pn—1+ Mn(SM,n - rrn,nfl) + )\nyn

(2.A19)
=Pn-1+ Mn(sM,n - Tn,n—l) + )\n (xim, + E anj,n—l + un) 5
J#i
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and

tj,n = tj,n—l + an(sM,n - rn,n—l) + Cnyn

(2.A20)
= tj,n—l + an(sM,n - rn,n—l) + Cn (xi,n + Zﬁnsj,n—l + un) )
J#i

and!!

Tn+ln = Tnn—1 + wn(sM,n - Tn,n*1> + 5nyn

(2.A21)
=Tnn-1 + wn(SM,n - Tn,n—l) + 571 (xi,n + Z ﬁnsj,n—l + un)
i

By taking the first and second derivatives, one obtains the first-order condition

E v — Pn—-1 — ,un(SM,n - Tn,n—l) - /\nZBnSj,n—l

J#1
+E [an (i\;,n - tj,n) (_Cn) + QCn (ﬁwl,n - Tn+1,n) (_571) + dngi,n(_cn) + engi,n(_én)

8605 SM1:n—1> Ylin—1, xi,l:n—l] — 2\

[ (= ) = B~ )]

5,00 SM,1in—1s Y1:n—1, Litm—1| = 0

(2.A22)

and the second-order condition

— 22X, 4 26,C% 4 2¢,02 + 2f,Cabpn < 0. (2.A23)

Expanding the first-order condition yields

G ~i ~G ~
Elv— Pr-1— MTL(SM,n - 7dn,n—l) - )‘n Z anj,n—l $i,05 SM,1:n—15 Y1:n—1, xi,l:n—l]
J#
i ~d G
_ 2/\nxi,n + (pn_l - pn—l) - Un (rn,n—l - Tn,n—l) + )‘n Z ﬂn (Sj,n_l - Sj,n—l)

J#

+ (2¢n0p + fnCn) (ffwrl,n - T”+1v”)

8.0, SM,1:n—1s Y1:n—1, fii,l:n—l} = 0.

(2.A24)

Since the market maker does not receive a signal after trading period N, it follows that
rnt1,n = 0.
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Recall from (2.29) that

A,

oy =y =107 (£ = tjn1) + (N =nt+ 1) (7 g = Tomo1) . (2.A25)

Also, Lemma 2.4 implies

AL ~ o AP
E |:,U — Pn—-1|5:,0, SM,1:n—1, Y1:n—1, xi,l:n—l} = hS;n—1> (2A26)
Al ~ o AP
E |:Sj7n—1 Si,O; SM,lln—l; Y1:n—1, xi71;n_1:| = ¢n8i,n—1’ (2A27)
At ~ o A
E [SM,n — Tnn—1/5i,00 SM,1:in—1, Y1:n—1, xi,l:n—1:| = wnsi,n—l' (2A28)
Moreover,
Al ~
E [sm S4,0) SM,1:n—1, Y1:n—1, xi,l:nfl}

—at At Al At Ad ~i
=Sin-1" an E [SM,n ~ Tnn—1 Si,nq} — G E [ﬁnsi,nl + Zﬁnsj,nq + Up Si,n1‘|

i
:(1 — iy — Cnﬁn[l + (I — 1)¢nD§§,n—1a

(2.A29)
and
fé’,n - tj,n = fé’,n—l - tj,n—l + Qap [SM,n - f;,n—l - (SM,n - rn,n—l)] + Cn (@; - yn)

1 = it — @ (7 = Tunt) + G [m;n_l i = (= DB (B = i) ] |
(2.A30)

and

AL Y AL A
Pt = Tntln = Tpp—1 = Tnn—1 + wn |:SM771 T (SM,TL - rnvn_l):| + 5” (yn - yn)

N A~ Al )
=Tpn-1 " Tnp-1 " Wn (rn,n—l - Tn,n—l) +0n [ani,n—l —ZTin— ([ —1)8, (tj,n—l - tj,n—l) ]

(2.A31)

Plugging these relations into the first-order condition and collecting terms yields

Tim = Bubbp 1+ (By = timor) + pn (7t = Tncr) (2.A32)
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where the coefficients 3,, v,, and p, are just as in Proposition 2.1. The value
function coefficients are derived by plugging the optimal strategy z;, into the

Bellman equation and collecting terms, where the derivation uses the relation

E [ (s,)°
:(1 — ity — Gufu| 1+ (I — 1)%})2 (881)

2% 2 i
+ (.20 + o, Var {SM,n — 1

5i,0) SM,1:n—15 Y1:n—1, jEi,l:n—l]

2

i
5i,0) SM,1:n—15 y1;n_1}

(2.A33)

+2(I — 1) fnav, Cov {§§7n_1, SMpn — T

. 1)<§5§(Var B

i 0
nn—1 53,0, SM,1:n—1, yl:n—1:|

7
5i,07 5M,1:n717 yl:nfl}

+ (I =2) Cov [}, 1,84,

~j
83,05 SM,1:n—1, ym_J > .

Since the remaining proof assumes equilibrium play, the “hat” notation is omitted.
The regression coefficients ¢,, and 1, are defined by the projection theorem:
Cov [Sj,n—l, Si,n—l] 30050

_ 2
= Var {siyn,l} oo (2.434)

s ,Si
Cov |:SM,n — T'nn—1, Si,n—l} - Enlz’ln 0 9 A35
- Zsi,o ) ( . )

Var {sm_l} n—1

TL:

while the regression coefficient 7,, is computed as follows:

Cov [v = -1, Sin1)

M =

Var {sm,l}

Cov 17 — Pn1, Sm_l]
N Var {sm_l}
Cov [0 0 S bt — Oar [SET s+ St ] S
= Var |:3i,n—1:| (2.A36)
_ Cov :91 Sr g Sime1 + O X0 (Shra — Ten—1), Sm_l}
- Var {sm,l]

O[S0 + (1= D)I70] 4+ (N = n + 1)0y Sy

e

= 0r[1+ (I = V)| + (N = n+ 1)0art)n.
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Moreover, note that

Var {SM,n — Tnn—1{5i,0, SM,1:n—1, yl:n—1:|

=K [<3M,n —Tnn-1— ¢nsi,n—1)2]

=K [(SM,n - Tn,n—1)2:| - 2@/Jn]E [(SM,n - rn,n—l)si,n—l} + %%E [(Si,n—1)2] (2-A37)

_ NSMn SM,n»Si,0 2\154,0
_anl - 2¢n2n71 +1/1 b

n=—n—1
__\SMn 2¥154,0
_En—l - nzn—b
and
Var |:Sj,n—1 54,00 SM,1:n—15 yl:n—l]

=K [(Sj,n—l - ¢n3i,n—1)2}
=E [(8jn-1)°] = 260 E [sjn-15in-1] + 62 E [(51n-1)°]
=00 = 20T + LT

:(1 - QSEL)E;?LOD

and

Cov

Sj,nfla Skn—1

[ 8§05 SM,1:n—1, yl:nfl}
= Cov [Sj,nfl - ¢n51,n—17 Skn—1 — ¢n51,n71}

(2.A38)

= Cov {Sj,n—l, Si,n—l} — 2¢, Cov [Sj,n—l, Si,n_1] + ¢2 Cov {sm_l, Si,n—l} (2.A39)

_ \55,0554,0 54,055i,0 2 \5i,0
_En—l - 2¢n2 -1 + ¢n2n—1

n

=(1 = ) B,

n—1
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and

Cov [Sj,n—la SMmn — Tnin—1(54,0, SM,1:n—1, yl:n—l}
= Cov [Sj,nfl - ¢n5i,n717 SMn — Tnn—1 — wnsi,n71:|

= Cov [Sj,nfla SMmn — 7ﬁn,nfl} - ¢n Cov {Si,nfla SMun — rn,nfl}

(2.A40)
- wn Cov |:5j,n717 Si,nfl} + (bnwn Cov [Si,nfb Si,n71:|
_Esz ,0,SM,n (b 51075Mn w Sj 07510 +¢ w 510
(1 - (bn) 57, 075M n
To compute the projection coefficients «y,, (,, w,, and §,, recall that
I
= Z 67187;’”_1 -+ Unp,, (2A41)
i=1
and define for all n € {1,...,N — 1}
¥¥" | = Var [yn‘len L Ylin— 1} = 152 [Efjfl + (I — 1)2810’810} + X8,
(2.A42)

¥ = Cov [si,g,yn‘sM,lm_l,ylm_l} = 0, [Eff’_ol + (I — I)Z:fl’sj’o] , (2.A43)

S = Cov [SMmyn‘SMl m—1, Ylin— 1} = 18,20, (2.A44)
EZIE,anrl’y" = COV |:SM n+1 yn‘SMI in—1, Y1in— 1} - ]ﬁn SZ O’SMn (2A45)

Then the projection theorem implies'?

a, YoM M Un o Yon0Mn
=l N T (2.A46)
C’n Enjzln 2n—l Zn—l
-1
W, Sy iMatn oMot EMn (2.A47)
On DI S Yo B

12Gince the market maker does not receive a signal after trading period N, it follows that wy = 0
and oy = 0.
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Finally, for all n € {1,...

81,0
n

$1,0,51,0
n

S$M,n+1,51,0
n

SM,N>S1,0
n

, N — 1}, define the conditional covariance matrix X, as

51,0,51,0
n

SI1,0
n

SM,n+1,51,0
n

SM,NSI1,0
n

51,0,SM,n+1
n

ESI,O,SM,nH
n

SM,n+1
n

SM,N;SM,n+1
n

$1,0,SM,N
n

ESI,O,SM,N
n

SM,n+1SM,N
n

SM,N
n

. (2.A48)

where the entries are conditional on the public histories (Sps1.m,y1m). Let 3p_q
be the corresponding covariance matrix where the entries are conditional on the
public histories (Sp1.n—1,Y1:m—1). Since long-lived and future short-lived signals

are jointly normally distributed, it follows that

$1,0,SM,n $1,0,Yn 51,0,5M,n $1,0,Yn
anl Znfl Znfl anl
-1
SI1,0,SM,n $1,0,Yn SM,n SM,n>Yn SI1,0,SM,n $1,0,Yn
D D Znfl Enfl anl anl anl anl
n — “n—1""
SM,n+1SM,n SM,n+1:Yn SM,n»Yn Y SM,n+1>SM,n SM,n+1:Yn
En—l En—l Zn—l Enn Zn—l En—l
SM,N>SM,n SM,N>Yn SM,N>SM,n SM,NYn
anl anl anl Enfl
(2.A49)
yielding the desired block structure for conditional (co)variances. O

2.A.8 Algorithm

The algorithm for computing the equilibrium in Proposition 2.1 is similar to

Gounas (2021). Input parameters are the number of informed traders I, the

number of trading periods N, the period zero (co)variances Y8, $g°°, """,
N0, Bt Bt U and the constants y; and s defined in (2.17) and

(2.18), respectively. For the input parameters to be well-defined, the covariance

matrix in (2.1) must be positive definite. If this condition is satisfied, one can
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compute 0; and 0y, as in Appendix 2.A.1.
Using backward induction, provide initial guesses for the period N — 1 condi-
tional (co)variances X", Zv"Y, and L3713 Given x;, one can immediately

compute L7 from (2.17). Since the value function coefficients ay, ..., gy and

the projection coefficients wy and dy are zero in period N, it follows that

Iﬁjg\f [ «;\1]01 -+ ([ — 1)28107870} + Zu
I8y [253° + (I = )R]

Bn = (2.A50)
Solving this quadratic equation for By yields the solutions —y/%¢/(IXN°,) and
u/(ILN",), where only the positive oot satisfies the second-order condition.

Given [y, one can compute ay, (y, Un, An, YN, Pn, and the value function

coefficients ay_1,...,9n_1.
Iterating backward over every period n € {1,...,N — 1}, input parameters
are Boi1, Bn, 33" and the value function coefficients ay, ..., g,. With these

. . 85 s s ,s .
inputs, one can simultaneously solve for ,, ¥, , 3", and X,"%""". Immedi-

ately, X07%%° and ;""" follow from (2.17) and (2.18), respectively. Then it
is straightforward to compute ., Cu, Wn, Ony tns Ans Yn, Pn, and the value function
coefficients a,,_1, ..., g,_1, allowing one to proceed to the next iteration.

The algorithm terminates if the period zero (co)variances satisfy the initial
specification, the second-order condition holds in each period, and conditional
(co)variances and the value function are consistent over time. Otherwise, the

algorithm runs anew with adjusted initial guesses for ¥3%,, X", and L3727,

13The period N conditional (co)variances are not necessary to compute the equilibrium in Propo-
sition 2.1.
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