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Part 1

Disagreement in Asset Pricing with Endogenous

Beliefs: An Information Theoretical Framework



Abstract

“In all chaos there is a cosmos,

in all disorder a secret order.”

— C. G. Jung

“Entropy is the price of structure.”

— Ilya Prigogine and Isabelle Stengers

This first part develops a micro-founded asset-pricing framework for incomplete
markets in which subjective beliefs are chosen optimally. Agents select probability
measures to maximize an entropy-weighted objective, so preferences discipline
how probability mass is allocated across states and how uncertainty is encoded.
Heterogeneity in these optimal belief tilts generates disagreement even under a
shared no-arbitrage benchmark and enters prices through an information-based
stochastic discount factor (InSDF). In equilibrium, disagreement is priced as an
informational premium: assets that perform poorly in states where belief wedges
are large must offer higher expected returns.

A central aim of this thesis is to address the unresolved problem of measuring
disagreement by combining objective objects, such as probability distributions,
with subjective elements, such as preferences, thereby yielding a quantifiable metric
for characterizing disagreement.

Relative to the complete-markets benchmark with a common prior, the model
explains persistent belief heterogeneity without relying on exogenous private signals.
Risk-averse agents choose less concentrated (higher-entropy) beliefs, while more
risk-tolerant agents tilt probability mass toward favorable outcomes. A central
object is the disagreement wedge x, a closed-form, state-dependent likelihood ratio

between agents’ optimal beliefs that maps directly into the pricing kernel.



Finally, the paper characterizes conditions under which belief disagreement
converges. In the absence of new information, entropy-based discipline shrinks belief
wedges and recovers the benchmark pricing kernel. Overall, the framework links
preferences, subjective probabilities, and asset prices in a tractable no-arbitrage

setting and interprets disagreement as a priced informational friction.
Keywords: disagreement, endogenous beliefs, asset pricing, entropy, ambiguity, infor-

mational efficiency

JEL Classification: D53, D81, D84, G12
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1 Motivation, positioning and contribution of this work

Classical asset-pricing models typically rely on representative-agent aggregation
or rational expectations, and therefore abstract from disagreement as a driver of
prices, trading volume, and volatility. This abstraction is not innocuous. Under the
benchmark logic of common priors and common knowledge of rationality, purely
speculative trade is hard to sustain: once information is correctly incorporated
into prices, trading based only on “different opinions” should vanish (the no-trade
benchmark; Milgrom and Stokey (1982)). Conversely, in rational-expectations
settings with fully revealing prices, informational trading incentives collapse unless
some friction prevents complete revelation, as in the classic impossibility insight of
Grossman and Stiglitz (1980).

Real markets sit precisely in the gap between these benchmarks. Investors often
hold divergent views, and the persistence of volume suggests that disagreement is
not merely a transient computational error but a structural feature of environments
with incomplete model specification. This paper develops a theoretical framework
that formalizes such disagreement as a disciplined form of belief distortion anchored
to a common no-arbitrage benchmark, and studies its implications for asset prices.

The central claim is that disagreement can be priced. More precisely, belief
heterogeneity—when anchored to a common no-arbitrage benchmark—induces
state-dependent distortions in subjective probabilities. These distortions admit
an informational interpretation: agents impose different perceived entropy levels
on the same uncertainty, reflecting heterogeneous risk attitudes and informational
discipline. In this setting, returns compensate not only for fundamental risk but
also for exposure to disagreement-intensive states, i.e. states in which valuation
wedges across beliefs are large. The benchmark plays a dual role throughout: it
rules out arbitrage by anchoring prices to a common linear operator, and it provides
a common reference object relative to which disagreement is defined (agents must

disagree about something).
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This paper lies at the intersection of six strands of research.

Disagreement and asset prices. Beginning with Harrison and Kreps (1978)
and Miller (1977), a large literature shows that heterogeneous beliefs can sustain
trading volume and affect valuations. More recently, Hong and Sraer (2016) link
disagreement to risk premia through “speculative betas.” Our contribution is to
provide a closed-form informational kernel that isolates the pricing impact of belief
divergence without relying on leverage or short-sale constraints. A key departure is
that beliefs are not imposed exogenously: they are endogenized from preferences.

No-trade benchmarks and rational-expectations limits. The no-trade benchmark
formalizes why disagreement is often ruled out in classical models: under common
priors and common knowledge of rationality, purely speculative trade cannot be
sustained (Milgrom and Stokey (1982)). At the same time, rational-expectations
equilibria face the opposite knife-edge: if prices fully reveal information, incentives
to acquire and trade on information vanish, so trading volume requires frictions that
prevent complete revelation (Grossman and Stiglitz (1980)). Our framework does
not “solve” these benchmarks; rather, it identifies a tractable departure—disciplined
belief distortion anchored to a shared no-arbitrage operator—that restores a role for
disagreement in state pricing while retaining the representative-agent benchmark
as a limiting case when belief wedges collapse.

Heterogeneous beliefs in no-arbitrage frameworks. Recent models (e.g. Xu
(2017), Bordalo et al. (2022)) show that agents can disagree while respecting
no-arbitrage when pricing is disciplined by a common benchmark operator. Our
Information Stochastic Discount Factor (InSDF') provides an explicit construction
of such a kernel-—and a measurable disagreement premium—rooted in informational
distance rather than ad hoc preference heterogeneity.

Information theory in economics. Building on the insight that Kullback—Leibler
divergence (KLD) measures the cost of deviating from a reference model (Sims
(2003), Hansen and Sargent (2008)), we treat entropy as an economically meaningful

object. We also draw on an axiomatic motivation for KL-based disagreement
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measures: Zanardo (2017) provides a formal characterization of disagreement
functionals based on natural invariance and separability requirements, and shows
how likelihood-ratio—based statistics—with KLLD as a canonical limit case—arise as
disciplined measures of belief divergence. Unlike robustness or rational-inattention
models, we use KLD to connect belief tilts directly to state prices, thereby turning
an information cost into a pricing wedge.

Incomplete information and learning. Standard models emphasize learning and
convergence to fundamentals. In contrast, Eyster et al. (2019) show that traders
may mislearn or ignore what prices reveal, allowing belief divergence to persist.
Our framework similarly allows disagreement to be sustained and priced through
informational frictions, even under a shared no-arbitrage benchmark.

Utility-based SDF's. Traditional stochastic discount factors arise from marginal
utility (Lucas Jr (1978)), while entropy-adjusted preferences (e.g. Hansen and
Maenhout (2006)) import KL penalties as taste parameters. We reverse the
order: we first construct an information-distortion kernel under a pricing anchor,
and then micro-found it by endogenizing beliefs through entropy-weighted utility.
This separation clarifies which components of pricing are informational versus
preference-driven.

By synthesizing these literatures, the paper provides a tractable link between
belief heterogeneity and state pricing, offers a measurable disagreement premium,
and prepares the ground for equilibrium applications that integrate information
theory with classical asset pricing.

A central objective of this thesis is to address a longstanding unresolved issue
in the disagreement literature: how disagreement should be measured in a way
that is both economically meaningful and mathematically disciplined. Existing
approaches often emphasize either objective components, such as differences in
probability distributions, or subjective components, such as heterogeneous pref-
erences, without fully integrating the two. The framework developed here seeks

to combine both dimensions. By linking probabilistic beliefs to preference-based
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distortions, it produces a quantifiable metric through which disagreement can be
formally characterized and compared across agents.

The main contributions of this paper are fourfold:

1. We derive a closed-form informational kernel by minimizing Kullback—Leibler
divergence subject to a pricing anchor. This yields an entropy-based change

of measure, which we term the Information SDF.

2. We show that the InSDF preserves standard no-arbitrage properties while
accommodating heterogeneous beliefs. Disagreement is anchored by a bench-
mark restriction shared across agents (e.g. a risk-free or risk-neutral pricing

anchor), so markets remain arbitrage-free despite belief dispersion.

3. We endogenize beliefs through entropy-weighted utility maximization. This
produces optimal subjective probabilities in closed form and an endogenous

disagreement wedge, linking risk attitudes to systematic belief tilts.

4. We characterize how disagreement maps into prices through state reweighting:
the model isolates an informational premium associated with exposure to

states in which belief ratios (and thus valuation wedges) are large.

The rest of the thesis is organized as follows.

Part I develops the theoretical framework. Section 2 reviews entropy and
Kullback-Leibler divergence as tools for characterizing informational distortion and
disagreement. Section 3 derives an exogenous information-based stochastic discount
factor by minimizing Kullback—Leibler divergence subject to a pricing constraint.
Section 4 introduces entropy-weighted utility and shows how optimal subjective
beliefs arise from an expected-utility problem with informational discipline. Section
5 embeds this mechanism into an intertemporal asset-pricing setting and derives
the endogenous Information SDF (InSDF), in which disagreement enters the pricing
kernel through a state-dependent likelihood ratio between agents’ optimal beliefs.

Part II develops the main applications and implications of the framework.

Section 6 applies the model to a disagreement-based binomial option-pricing setting

14



as an extension of the Cox—Ross—Rubinstein benchmark. Section 7 introduces the
Information CAPM (InCAPM), where disagreement becomes an additional source
of systematic risk through an informational beta. Section 8 studies ambiguity and
proposes an entropy-based resolution of the Ellsberg paradox. Section 9 examines
belief convergence and shows how informational efficiency can emerge endogenously
in the absence of new information. Section 10 concludes and discusses extensions
and future research.

Taken together, the thesis moves from the theoretical foundations of disagree-
ment under endogenous beliefs to a set of asset-pricing applications in which

disagreement, ambiguity, and convergence acquire explicit pricing content.
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2 Notation

Sets, indices, timing
o S : state space; s € S denotes a state.
e t=0,1,... : time index.
e 4,7 : agent indices.
Random variables, prices, returns
e Xi11(s) : generic traded payoff at date t + 1 in state s.
e Py(X;11) : time-t price of payoff X;,;.
o P : time-t price of asset A.
« X7i,(s) : payoff of asset A at ¢+ 1 in state s.
e R (s):=X7,(s)/P : gross return on asset A.
o 18,(s) :=log R, (s) : log return (only when used).

« p2.(s) : benchmark claim log return at ¢ + 1 in state s (pricing anchor
object).

o pP : target benchmark log return used in the KL-constrained problem.
Probabilities and expectations

e U : benchmark (common) probability measure.

o 1); : subjective belief (probability measure) of agent 1.

« 17 : optimal (endogenized) belief of agent i.

o E*[], E{[] : expectation under measure p (unconditional / conditional at t).

SDFs, deflators, and Radon—Nikodym (RN) derivatives

e m%,(s) : benchmark deflator (benchmark SDF component) at ¢ + 1 in state

S.
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o my1(s) : generic SDF used for pricing under v.

_dn;

o m"l7(s) := =2 (s) : RN derivative (likelihood ratio) of n; w.r.t. v.
v

« m"7” : shorthand for the benchmark distortion density (paper-specific; equals
m"1(s) state distortion density (when used that way).

_dnf

° m”?‘ﬂ](s) :
dnj

(s) : pairwise RN derivative across optimal beliefs.
Disagreement wedge and information objects

o x(s): state-dependent disagreement (information) wedge, defined by m™mi (s) =

erls),
» K : scalar (state-independent) version of (s) when specialized.
e Dkp(p]|v) : Kullback—Leibler divergence (relative entropy) of u from v.
e H(u) : Shannon entropy of measure p (when used).
Preferences, outcomes, consumption, and marginal utilities

e 1z, z(s) : generic outcome variable, and outcome associated with state s in a

static lottery or reduced-form decision problem.

e w, w;(s) : generic monetary outcome / state-contingent monetary outcome;

the payoff-like object entering utility in the static notation.
o Wi, Wi : wealth of agent ¢ in levels, generically and at time ¢.
e Cit, Cirr1(s) : consumption of agent ¢ at ¢ and at ¢ + 1 in state s.

o Xi11(s), X{i1(s) : state-contingent payoff of a traded claim, and of asset A,

at time ¢ 4 1 in state s.
o wu(-) : period utility function.
o wu(x) : utility of a generic outcome z in reduced-form notation.
o ¢/ (C) : marginal utility.

o u;,(s), uf,(s) : equilibrium marginal-utility objects under the relevant belief

/ benchmark (paper-specific definitions).
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o U,(x; P) : information-adjusted utility of outcome = under belief P.

e ; : risk aversion parameter of agent i (e.g. the CRRA coefficient when

specialized).
e ¢ : subjective discount factor.

Convention. Throughout the thesis, x denotes a generic outcome variable, w
a monetary or state-contingent outcome entering utility, W wealth in levels, C
consumption, and X the payoff of a traded claim or asset. This convention keeps
separate the reduced-form decision notation, the utility-relevant monetary outcome,
intertemporal consumption, and asset-pricing payoffs. Conwvention. Throughout
the thesis, x denotes a generic outcome variable, w denotes a state-contingent
monetary outcome, W denotes wealth in levels, C' denotes consumption, and
X denotes the payoff of a traded claim or asset. This convention is meant to
keep the distinction clear between decision-theoretic notation, monetary outcomes,
intertemporal consumption, and asset-pricing payoffs.

Multipliers, pricing anchors, and state-price sensitivities

o A : Lagrange multiplier on the benchmark pricing anchor (KL-constrained

distortion problem).

o A, A, multipliers associated with the agent/benchmark components in the

endogenous InSDF construction (as defined in the paper).

T, : sensitivity/loading parameter associated with the payoff/return channel

p(s) (used when introducing the payoff/return channel; paper-specific).

& : additional multipliers/normalizers used in entropy-weighted utility (paper-

specific).
e Z; : normalization constant ensuring probabilities sum to one.

Prices, Personal Valuations, and Certainty Equivalents

o Py(Xi11) = EY[My11(s)Xiy1(8)]: common no-arbitrage market price of payoff

18



« CE}(Y) :=u; "(Ef[u;(Y)]): certainty equivalent of payoff Y for agent 1.

o Ait(Xiv1) = Vie(Xip1) — Pi(Xeg1): valuation wedge between personal valu-

ation and market price of payoff X at time (¢ + 1)

Conventions. All RN derivatives are assumed to exist when used (e.g. absolute
continuity / full support), in which case they coincide with probability ratios on
S. The benchmark v plays a dual role: it anchors no-arbitrage pricing through a
common linear operator, and it provides the common reference relative to which

disagreement is defined (agents must disagree about something).

Model summary: primitives, choice variables, and derived objects
For clarity, the framework developed in this paper can be organized into three

layers: primitive objects, choice variables, and derived objects.

1. Primitive objects. These are taken as given.

1. State space. A finite state space

S:{sl,...,sn}.

2. Benchmark probability measure. A common benchmark distribution

v e A(S),

which serves as the reference measure for pricing and belief distortion.

3. Agents. A set of agents indexed by 7, 7, ..., each endowed with heterogeneous

preferences.

4. State-contingent outcomes. For each agent i, a state-contingent wealth

or consumption profile



. Preferences. A utility function

Us(wi(s), i),

where ; is the coefficient of risk aversion. In the CRRA case,

whr -1

. Information-discipline parameter. A strictly positive parameter

a; > 0,

governing the intensity or cost of belief distortion in the entropy-weighted

criterion.

. Time preference. An intertemporal discount factor

9; € (0,1).

. Benchmark pricing object. Either:

« an external pricing anchor #7 attached to a benchmark claim with state

log return rﬁrl(s) in the exogenous construction, or

 a benchmark pricing kernel /;41(s) in the endogenous construction.

9. Macro risk channel. An exogenous aggregate state variable

Pt+1 (3)7

interpreted in the endogenous model as log consumption growth or, more

generally, log marginal-utility growth.
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10. Traded assets. State-contingent payoffs

thj—l(s)a
with prices P and returns
XA .(s)
¢

2. Choice variables. These are chosen by agents within the model.

1. Subjective beliefs. Each agent chooses a subjective probability distribution

m() € A(S),  A(S) = {p ER":) p(s)=1, p(s) =0 Vs € 5}-

SES

2. Optimal subjective beliefs. Beliefs are selected as solutions to an entropy-

weighted optimization problem, yielding
1 () € A(S).

3. Derived objects. These are implied by the primitives and the agents’ optimal

choices.

1. Partition functions. For each agent 1,

7 =3 i(u) exp< Tw)> ,

ues U;

where 7; := 0;/«; is the effective tilt parameter.

2. Optimal belief distortions. The optimal subjective belief of agent i takes

the form

21



. Disagreement wedge. The benchmark-invariant belief-ratio kernel between

agents ¢ and j is

K(s) = log(%) + u*<8) o

. Exogenous benchmark distortion kernel. In the exogenous construction,

dn);

m"””(s) — =

(s).

. Endogenous Information-based SDF. The full pricing kernel is
ra(s) = 2 exp(a(s)) exp( = Mpra(s)).

m 5,

. Euler pricing restriction. For any traded asset A,

1= B} [mua(s) Ry (s)].-

This decomposition makes explicit the logic of the paper: the primitives define the

economic environment, agents choose subjective beliefs within that environment,

and the resulting disagreement wedge and InSDF are derived equilibrium valuation

objects.
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3 Contemporary Theories of Disagreement in Asset Pricing

Modern asset-pricing theory has progressively moved away from the strong representative-
agent benchmark in which all investors share the same information set, the same
model of the economy, and the same conditional expectations. In the rational-
expectations tradition, disagreement should vanish once public information is
incorporated into prices. Hansen and Sargent describe this benchmark as a com-
munism of expectations: rationality, common knowledge, and full-information
efficiency jointly imply that agents converge on a single probability law and there-

fore on a common valuation rule (Hansen and Sargent, 2010). In that environment,
persistent disagreement is difficult to reconcile with both no-arbitrage and rational
behavior.

A large contemporary literature challenges this benchmark by showing that
disagreement may persist even in disciplined, rational environments. The key
insight is that common prices do not necessarily imply common beliefs. Once one
departs from the assumption that all investors process information identically, the
door opens to heterogeneous beliefs, divergent valuations, trading volume, and
endogenous volatility. These theories can be organized into two broad groups:
analytical models, which retain relatively tractable mathematical structures, and
computational models, which allow richer forms of heterogeneity at the cost of

closed form.

3.1 Analytical models of disagreement

A first analytical class is formed by heterogeneous-belief equilibrium models. The
classical contribution is Harrison and Kreps (1978), who show that speculative
trade can arise in equilibrium when agents disagree about future states, even if they
are individually rational. The crucial point is that differences in expectations are
sufficient to generate trading motives and speculative components in prices. Related

work by Miller (1977) emphasizes that disagreement, especially when combined with
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short-sale constraints, can produce overvaluation. In these models, disagreement is
analytically transparent and economically powerful, but it is generally taken as
exogenous: agents are assumed to disagree, yet the source of that disagreement is
not modeled.

A second branch is the literature on rational beliefs dispersion. These models
reject the idea that rationality requires unanimity. Even with common public infor-
mation, agents may rationally disagree because they entertain different internally
consistent models, different priors, or different views about persistence, regime
changes, or the stationarity of the data-generating process. This idea appears in
work such as Kurz (1994), and later in empirical and theoretical contributions
including Lux (2009), Lux (2012), Alfarano et al. (2005), Bhamra et al. (2019),
and Das et al. (2020). The common theme is that disagreement need not reflect
irrationality; it may instead be the equilibrium outcome of rational agents operating
under model uncertainty. These models are especially important because they
provide a bridge between rational expectations and persistent belief heterogeneity.

A third analytical mechanism is Bayesian learning. Bayesian learning models
preserve rational updating, but they abandon the strong implication that rational
agents must immediately converge to a common probability measure. When agents
start from different priors, observe noisy signals, or learn gradually from prices
and from each other, divergence may persist for long periods. Contributions such
as Barberis et al. (1998), Hong and Stein (1999), and Branch and Evans (2006)
show that learning itself can generate rich asset-pricing dynamics. In these models,
disagreement is not static but evolves over time as agents update their subjective
probability assessments. This is especially relevant for finance because it permits
temporary or persistent valuation gaps without abandoning disciplined probabilistic
updating.

A fourth strand is rational inattention. Here, disagreement does not arise
because agents are irrational, but because information acquisition and processing

are costly. Investors optimally choose not to absorb all available information,
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generating heterogeneous posterior beliefs and sluggish adjustment in prices. The
foundational references are Sims (2003) and Sims (2006), with further surveys and
developments in Mackowiak et al. (2023). This literature is highly relevant for
disagreement because it weakens the accessibility assumption embedded in rational
expectations: public information may exist and still not be equally processed by all
agents. Rational inattention can therefore generate underreaction, delayed price
discovery, portfolio under-diversification, and cross-sectional heterogeneity without
requiring a departure from optimization.

Closely related is the literature on gradual information diffusion. In Hong and
Stein (1999), some investors receive or process information earlier than others,
so prices adjust with delay. Hong and Stein (2007) show that common public
signals, such as earnings announcements, generate abnormal trading volume be-
cause investors interpret the same information differently. This literature gives
disagreement a concrete empirical dimension: it is not merely a hidden feature of
beliefs, but something that appears in turnover, momentum, and delayed price
reactions.

A final analytical benchmark is provided by incomplete-markets macro-finance
models such as Bewley—Aiyagari—-Huggett economies. These models are not dis-
agreement models in the narrow sense, but they are central because they formalize
heterogeneous agents under incomplete markets and idiosyncratic risk. In Huggett
(1993), Aiyagari (1994), and the broader Bewley tradition, agents differ in wealth,
income histories, and borrowing constraints, while aggregate prices emerge from
incomplete insurance and self-insurance decisions. These models typically do not
make subjective belief disagreement the main primitive, but they establish the
analytical foundations for heterogeneous-agent economies in which market incom-
pleteness is structurally central. For that reason, they are an important precursor
for models, like the present one, that connect incomplete markets with endogenous

subjective probabilities.
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3.2 Computational and high-dimensional models

A second large class of theories moves beyond low-dimensional analytical settings
and studies disagreement in richer environments through computation. This in-
cludes heterogeneous-agent models (HAMs) and agent-based models (ABMs). Their
starting point is that real markets contain many agents with heterogeneous beliefs,
preferences, constraints, heuristics, and interaction networks. Once this hetero-
geneity becomes sufficiently rich, closed-form equilibrium is generally unavailable,
and computational methods become necessary.

Foundational contributions include Day and Huang (1990), Chiarella (1992),
De Grauwe and Dewachter (1993), Brock et al. (1997), Brock and Hommes (2001),
and Hommes (2001). In these models, prices and beliefs co-evolve endogenously.
Investors may switch forecasting rules, adapt to past performance, imitate others,
or revise their beliefs through social interaction and reinforcement. The central
contribution of this literature is to show that disagreement can itself become an
endogenous state variable of the system. Asset-price volatility, bubbles, crashes,
and regime shifts may then emerge from the interaction of heterogeneous agents
rather than from exogenous shocks alone (Hommes, 2006, 2013).

Agent-based finance pushes this logic further. In ABMs, equilibrium is not
imposed analytically but emerges from decentralized interaction among many
heterogeneous agents. This framework is especially useful when one wants to allow
simultaneously for bounded rationality, institutional constraints, social networks,
heterogeneous balance sheets, adaptive expectations, and incomplete markets.
Reviews such as Axtell and Farmer (2022) and computational surveys around
Bewley-Huggett-Aiyagari style economies such as Kirkby (2019) illustrate how far
this literature has progressed. More recent work, including Farmer (2002), Farmer
and Foley (2009), and related contributions, shows how complex market dynamics
can be generated by realistic trading ecologies rather than by a representative

agent with rational expectations.
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The strength of HAMs and ABMs is realism. They allow disagreement to arise
not only from heterogeneous priors, but also from endogenous interaction, market
frictions, leverage, learning, and network effects. They are therefore particularly
well suited to explaining stylized facts such as clustered volatility, excess trading
volume, momentum, and occasional instability. Their weakness is the opposite of
that of analytical models: because disagreement is embedded in a high-dimensional
computational system, it is often difficult to isolate a single transparent pricing

wedge or a closed-form equilibrium object.

3.3 Noise traders and the limits of full rationality

A parallel literature explains disagreement through departures from full rationality.
In noise trader models, some investors trade on misperceptions, biased interpreta-
tions, or spurious signals rather than on correct probabilistic inference. Classic
references include De Long et al. (1990) and Shleifer and Summers (1990). More
recent work, such as Giglio et al. (2021) and Bhamra et al. (2022), expands this
logic by examining how psychological distance, belief distortions, and behavioral
biases shape subjective expectations. This literature is useful because it explains
why disagreement may persist even when arbitrageurs are present: noise need not
cancel instantaneously, and limits to arbitrage may allow distortions to survive
long enough to matter for prices.

The broader implication is that disagreement in financial markets may arise
from multiple sources simultaneously: different priors, costly information process-
ing, gradual diffusion of public information, bounded rationality, psychological
distortions, and endogenous interaction across agents. This multiplicity of mech-
anisms is precisely why a single representative-agent model struggles to explain

observed trading volume, excess volatility, and persistent valuation dispersion.
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3.4 Positioning of the present framework

The literature reviewed above establishes that disagreement is real, empirically
relevant, and theoretically compatible with no-arbitrage once one departs from
the strongest form of rational expectations. However, existing approaches often
face a trade-off. Analytical models preserve tractability but usually impose het-
erogeneous beliefs exogenously. Computational models endogenize heterogeneity
more realistically but often lose a transparent pricing representation. The present
thesis is positioned between these two poles. It keeps the analytical discipline of a
no-arbitrage pricing framework, but it endogenizes beliefs through a utility-based
informational criterion. In that sense, it is closer in spirit to rational-beliefs and
Bayesian-learning models than to pure noise-trader accounts, while also sharing
with incomplete-markets heterogeneous-agent models the view that subjectivity is
a structural response to environments in which a unique objective probability law
is not available.

The contribution is therefore not merely to add another disagreement model,
but to provide a micro-founded and tractable bridge between incomplete markets,
endogenous subjective beliefs, and asset pricing. Disagreement does not appear as
an arbitrary wedge; it is derived from the interaction between risk preferences and
belief formation. This is precisely the gap left open by much of the contemporary

literature.

4 Entropy in Finance: The Quest for Patterns

This section introduces entropy as the central informational concept of the thesis
and clarifies why it is a natural language for studying disagreement in finance. The
guiding idea is that financial markets are not only spaces of risk allocation but also
spaces of interpretation: agents differ in the extent to which they believe that prices,
states, or returns contain exploitable structure. Entropy provides a disciplined way

to represent that dimension. In this thesis it is not used as a primitive taste, nor
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merely as a descriptive statistic, but as a measure of the informational geometry
of beliefs: high entropy corresponds to symmetry, dispersion, and skepticism about
patterns, whereas low entropy corresponds to concentration and the perception
that relevant structure exists. The section proceeds by first reviewing the basic
information-theoretic objects needed later in the paper, then showing how they
map naturally into financial questions of predictability, disagreement, and model
specification. This discussion also prepares the analytical role entropy will play
in the subsequent sections, where it becomes the bridge linking subjective beliefs,

risk preferences, and pricing under a common no-arbitrage benchmark.

4.1 Preliminaries: information, entropy, and the notion of patterns

The concept of information entropy, introduced by Shannon (Shannon, 1948),
provides a rigorous framework for quantifying uncertainty and informational content
in probabilistic models.! It has since become a cornerstone of information theorys:
see Cover and Thomas (2006), Gray (2011), and Golan et al. (1997).

This thesis uses entropy for a specific purpose: to formalize beliefs about
patterns. In financial markets, patterns are rarely observable objects; rather, they
are conjectures about structure in data—regularities, dependence, or predictability—
that investors may believe exist (or not exist). Entropy offers a disciplined way
to describe this epistemic stance: high entropy corresponds to symmetry and
minimal structure, whereas low entropy corresponds to concentration and potentially

exploitable reqularity.

Self-information (surprise). The information content of an event with proba-
bility p; € (0,1] is

I(p:) = log<;> — —logp; > 0. (1)

(2

!Entropy was first developed in thermodynamics in the nineteenth century (Clausius, Boltz-
mann, Gibbs). While the mathematical forms are related, the interpretation here is informational
rather than physical.
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The logarithm ensures additivity for independent events: the information of a joint
realization is the sum of the information of its components. In economic contexts,

this additivity matches the log-likelihood structure of belief updating.

Entropy (expected surprise). For a discrete distribution p = (p1,...,pn),

entropy is expected self-information:

Hp) =3 p ) = - plogn 20, (0log0:=0) @)

i=1

For a density f on a continuous support, the analogous quantity is differential
entropy, H(f) := — [ f(z)log f(z) dx, which can be negative and is not invariant to
rescaling. The discrete expression (2) is the main object used below, because belief-
tilting is most transparent in finite-state form and because the thesis interprets

entropy as a property of belief vectors.

Units (bits vs. nats). Shannon often uses base-2 logarithms (bits). Throughout
this thesis we use natural logs (nats), which align with the exponential structures

that appear in utility and pricing kernels:

1
Hyyy = — 1 = —— =~ 1.443 bits.
bit 2’ nat ) 3 bits

Entropy as a benchmark for (a lack of) patterns. Entropy is maximized
by the uniform distribution on a finite support. A fair die therefore has maximum
entropy:

In6 ~ 1.792 nats,
H =logb =

log, 6 ~ 2.585 bits.
Biasing the die concentrates probability mass, reduces entropy, and makes outcomes
more predictable. This intuition is central for the thesis: beliefs that assign
concentrated probability mass encode perceived structure, whereas beliefs that remain

diffuse encode skepticism about predictability (symmetry).
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4.2 Pattern detection: dependence, predictability, and divergence

To connect entropy to patterns formally, one needs measures that capture depen-
dence and predictability rather than mere dispersion. Let X and Y be random
variables (or, in time series, let X be a future realization and Y a set of past

observations or signals). Three standard objects are:

Conditional entropy. The remaining uncertainty about X after observing Y is

H(X[Y): Zprylogpxly) H(X,Y)—H(Y).
When H(X | Y) is low relative to H(X), Y is informative about X.

Entropy rate (time-series predictability). For a stochastic process {X;},
the entropy rate measures average uncertainty per period after conditioning on the

past:
H(Xq,..., X,
H,pio := lim Xy )

n—o0 n

In an i.i.d. process, H..e = H(X;); systematic dependence reduces H, .. and

therefore signals structure.

Mutual information. Mutual information measures the reduction in uncertainty

about X due to observing Y:
I(X;Y)=HX)+HY)-HX,Y)=HX)-HX|Y)=HY) - HY | X).
If I(X;Y) > 0, the variables share information; dependence (structure) is present.

Mutual information as KL divergence (patterns as divergence from

independence). A key identity links mutual information to relative entropy:
I(X;Y) = Dii(Pxy || PxPy).
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This equivalence is conceptually important for the thesis: patterns can be framed
as divergence from symmetry or independence. When a joint law differs from the

product of marginals, the departure is measured by a KL divergence.

KL divergence (belief disagreement). Given two belief models p and ¢ on

the same finite support, the Kullback-Leibler divergence is

Dialpla) = 3o (). )

The likelihood ratio p;/q; identifies where beliefs disagree; the divergence aggregates
these discrepancies into an informational cost. This is the formal object used later
to construct belief distortions and informational wedges in pricing kernels.
Zanardo (2017) provides a rigorous axiomatic treatment of Kullback-Leibler
relative entropy. In particular, the author develops a mathematically disciplined
framework in which disagreement can be represented through KL divergence, an

approach closely aligned with the one adopted in this paper.

Interpretation for this thesis. The empirical question “are there patterns
in financial markets?” can be posed as a question about dependence (mutual
information or entropy rate). The theoretical question “do agents believe there are
patterns?” becomes a question about how they allocate probability mass across
states and how their beliefs diverge from a benchmark or from each other. The
thesis uses KL divergence and entropy-weighted belief choice to connect these

questions within a no-arbitrage pricing system.

4.3 Uses of entropy in finance

Entropy has become increasingly prominent in finance as a measure of uncertainty;,
dispersion, and complexity (Campbell, 2014, 2017). In the context of this thesis,
its appeal is structural: entropy provides a unified language for (i) information

constraints, (ii) disciplined belief distortions, and (iii) the diagnosis of patterns or
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regularities in market data.

Information as an economic constraint. The economic relevance of entropy
was emphasized early by Marschak (Marschak, 1960, 1971, 1974). Sims formalized
rational inattention, where agents face costs proportional to Shannon information
when processing signals (Sims, 1998, 2003, 2006). In these models, entropy governs

how finely agents can resolve the state of the world.

Belief distortion and robustness. Relative entropy appears as a disciplined
way to model departures from a reference probability model. In robust-control
frameworks, agents choose distorted beliefs subject to an entropy penalty (Hansen
et al., 2001; Hansen and Sargent, 2011); entropy therefore measures the informa-
tional cost of model misspecification. Related approaches introduce entropy directly
into preference specifications, yielding entropy-adjusted valuation kernels (Hansen
and Maenhout, 2006). More recently, Bhamra et al. (2022) propose psychological

entropy linking subjective distance to belief formation.

Entropy and the stochastic discount factor. Several contributions connect
entropy to the properties of pricing kernels. Alvarez and Jermann (2005) decompose
the SDF into permanent and transitory components and study the conditional
entropy of the permanent component, linking lower conditional entropy to positive
bond risk premia. Backus et al. (2014) distinguish between short- and long-horizon
entropy, relating transitory uncertainty to return volatility. Ghosh et al. (2019)
propose an entropy-based pricing kernel (I-SDF) and estimate expected returns
via relative-entropy restrictions, reporting improved out-of-sample performance
relative to standard factor models. Peng (2005) model optimal allocation of
limited informational capacity across multiple entropy sources, connecting entropy

minimization to equilibrium pricing.

Option-implied beliefs and maximum-entropy estimation. Entropy meth-

ods are widely used to recover risk-neutral densities from options. Gulko (1999,
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2002) pioneer maximum-entropy estimation of implied distributions; subsequent
work extends the approach by incorporating higher moments (Ardakani, 2022),
cross-entropy estimators (Branger, 2004), and applications in incomplete markets
(Yu, 2020). In this line, entropy is a practical tool for disciplined inference when

state prices are observed indirectly.

Entropy as a diagnostic for patterns and market regimes. A large empirical
literature uses entropy to quantify regularity, regime changes, and market efficiency.
Olbrys$ and Majewska (2022) show that market entropy declines in crises, consistent
with increased return regularity. (Liu et al., 2020b) document that entropy-based
metrics capture shifts in trading behavior, while Ormos and Zibriczky (2014)
argue that entropy measures can outperform beta in explaining equity premia.
Related approaches include permutation entropy as an efficiency diagnostic (Zunino
et al., 2009, 2010), evidence that low entropy predicts crashes (Risso, 2008), and
entropy-based classification of market regimes (Patra and Hiremath, 2022; Liu

et al., 2020a).

Portfolio choice and risk measurement. Entropy offers alternatives to mean—
variance methods. Generalized cross-entropy accounts for estimation uncertainty
in mean—covariance inputs (Bera and Park, 2008); entropy-based portfolio selection
can improve diversification relative to traditional approaches (Yu and Lee, 2011;
Bhattacharyya et al., 2009). More recent work incorporates Rényi entropy into
dynamic allocation (MacLean et al., 2022) and uses entropic value-at-risk (EVaR)
as a downside risk measure (Imran, 2023). Evidence suggests entropy-based
diversification can improve short-horizon risk-adjusted performance (Pola, 2016;

Mercurio et al., 2020).

Information asymmetries and allocation. Finally, entropy has been used
to study allocation under informational frictions. Gérleanu and Pedersen (2021)

use entropy differentials to analyze investor allocation between active and passive
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management. A broad theoretical treatment of entropy methods in allocation,
risk measures, and pricing is provided by Borwein and Zhu (2017), while Veld-
kamp (2011) surveys the economic value of information with entropy as a central

organizing principle.

Across these applications, entropy plays two roles that are central for this thesis.
First, it quantifies informational constraints and disciplined belief distortions.
Second, it provides a benchmark for patterns: low entropy signals concentration
and potential regularity, while high entropy corresponds to symmetry and the
absence of exploitable structure. The framework developed in the next sections
builds on these two roles to model disagreement as a priced, preference-driven

belief distortion under no-arbitrage.
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5 An Entropy-Based Stochastic Discount Factor. A foun-

dational construction before introducing risk preferences

This section develops a closed-form exogenous stochastic discount factor (SDF')
derived from informational constraints. We begin with two probability distributions:
an agent-specific belief distribution 7; and a benchmark distribution v, linked via
the Kullback—Leibler divergence (KLD). Minimizing the KLD subject to a pricing
constraint yields a reweighting kernel with properties analogous to a SDF.

The KLD quantifies the informational cost of distorting one belief distribution
into another—here interpreted as the cost for agent ¢ to adopt the pricing benchmark
v instead of their own subjective beliefs 7;. Although both distributions are treated
as exogenous in this section, the structure anticipates the endogenous multi-agent
framework developed later, where belief distortions arise from utility maximization
under informational frictions and become genuinely cross-sectional objects (i.e.
comparisons of n; versus 7;).

At this stage, v may be interpreted flexibly: it could represent a competing
belief, an externally provided reference measure, the physical (data-generating)
distribution, or even a risk-neutral probability measure. These interpretations will
be developed further in subsequent sections as the kernel is embedded in a more
general asset-pricing framework.

While not yet preference-based, this construction lays the conceptual foun-
dation for the utility-adjusted framework that follows, in which belief formation
is endogenized and belief dispersion across agents becomes an additional source
of valuation wedges and trade. For this reason we refer to the present kernel as
an exogenous stochastic discount factor, to distinguish it from the endogenous

formulation developed in Section 5.

Benchmark distortion (one-agent object). At this stage, it is important
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to be explicit about what the present construction is—and what it is not. The
minimization problem below confronts a single agent’s subjective belief distribution
n; against a benchmark 7 under a common pricing anchor 7 applied to a fixed
reference benchmark claim with state log return 72, (s). The object rf,(s) plays
a dual role: it is (i) the no-arbitrage anchor statistic that disciplines admissible
belief distortions through the restriction E,,[rf ;] = #¥, and (ii) the common payoff
mapping about which agents can disagree through different state weights—i.e.,
disagreement is defined relative to the same benchmark claim. In that precise
sense, the kernel m™!” is a benchmark distortion (a one-agent object): it quantifies
how agent ¢ must reweight the benchmark reference measure in order to satisfy
the external no-arbitrage anchor. This is not yet “true disagreement” in the literal
cross-sectional sense of 7; versus n;; rather, it is a disciplined way to represent

belief distortion relative to a shared reference.

This clarification matters conceptually because once v is common to all agents, it
cancels out of any pairwise comparison: disagreement across agents is ultimately
encoded in log(n;/n;) rather than in log(n;/v). We therefore keep v here as an
admissible common coordinate system for pricing, while introducing below the

benchmark-invariant objects that capture genuine disagreement.

5.1 Derivation of the Exogenous SDF (see Appendix A.1)

A foundational construction before introducing risk preferences

Let S ={s1,...,s,} denote a finite state space. Consider a traded claim that
delivers a state-contingent terminal payoff Ar(s) at date T if state s € S is realized,
and let P, denote its price at date t < T'. The associated gross return of this claim

in state s is

_ Ar(s)

R(s) : 2
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We also introduce the generic log-return convention

p(s) :=InR(s) = ln(A?DiS)). (4)

This definition fixes notation throughout: Ar(s) denotes payoffs, R(s) denotes

gross returns, and p(s) denotes log returns.

Pricing anchor in rZ. To impose a common no-arbitrage discipline (as in the

slides), we now fix a reference benchmark claim with state log return

TEH(S) := log Rﬁ1(5)>

and we require that distorted beliefs reproduce a common target expected bench-
mark log return 7. Importantly, 72, (s) refers to this fixed reference benchmark
claim (not to the generic asset being valued later).

Let v = (v1,...,0,) and n; = (Mi1,. .., Min) be two probability distributions
over S, representing a benchmark reference distribution and the subjective beliefs
of agent i, respectively. Here 7;(s) is the probability that agent ¢ assigns to state s,
while (s) is an external standard (e.g., a historical distribution, another agent’s
beliefs, a statistical prior, the physical distribution, or a risk-neutral measure)
against which informational distortions are evaluated.

The divergence between 7; and v is measured by the KLD:

Diall9) = 3 ) (), )

seS V(S)

The agent chooses 7; to minimize this informational cost subject to two constraints:

B

(i) probability coherence and (ii) consistency with a pricing anchor #7 on the
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benchmark claim:

min an ( ((j))) (6)

mi()z0 TS

st Y omi(s) =1, (7)

seSs

Z nz Tt+1 fB‘ (8)

seSs

The first constraint ensures that 7; is a valid probability distribution. The second
enforces consistency with a target expected benchmark log return #7 common
across agents on the reference benchmark claim. Depending on context, #Z may
coincide with the log risk-free return (yielding a risk-neutral restriction) or with
the benchmark return implied by replication.

Crucially, 72 is an external pricing requirement common to all agents (a no-
arbitrage anchor), not a belief-driven forecast: agents may disagree about state

probabilities, but their distorted beliefs must reproduce the same anchor.

Clarification (no circularity, no implicit risk neutrality, no arbitrage).
The statistic r{ ;(s) entering the KL-tilt is defined for a fixed reference benchmark
claim, so the kernel is pinned down by the common reference pair (7, #%) and does
not depend on the price of the payoff being valued—hence no circularity. The
resulting m™” is an informational change of measure rather than a marginal-utility
SDF, so it does not presume risk neutrality; preference curvature enters only
through certainty equivalents (and in the endogenous construction later). Finally,
because the benchmark is common and the kernel is positive and normalized, the

implied pricing operator remains arbitrage-free even under heterogeneous beliefs.

Form the Lagrangian with multipliers Ay and A, for the two constraints,

L(n3; Mo, A1) = > mils) ( (j>+)\o<2m )+)\1<an s)re (s AB).

seS seS seS
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The first-order condition with respect to 7;(s) yields

ln(g((::))) + 14X+ Mirg(s) =0,

and therefore an exponential tilt of the benchmark distribution:

v(s) e M7 ()
Z(\)

Z(n) = 3 w(u)e ), (9)

u€es

where Z(\;) is the normalizing partition function. The multiplier A; is chosen to
satisfy the pricing constraint in (8).

Define the exponentially tilted benchmark

_ v(s) e~ M (9)

Ux, (S) Z(/\1> » SO that 772(8) = 17)\1 (S>
Let
Z MOk ZSES v(s)e e )rtlil(S).
seS ' t+1 Z()\l)

Then the pricing anchor is equivalently f()\;) = #Z. Moreover,
') = = Vary, (1) <0,
so the solution for A; is unique whenever Var, (r2,) > 0.

The implied likelihood ratio (Radon—Nikodym derivative). The likelihood

ratio of the tilted belief relative to the benchmark defines the exogenous SDF:

B (s B (e
m’h‘|'7(8) _ 771'(8) _ e~ Mrea(s) _ e~ M (s) (10>
vs) 2 Sespwe Ml

Appendix A.2 shows that this kernel satisfies four defining properties of a valid
SDF:

1. Positivity: m"!”(s) > 0 for all s € S.
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2. Normalization: Y, ¢ 7(s) m"”(s) = 1.

3. Pricing consistency (anchor discipline): Y cq7(s) m"(s)rB(s) = 7B.

4. Uniqueness: the solution for \; is unique since f’'(\;) < 0 whenever

Varg, (rf,) > 0.

The kernel quantifies how much agent ¢’s belief differs from the benchmark in
each state. Intuitively, m”!”(s) > 1 (resp. < 1) means that agent i overweights
(resp. underweights) state s relative to the benchmark. The multiplier A\; acts
as a shadow price of belief distortion: it governs how sharply the agent must tilt
probability mass toward low-r? states (and away from high-r? states) in order to
satisfy the common pricing anchor 72,

Thus, while the kernel mimics the functional shape of a risk-averse, utility-based
SDF, here it arises purely from an informational distortion discipline plus a pricing

restriction. For this reason, we refer to it as the ezogenous SDF in this section.

From benchmark distortion to true disagreement: relative tilts and pairwise

divergences

Because the benchmark v is common across agents in the pricing system, it
should be understood as a shared coordinate system rather than as the locus
of disagreement. To formalize this, define for each agent j the benchmark tilt

(log-likelihood ratio)

b,(s) = log<:]/j(<j))>, sesS.

This object summarizes how agent j distorts the benchmark state probabilities.

However, true disagreement across agents is captured by the relative tilt

Ady(s) = 6(s) = () = a2,
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which is benchmark-invariant: the common reference 7 cancels out identically once
we compare two agents.
A natural pairwise measure of disagreement is therefore the Kullback—Leibler

divergence between agents’ subjective beliefs,

Dy, (nilln;) = Y mi(s 10g( (S)),

ses 77](8)

and, if desired, its symmetrized version

Dxw(nillm;) + Dxw(n;m:)-

These are the objects that measure disagreement in the literal sense: one agent’s

belief is confronted against another’s, without any residual dependence on v.
Moreover, because each n; is defined through an exponential tilt of the same

benchmark under the common pricing anchor 72, the ratio of two agents’ belief-

distortion kernels is itself benchmark-free:

7 (s) n:(s)/o(s) ni(s)
ml(s)  n(s)/o(s)  ni(s)

If additional constraints are imposed—e.g., on higher moments or other statistics—

then the solution takes the general exponential-family form

7(s) exp( = Mrfhy (5) = S M on(o))
ms) = —— St
Thues 7(0) exp( = Arfia(u) = Sfea b u(u) )

where each ¢ (s) is a statistic to be matched (e.g., variance, skewness), and Ay is
the associated Lagrange multiplier. In this way, higher-order features of benchmark
states enter as exponential tilts on v.

Variance example. Introducing a second-moment constraint by setting ¢o(s) =
(r2(s) — #P)? forces the distorted beliefs to reproduce a target benchmark return

variance. The multiplier Ay then governs the dispersion of beliefs: larger |\
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increases the tilt toward states with extreme benchmark realizations. Higher-order

constraints (e.g., skewness, kurtosis) are incorporated analogously by choosing

appropriate ¢.

Multiplier Economic interpretation

A Shadow cost of matching the mean (anchor #7)

Ao Shadow cost of matching variance (volatility /dispersion)
A3 Shadow cost of matching skewness (asymmetry)

A4 Shadow cost of matching kurtosis (tail thickness)

Higher-order features as additional informational costs

Economically, the vector of multipliers (A1, Ao, A3, ...) decomposes informational
frictions into distinct risk dimensions: mean (pricing discipline), volatility, asym-
metry, and tails. In later sections we endogenize these distortions by linking
them to risk attitudes, at which point the multipliers acquire a preference-based
interpretation and x becomes an equilibrium measure of belief disagreement.

At this stage, the SDF is best understood as a change of measure: it distorts
the benchmark beliefs 7 just enough to satisfy the pricing constraint #7, without
yet invoking preferences or equilibrium. Because beliefs are fixed, the kernel reflects
an informational adjustment, not a utility-based valuation.

Despite these adjustments, all agents remain anchored to the same benchmark
expected return constraint 72 = Y g mi(s) rf (s). This condition ensures no-
arbitrage across differing beliefs and is enforced through the exponential form of

the exogenous kernel:

exp(=Mir (s))

mhil?(g) = .
()= & e hw) (AP ()
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5.2 Subjective Valuation in an Objective Price System

A potential confusion arises at this stage: the construction of an entropy-based
kernel may appear indistinguishable from standard risk-neutral pricing. It is
therefore essential to highlight the distinction. In our framework, market prices
are pinned down by a common benchmark distribution 7, which in this section
we interpret as the risk-neutral measure. This yields an arbitrage-free pricing
operator identical in form to risk-neutral valuation, and therefore P(A) represents
the unique, agreed price of any payoff. However, the novelty lies in the fact that
valuations are not exhausted by these common prices. Agents distort v through
informational distortions (and later, through informational preferences), forming
subjective measures 7; that generate idiosyncratic certainty equivalents. This
wedge—between objective prices and subjective values—is the engine of trade even
in a frictionless and arbitrage-free environment.

Formally, let A = (Ay,..., A,) be a vector of state-contingent payoffs. Let R =
(Ry,..., R,) denote the corresponding gross return vector, and let p = (p1,..., pn)
denote the log-return vector with p(s) = In R(s). All agents observe the same
return structure R(s) (equivalently, p(s)) and share access to the risk-neutral
distribution v, which serves as the common prior for pricing. From these primitives,

we define the risk-neutral pricing operator as:

P(A) = " 5(s) A(s) R™\(s). (12)

seS

The expression P(A) corresponds to the replication cost of A and is common

across all agents. The associated state-price density is

m(s) =v(s) R (s),

which is positive and publicly observable. The market pricing functional I1[A] :=

> m(s)A(s) is therefore objective: it satisfies no-arbitrage and is equally accepted
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by all.

Yet while prices are common, valuations are not. Each agent ¢ forms a personal
belief n; by optimally tilting the benchmark © according to the informational
distortion criterion above under the common pricing anchor. In this exogenous
section, the corresponding belief takes the exponential form (with tilt pinned down

by the anchor on the benchmark claim):

v(s) exp(=Air/,(s))
Pues V(u) exp(=Airfl (u))’

ni(s) = (13)

where \; summarizes the degree of benchmark-relative belief distortion consistent

with the common anchor. The associated information-based SDF component is:

P(s)  Lues (u) exp(=Airfi(v))

mm|1‘/(s) — nl(s) eXp<_>\i Tﬁrl(s)) (14)

Using this kernel, the agent’s subjective valuation of A, conditional on her

belief 7;, can be re-expressed under the common risk-neutral measure v as:

VIEP(A) =3 mi(s) Als) R™(s)

seS

= 3" 5(s) m"7(s) A(s) R™(s). (15)

seS

Although the valuation operator is written as a linear expectation with state-
dependent weights, this does not introduce concavity in payoffs; risk aversion enters
only through the certainty-equivalent (CE) (or utility-based) mapping, not through
state-dependent discounting.

In this regard, this valuation V"%”(A) is directly linked to the CE:

ui CEi(A)) = 3" mi(s) ui A(s) R™\(s)), (16)

seS

so that CE;(A) represents the personal fair payoff that agent i considers equivalent

to holding the risky asset A under her distorted belief ;. In other words, the
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informational valuation V17 (A) is driven by—and can be interpreted through—the
certainty equivalent under 7;.
In general, CE;(A) does not coincide exactly with V"7(A). A second-order

Arrow—Pratt expansion yields:

CE;(A) ~ V™n7(A) — LRA;(z*) Var,,(AR™!), (17)

2

so the CE is approximated by the informational valuation minus a risk premium. If
the agent is risk-neutral (u;(x) = x), the curvature term vanishes and the equality

is exact:

CE;(A) = Vl7(A).

Moreover, if beliefs are homogeneous (7; = v), then

CE\(A) = VI'"(4) = P(A),

so prices, valuations, and certainty equivalents coincide.

This motivates a natural measure of the valuation—pricing gap:

Ai(A) = CE;(A) — P(A),

which vanishes only under homogeneous beliefs but is otherwise strictly belief- and
preference-dependent. It provides a precise metric of how belief dispersion and risk

attitudes fuel trade. The sign of A;(A) determines trading behavior:

>0 = Asset underpriced = buy,
Ai(A)4=0 = Fairly priced = no trade,

<0 = Asset overpriced = sell.

The term

TRA;(2*) Var,,(AR™")

2
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in (17) is the familiar Arrow-Pratt risk premium. In our framework, it plays a
dual role: first, as the adjustment that separates the certainty equivalent from
the informational valuation V7”(A); second, as the bridge toward a preference-
adjusted kernel. While the InSDF introduced so far is purely informational and
exogenous, the Arrow—Pratt term reveals how risk attitudes will enter the picture.
In Sections 4 and 5, we build directly on this insight: by endogenizing beliefs
through entropy-weighted utility, we show how the stochastic discount factor
acquires both an informational and a preference-driven component.

In sum, (12) defines a unique, objective, and arbitrage-free risk-neutral price
for every payoff, accepted by all agents. Valuations, however, remain subjective

and belief-dependent. This divergence—captured by the tilt parameter \; and the

induced kernel m™!”—is what fuels trade. Agreement on prices does not imply

agreement on value.

5.3 Belief Distortion, No-Arbitrage, and the Valuation Gap

A central insight of our framework is that no-arbitrage does not require belief
agreement. As long as agents are disciplined by a common benchmark anchor 7
on the reference benchmark claim, they may hold heterogeneous beliefs without
violating pricing consistency. What guarantees this is not agreement on state
probabilities, but agreement on the pricing discipline embedded in the common
benchmark.

To capture this heterogeneity, let us consider agents ¢ and j, who face the same
benchmark v but form distinct subjective beliefs n; and 7;. Each belief arises from
a separate entropy minimization problem with its own tilt parameter (\; and \;),
so their valuations need not coincide.

The classical representative-agent framework corresponds to the knife-edge case

n=mn =V,
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so that all agents share the benchmark measure. In this scenario, disagreement

vanishes:

A;(A) = CE;(A) — P(A) =0 for all 4,

and therefore all valuations coincide with the common price P(A). By contrast,
once we allow 7; # n;, heterogeneity in informational beliefs generates market

activity even under a common, arbitrage-free pricing system.

To see how disagreement operates, recall the anchor discipline:

Zm rtH =P = Z m"z rﬁl( ) = 7B,
SES sesS

Here, v is the common benchmark, while m™” (s) encodes agent i’s informational
tilt through \;. Crucially, the kernel adjusts beliefs so that every agent’s distorted
measure 7; reproduces the same benchmark anchor #2. In this sense, disagreement
enters through the shape of the likelihood-ratio kernel, not the existence of a

common arbitrage-free pricing operator.

The divergence from the benchmark valuation is captured by the benchmark

valuation gap. Let the subjective valuation of A under belief 7; be
VIl (A) =37 o(s)m™ 1 (s) A(s) R~ (s),
ses

and recall that the objective price is P(A) = Y ,cq7(s) A(s) R7'(s). We define the

benchmark valuation gap as
AV(A) := VP (A) — P(A).

This valuation wedge can be written as a disagreement premium relative
to the benchmark price; its decomposition and covariance form are reported in
Appendix A.3.

This quantity isolates the belief-driven component of disagreement relative to
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the common pricing benchmark.

For trading, however, the economically relevant object is the agent’s certainty

equivalent. Recall
ui{ CEi(A)) = Zg mi(s)ufA(s) R7'(s)),  Ai(A) = CE;(A) — P(A),

which is the primitive driver of trade: it compares the common price against the

agent’s personal, preference-adjusted evaluation of the payoff.

Risk-neutral special case. If agent i is risk-neutral, u;(x) = x, then the certainty

equivalent coincides with the informational valuation,
CEi(A) = Y~ ni(s) A(s) R™'(s) = V™I (A),
seS
and therefore

Ai(A> = A%(A)-

In general (under curvature), CE;(A) differs from V"”(A) by a risk adjustment,
but the sign and dispersion of A;(A) remain the operative channel through which

disagreement generates trading activity.

While the benchmark valuation gap highlights the gap between an individual
agent and the common reference, trade stems from disagreement across agents.

For two agents ¢ and 7, define the pairwise disagreement wedge by

From certainty-equivalent wedges to trading volume

The previous definitions make it possible to connect disagreement to a concrete,
observable implication: trading volume. Because prices are common while certainty

equivalents are heterogeneous, the primitive driver of trade is the cross-sectional
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dispersion of the certainty-equivalent wedges
Ai(A) = CE:(4) — P(A),
and equivalently the pairwise wedges
A;;(A) = CE;(A) — CE;(A).

To make the mapping explicit, consider a reduced-form demand rule in which

agent ¢ takes a position proportional to her wedge:

where 7; > 0 is a (possibly agent-specific) scale parameter capturing risk tolerance,
trading intensity, or balance-sheet capacity. This rule is deliberately minimal: it
only requires that demand increases when the agent views the asset as underpriced
relative to her personal certainty equivalent.

Define trading volume in the asset as the aggregate absolute reallocation:

V(A) = S 3 lnlA)] = 53 nIA(A)] (19)

Hence, even in a frictionless, arbitrage-free market with a unique objective price
P(A), volume is strictly positive whenever the cross-sectional distribution of
certainty-equivalent wedges is non-degenerate. In particular, if A;(A) is dispersed
across agents, then V(A) increases mechanically.

Equivalently, one may express volume in terms of pairwise disagreement: for a

population of agents, the average absolute pairwise wedge
A(A) = Ei| |85(A)]] = Eij | ICE(4) — CE;(4)] ]

is a direct measure of the dispersion that sustains trade. Through (18)—(19), higher
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dispersion in certainty equivalents maps into higher trading volume.

Finally, because certainty equivalents are computed under subjective beliefs 7;
(and later under entropy-weighted preferences), the same mapping links volume to
belief dispersion. In the present exogenous setup, dispersion in {7;} is summarized
by dispersion in the tilt parameters {);}, while in the endogenous model it will be
pinned down jointly by risk preferences and informational frictions. In both cases,
the wedge A;(A) provides the operational bridge from disagreement to market
activity.

From certainty equivalents to the SDF (marginal valuation). Define

the indifference price m;+(; X) for a small position e Xy by
ui<Cz',t) = Egl {5 ui(Ci,tJrl +eXi — PL{ 7Tz',t(5§ X))] .

Differentiating at € = 0 yields the marginal price

[ i ui(Cigra(s)) 1
7, (00 X) =B {miyy Xo|,  mi(s) =10 ﬁ .
(2 (2 t

)

Hence the SDF is the marginal certainty-equivalent price. Under a benchmark

operator (v, 7,.1), the same valuation can be written as

(0 X) = Bflinea(s) () Xea(s)], 7 (s) = T (s),
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6 The Value of Information in the Construction of Preferences

This section studies how subjective beliefs and preferences interact once information
is treated as an object with economic value. The guiding question is: how do risk
preferences shape the way information, defined as I(p) := —logp, enter utility?
Under complete information, beliefs can be treated as separable from preferences
as a basic rationality benchmark. Under uncertainty, however, probabilities are
not merely inputs: they may be selected or distorted in a preference-consistent
way, so that an agent’s risk attitude determines whether informational surprise
is valued, penalized, or effectively ignored. This motivates entropy-weighted
utility specifications, which embed informational content into preferences while
maintaining a clear conceptual distinction between beliefs (probability assignments)
and preferences (ranking of outcomes).

The discussion builds on several related strands in the literature on utility,
information, and subjectivity. Some approaches attempt to define entropy directly
over utility functions by normalizing state utility values and interpreting them
probabilistically (Abbas, 2006; Haranczyk et al., 2008; Dionisio et al., 2008). While
mathematically convenient, this strategy is conceptually problematic: utility is not
inherently probabilistic, and normalization makes the resulting “entropy of utility”
depend on the absolute scale of utilities and fail to respect the affine-invariance of
expected-utility theory. In effect, these treatments blur the distinction between
beliefs and preferences by forcing a structural analogy between them. The approach
developed here avoids this conflation: entropy is used to characterize informational
properties of belief vectors, not to recast preferences as probability-like objects.

A second and influential line of work introduces entropy as an informational
constraint. In particular, Rouge and El Karoui (2000) model agents who maximize
expected utility under subjective beliefs subject to an information cost measured
by relative entropy from a reference (typically objective) measure, implying an

optimal exponential tilt linked to marginal utility. This thesis shares the core idea
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that entropy can discipline belief formation and that a unique “true” probability
need not be imposed. The key difference is conceptual and structural: rather than
treating relative entropy as an external constraint around an objective reference,
the present framework derives belief dispersion endogenously from risk attitudes
and embeds the informational term as a primitive component of the preference
functional, thereby enabling a fully subjective account of belief heterogeneity.

The interpretation of entropy as a measure of belief dispersion is also consistent
with the information-value results of Cabrales et al. (2013), who show that more
informative signals (in the sense of Blackwell dominance) reduce posterior entropy
and increase expected utility. While their analysis is static, it supports the
use of entropy as a natural statistic of informational structure. Here, the same
intuition is extended to a market-based environment: belief dispersion interacts
with heterogeneous risk preferences and disagreement to affect valuation and,
ultimately, state prices.

Finally, Friedman and Sandow (2016) provide a rationale for boundedly rational
choice rules by deriving behavior from entropy maximization under utility con-
straints. Their view of entropy as a rationality principle resonates with the present
emphasis on entropy as an organizing structure of subjectivity. The mechanism
differs, however: their entropy is over actions, whereas the framework developed
here applies entropy to beliefs and makes explicit how risk aversion shapes the

endogenous probability assignments that enter asset valuation.

6.1 Information-Based Utility Functions

The connection between informational content and subjective preferences can
be formally established through the concept of weighted entropy, an idea first
developed by Belis and Guiasu (Guiasu, 1971). They proposed a generalization of
Shannon’s entropy by incorporating weights assigned to different events or symbols,
reflecting their relevance or qualitative attributes. Weighted entropy modifies the

classical Shannon entropy formula by multiplying each term in the sum by a weight
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factor:

Z o(x) p(,) log p(xs). (20)

Here, ¢(zs) is a non-negative weighting function, in our case assigning a
utility value to outcomes z,. Unlike classical Shannon entropy, this formulation
allows entropy to reflect not only the dispersion of beliefs but also the subjective
importance of each possible outcome.

This connects with the idea of a subjective probability weighting function that
describes distortions in the perception of subjective probability. In decision-making
under risk, agents often over- or under-weight objective probabilities based on the
perceived importance of outcomes (Akrenius, 2020; Yang and Qiu, 2014; Cavagnaro
et al., 2013).

In our framework, the weighting function is naturally provided by preferences

themselves. Let

U:R, xI >R, (w,v) — U(w,~),

denote a baseline (von Neumann—Morgenstern) utility index, where wj is the state-s
economic outcome (wealth, consumption, or any payoff-relevant primitive) and
v € I' C R is the risk-preference parameter (e.g. a CRRA curvature coefficient).
Throughout, U(-,) is assumed to satisfy the usual regularity conditions used
in expected-utility asset pricing: it is strictly increasing in w, continuous, and
twice continuously differentiable on R, ,, with curvature governed by = (typically
Upw(w,7y) < 0 for v > 0, with the risk-neutral case recovered at v = 0). Given a
subjective belief vector p = (ps)ses € A(S), we treat utility as the weight applied

to probabilities and define the wtility-weighted entropy statistic

Zps (ws,7) logps,  p e A(S). (21)

Here p, is the subjective probability assigned to state s. The object H7U (p) is not
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a primitive taste for uncertainty; it is a summary statistic of the belief distribution

p, weighted by the agent’s state utility profile {U(ws,¥)}ses-

From utility-weighted entropy to an entropy-augmented criterion. The
utility-weighted entropy statistic Hg (p) becomes economically operative once it is
embedded in a criterion functional defined over beliefs. We therefore consider the

entropy-augmented objective

Xms (ws,7) = A(y) HY (p), peA(S), Ay) =asign(y). (22)

which is derived in Appendix A.4 (“Derivation of Entropy-Augmented Utility”).
The parameter o > 0 is the information-discipline scale: it governs the strength
of the entropy-based discipline applied to belief dispersion, and corresponds to
the informational penalty/intensity introduced in the KIL-based motivation of
the appendix. Risk preferences enter through the sign of the entropy term. In

particular, we parameterize the regime dependence by restricting
)\(’7) € {—Oé, 07 —|—Oé},

so that A(7) is not an independent free parameter but is pinned down by « up to

the sign implied by the risk regime. Equivalently, writing A(7) = « - sign(7y) yields

—a, 7 < 07

A7) =40, ~y=0, a>0.

+a, v >0,

Substituting the definition of H (p) into .J,(p) gives the convenient statewise form

:ZpsU(ws,fy)—l—)\('y)Zps (ws, ) logps = Zps (wg, ¥ <1+)\( )logps).

SES SES SES
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Hence the entropy-augmented representation is not a separate preference argument
but an equivalent way of writing a utility criterion in which beliefs are disciplined
through the utility-weighted entropy term, with « setting the overall strength of
discipline and A(y) encoding how the sign of that discipline depends on the risk

regime.

Information-based (statewise) representation. The entropy-augmented crite-

rion can be written in statewise form as

Jy(p) =D ps U(ws,v)(l + A7) logps), p e A(9), (23)

seS

so that the statewise contribution to the criterion is

pUGwa) (14 A0 logp. ), poe (0.1)

This distinction is important. The probability term does not enter as a primitive
argument of utility itself; rather, it enters through the belief criterion J,(p), which
evaluates alternative subjective belief distributions by combining baseline utility
with an entropy-based informational discipline. Here w, denotes the economic
outcome in state s, v is the coefficient of risk aversion, and py is the subjective
probability assigned to that state. The curvature of U(ws,y)—as measured by the
Arrow—Pratt index—determines how sensitive the agent is to payoff risk, while A(7)
determines how the entropy term is signed across risk regimes. Thus, information
affects the criterion through the geometry of beliefs, not by turning entropy into a
primitive taste variable. This anticipates the endogenous link between risk aversion

and belief formation developed in the next subsection.

Three canonical regimes. Because a > 0 is fixed and only the sign of \(7)

changes with the risk regime, (23) yields three canonical cases:

« Risk-loving (v < 0, so A(y) = —a < 0): for each state, the statewise
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contribution becomes

Ds U(ws,7)<1 - alogps>-

Surprise is desirable and so increases the statewise contribution associated

with low-probability, high-reward states.

For each state, the relevant multiplicative information term is
1 —alogp, 0<p<l.

Since 1 — alogp > 0, the sign of the contribution remains determined by
the baseline utility u(z). Hence convexity in payoffs is still governed by the
curvature of u; the informational term simply rescales that curvature by a
positive factor. But convexity by itself is a necessary, not sufficient, condition.
The reason is that 1 — alogp is always positive and increasing in surprise,
whereas the alternative candidate 1 4+ arlog p turns negative once probability

drops below e~ 1/e:

>0 p>et/e
1—alogp >0 Vpe(0,1], 1+ alogp

<0 p<el/e

This sign change would reverse the direction of valuation in rare states—precisely
where thrill-seeking agents are meant to value surprise, not despise it. There-

fore, 1 + alogp is incompatible with coherent risk-seeking behavior.

The informational term therefore magnifies the emotional impact of rare
events without turning bad outcomes into good ones. For risk-loving agents,
rare disasters remain painful—indeed more so—but the amplified contribution
of rare windfalls can more than compensate. Risk-loving behavior therefore
stems from a greater trade-off between magnified upside and magnified

downside, not from a taste for catastrophe. That is what precisely defines a
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risk-loving attitude.

« Risk-neutral (7 =0, so A(y) =0):

JO(p) = Zps U(wsa O)

seS

Beliefs do not alter the criterion beyond their standard role as probability

weights. The agent cares only about expected payoffs.

« Risk-averse (7 > 0, so A(7) = +a > 0): for each state, the statewise

contribution becomes

ps U(ws, ) (1 + alngs)-

Surprise is penalized and so lowers the contribution of low-probability states to

the criterion; agents therefore favor more dispersed, robust belief structures.

Entropy is not a taste, but an epistemological stance. A potential confusion
is to interpret the appearance of entropy in (21)—(22) as if agents had a direct
preference for “more” or “less” uncertainty. That is not the interpretation in this
thesis. Entropy is not a primitive argument of felicity like wealth or consumption;
it is a summary statistic of the belief distribution the agent entertains (and, in the
next subsection, chooses). In this sense, entropy measures an epistemological stance:
high-entropy beliefs correspond to a skeptical posture in which the agent refrains
from imposing sharp probabilistic structure (“no patterns”), while low-entropy
beliefs correspond to a more concentrated posture in which the agent assigns large
mass to a subset of states (“patterns exist”). Risk preferences matter because
they reshape the state utility profile and therefore the incentives to concentrate
or disperse subjective probabilities. The comparative-statics results below should
therefore be read as statements about optimal belief geometry and perceived

informational structure, not as evidence that agents intrinsically “like uncertainty”.
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Entropy is maximized under maximal dispersion, and the informational term
vanishes at certainty (degenerate beliefs) (ps) = (0,1) or (1,0).2

We can now express the entropy-augmented criterion directly in expectation
form, without introducing probability as a primitive argument of utility. Starting

from the utility-weighted entropy statistic

H(p) = =3 pi U(wi, ) logpy,

the belief criterion is

Jo(p) = Ep[U(w,7)]-A) H (p),  A(y) =asign(y) € {—a,0,+a},  a>0.
(24)

Equivalently,

Jy(p) = sz‘ U(wg,v) + A(v) sz‘ U(w;, ) log p;

=2_piU(w;,7) (1 +A(7) logpi). (25)

This decomposition shows that entropy does not enter as a separate taste
component, but through a belief-dependent adjustment to the baseline expected
utility. Because the probability vector p is subjective, the entropy term is itself
endogenously shaped by the agent’s beliefs. Entropy is therefore no longer an
objective measure of dispersion, but a preference-disciplined statistic of the way
the agent organizes uncertainty when markets are incomplete and the true model
is not known.

In this context, entropy is not the result of passively measuring the amplitude
of market patterns, but rather a reflection of the agent’s subjective belief in the
existence of such patterns. This subjective entropy captures the extent to which
the individual sees structure—or randomness—in the world, and how much weight

is assigned to rare versus likely outcomes.

2Using L’Hépital’s rule, it can be shown that 0log0 = 0.
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Only the second term in (24) deviates from standard von Neumann expected
utility and captures how the subjective probability structure modifies valuation.
We refer to this component as the incremental entropy adjustment: the informa-
tional contribution to the belief criterion induced by the geometry of beliefs. For
risk-averse agents (v > 0), A(y) = +a, so the entropy term acts as a penalty:
more diffuse beliefs (higher entropy) reduce the criterion. This aligns with the
psychological idea that unlikely but favorable outcomes are not fully trusted, so
surprise lowers valuation even when payoffs themselves remain unchanged. In this
framework, entropy represents the criterion cost of epistemic uncertainty.

More precisely, in the risk-averse case,

o H (p) = Ey[U(w,7)] = J,(p).

Thus the entropy term measures the gap between baseline expected utility and the
entropy-disciplined belief criterion.

Conversely, for risk-seeking individuals (v < 0), A(y) = —a, so the entropy
term becomes a bonus: belief structures that place more weight on rare, high-payoft
states increase the criterion. In that case, surprise is valuable, and the agent is
willing to sustain more concentrated, pattern-seeking beliefs.

All three risk regimes can therefore be summarized in a single expression:

Jy(p) = ElU(w, )] = A(v) HY (p), A7) = asign(y).

Here E,[U(w,~)] is the baseline expected utility, Hg (p) is the utility-weighted
entropy, and A\(v) governs how risk preferences transform entropy into either a
penalty (v > 0), a neutral adjustment (v = 0), or a bonus (7 < 0).

In all cases, since the belief structure p is under the agent’s control, the entropy
term becomes a reflection of subjective epistemic posture. Beliefs are no longer
passive inputs—they are molded by preferences, and in turn they reshape the

criterion used to evaluate uncertainty.
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It follows that higher belief concentration (lower entropy) is less penalized for
risk-averse individuals, while flatter beliefs (higher entropy) increase the penalty
and push the criterion further below its conventional expected-utility counterpart.
Entropy thus acts as an endogenous informational cost, reflecting the agent’s

discomfort with epistemic dispersion rather than risk alone.

=100 4

Informational Adjustrment

=120 A

-140 A
= |nformational Adjustment to Valuation

160 4 — Risk-Meutral Benchmark (y =10)

—-1.00 -0.75 -0.50 -0.25 0.00 025 050 075 100
Risk Aversion (v)

Figure 1: Illustrative role of utility-weighted entropy in valuation across risk-
aversion regimes: holding the payoff structure fixed, the figure shows how the
belief distribution, summarized by entropy, modifies the valuation criterion under
different values of . The sign change at risk neutrality separates regimes in which
more diffuse beliefs lower valuation from those in which they raise it.

The plot should therefore be read as a representation of how different belief
structures affect the entropy-augmented criterion across risk regimes, not as evidence
that entropy itself is a primitive taste variable. It shows that the entropy adjustment
contributes negatively to the criterion for risk-averse agents (v > 0) and positively
for risk-loving agents (v < 0), with a nonlinear, asymmetric profile. This pattern
captures not only conventional risk attitudes but a deeper form of surprise aversion:
for v > 0, higher entropy (more diffuse beliefs, more potential for surprise) is
costly; when beliefs are more concentrated (low entropy), the penalty shrinks.

Conversely, risk-loving agents benefit more when beliefs are diffuse in informational
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terms because rare, high-payoff states receive greater effective weight; as beliefs
concentrate, the bonus fades. Thus, entropy shapes the criterion through belief

structures (how probabilities are distributed) rather than through outcomes alone.

This asymmetry suggests that entropy operates as an informational analog to
loss aversion. In prospect theory, losses relative to a reference point are weighted
more heavily than equivalent gains, creating a kinked value function. In our
framework, it is not outcomes but rather beliefs that generate the asymmetry. For
risk-averse agents (v > 0), diffuse beliefs (higher entropy) act like informational
“losses,” reducing the criterion even when payoffs are unchanged. For risk-loving
agents (v < 0), the same entropy term is interpreted as an informational “gain,”
rewarding exposure to surprising, low-probability events. The chart above cap-
tures this duality: entropy penalizes risk-averse regimes but enhances risk-loving
ones, producing a behavioral kink in the utility—information trade-off. In this
sense, surprise aversion plays the same structural role as loss aversion, but in the
informational domain.

The departure from standard expected utility is captured by the utility-weighted

entropy term:

Hf(p) = sz' U(wi, ) log pi

= - Ep[U (w,7) logp]

=E,[U(w,v)] - H(p) — Covp<U(w,7), logp).

This decomposition shows that subjective (utility-weighted) entropy depends
not only on average dispersion, H(p), but also on the alignment between state
utilities and their assigned probabilities. A positive covariance means high-utility
states are perceived as relatively unlikely (large negative log p), amplifying the
entropy penalty; a negative covariance indicates favorable states are expected,

damping the informational cost.
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Notation bridge. When working with a single generic agent we write p € A(S)
for the belief vector. In the multi-agent notation, this corresponds to setting p = 7;.
Likewise, the state utility weight U(ws,y) corresponds to U;(s), the information-
discipline parameter « corresponds to «;, and the simplex multiplier 6 corresponds

to #;. For convenience we also use the composite tilt parameter

so that only the ratio 6;/«; governs the strength of belief concentration.

6.2 Risk Preferences and the Information Structure of Beliefs

To understand how beliefs and preferences interact under uncertainty, we now
examine how risk aversion shapes the entropy-augmented belief criterion. We

model baseline preferences using an isoelastic utility function:

wr—1

I—v

9

U(w,v) =

with the usual log limit as v — 1.
To keep notation explicit, we specialize to the risk-averse regime (y > 0), for
which A(y) = +a with @ > 0. In that case, the statewise contribution to the

criterion is

ey (w, p) = pU(w,7)<1 + ozlogp)7 p € (0,1]. (26)

Equivalently, for a full belief vector p € A(S), the corresponding criterion is

Jo(p) = " ps Ulws,7)(1+ alogp,).

seS

Here p € (0, 1] denotes the subjective probability assigned to the state associated

with outcome w, so 1+ a/log p is the risk-averse information weight applied state-by-

63



state inside the belief criterion. The baseline utility U(w,y) continues to describe
preferences over outcomes only; the probability term enters through the geometry
of the belief distribution and therefore should be interpreted as an epistemic, not
hedonic, component of the criterion.

The factor 1 + alogp captures informational surprise under the risk-averse

regime. Differentiating the statewise contribution with respect to 7,

aC'Y(wap> _ ou
o —p&y (1+ alogp).

Since 0U/0y < 0 under CRRA (for w # 1), the sign depends on (1 + alogp),

1/04.

which changes at p = e~ This state-dependence motivates the following

characterization.

Lemma 1 (sign of the information-adjusted marginal effect of risk aver-
sion). Fixw >0, p € (0,1), and CRRA utility U(w,v) = wl%w_l (with the usual

log limit at v = 1). For the statewise contribution

cy(w,p) = pU(w,v) (1 + alogp),

we have

9¢,(w, p) ou (1+ alogp), ou <0,

0y Yoy

with equality only if w =1 (or in the continuous extension at v = 1). Hence

<0, p>e Ve

0
sign(W) = —sign(l + alogp) = (=0, p=ce

>0, p<e e

Proof. Write a:=1—~ and U(w,v) = % Differentiating with respect to

gives

8(]__8(10“—1) _(w*—1)—aw'lnw  h(a)
oy  Oa

a a? a?’
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where h(a) ;= (w* — 1) — aw®*lnw. Then h(0) = 0 and
W (a) = —aw*(Inw)* <0,

so h(a) < 0 for all a, with equality only at a = 0. Since a* > 0, dU/9y < 0.

Finally,

dcy(w, p)

oU
—p—Z(1+al
e pa,y( + a'logp),

and since p > 0, its sign is the opposite of sign(1 + a'logp).

Corollary (state vs. aggregate effect). Statewise, increasing v lowers the

1/a —1/a

contribution ¢, (w, p) when p > e~'/* and raises it when p < e . At the aggregate
level, the net effect depends on the full belief distribution through the entropy

term entering .J,(p).

Knife-edge cases in 7v. When 7 = 0 (risk-neutral), the entropy adjustment
vanishes because A(y) = 0, so the criterion reduces to standard expected utility.
As v — 1, the continuous log limit preserves the sign pattern in Lemma 1.

The following plot shows how the entropy adjustment to the criterion varies with
risk aversion v for different subjective probabilities p, using the wealth rescaling

w = 100e7.
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Figure 2: Illustrative informational adjustment across risk-aversion regimes: for
a given subjective probability assignment, the figure shows how different belief
configurations—summarized by utility-weighted entropy—affect valuation under
different values of v. Entropy is not interpreted as a primitive taste for uncertainty,
but as a statistic of the agent’s subjective belief distribution.

This scaling is used to prevent CRRA utility from collapsing at high v and
to isolate the informational effect across regimes. The plot should not be read as
showing that entropy is a primitive taste. Rather, it shows how different belief
structures alter the entropy-augmented criterion across risk regimes. In particular,
the entropy term acts as a bonus for v < 0 and as a penalty for v > 0, with a sign
change at v = 0.

The relative penalty is given by

qY(p)
U(w,v)
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Figure 3: Illustrative relative entropy-utility contribution for a constant level of
wealth, w: the ratio of utility-weighted entropy to baseline utility summarizes the
proportional effect of belief dispersion on valuation, showing how the informational
adjustment varies across risk-aversion regimes.

6.3 Optimal Endogenous Belief Distributions

We now derive the optimal belief distribution chosen by the agent when beliefs are
decision variables; see Appendix A.5 for complete derivation.

Consider the optimization program (using U(ws,y) as the state utility weight).
Let

A::{p€R|S|: Zpszl, pSZOVSES}

sES

denote the probability simplex. The agent solves

max ZpSU(wS,'y)(l—I—ozlogpS), a > 0.
es

pEA .

The Lagrangian is

L(p,0) = ZpsU(ws,v)<1 + alogps) — 0(2193 - 1),

seS seS

where 6 is the Lagrange multiplier associated with the probability normalization
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constraint } ,cgps = 1.

The first-order condition for each state s € S yields

U(ws,7) (2 + alogps> =0.

Solving for ps gives the exponential-inverse closed form:

?

where the state-invariant constants are absorbed into the normalizer (Appendix A.5).

Normalization and the tilt parameter. The constant Z(7) is the normalizer

(partition function) that enforces Y- cgp = 1:

Z(r) =3 exp(ww:,w> |

We also use the composite tilt parameter

so that only the ratio 6/« governs belief concentration: 6 is the simplex multiplier,
while « scales the information-discipline term and therefore determines how costly
it is (in utility units) to concentrate probability mass. As shown in Appendix A.5,
state-invariant constants from the FOC are absorbed into Z(7).

This exponential-inverse structure has a natural interpretation: probabilities
are tilted inversely with state utility. The sign and magnitude of 7 capture the

direction and intensity of the distortion.
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Interpretation: p* as an endogenous epistemic stance. The distribution
p* is not an exogenous “belief input” and it is not the object of a direct taste for
uncertainty. Rather, it is the utility-maximizing subjective probability assignment
implied by the agent’s preferences under the information discipline encoded by
a. In that sense, p* summarizes the agent’s epistemic stance toward the state
space: a more concentrated p* corresponds to a posture in which the agent assigns
substantial probability mass to a subset of states (a sharper view about which
outcomes are likely, i.e. a stronger perceived structure or “patterns”), whereas a
flatter p* corresponds to a more skeptical posture in which the agent refrains from
imposing sharp structure and keeps probability mass more evenly spread. The
comparative statics of p* (through U(-,~) and the effective tilt 7) should therefore
be read as statements about optimal belief geometry and perceived informational

structure, not as evidence that the agent intrinsically “likes” entropy or uncertainty.

6.4 Optimal Beliefs and Subjective Entropy: A Numerical Illustra-
tion

This subsection illustrates how preferences shape optimal subjective probabilities
and how these distortions give rise to what we call subjective entropy. Moving
from the closed-form solution in (27) to a concrete simulation makes clear how risk
attitudes translate into belief structures that differ systematically across agents.
These beliefs are not derived from objective frequencies or statistical estimation, but
are endogenously generated from the agent’s criterion under informational discipline.
The resulting probability distributions therefore reflect how risk aversion or risk-
seeking behavior alters informational judgment, producing either concentrated or
dispersed beliefs. Crucially, the entropy of the optimal distribution serves as a
measure of the agent’s epistemic posture under uncertainty, and therefore provides
the bridge to the endogenous stochastic discount factor developed in the next
section.

We consider a stylized payoff vector representing ten possible states of the

69



world:

ws = {8, 15, 25,40, 60, 85, 120, 180, 260, 400}.

This distribution is moderately right-skewed, with mean p ~ 119.3, standard
deviation o ~ 120.6, and skewness approximately 1.20. While asset returns
are often left-skewed, terminal wealth outcomes are typically right-skewed, since
payoffs are bounded below but unbounded above. This structure combines dense
intermediate states—resembling volatility clustering—with a dispersed upper tail
that captures rare but extreme payoffs. It therefore provides a realistic setting for
examining how different levels of risk aversion map into subjective probabilities.
Table 1 reports the utility values across states for several levels of the risk-

aversion coefficient ~, under the isoelastic utility function

log Ws, Y= 17
U(ws, 7) = 1y _q
w J—
————  otherwise.
-7~

Table 1: Isoelastic Utility Values Across Risk-Aversion Levels and Payoff States

Payoff Levels w
y 8 15 25 40 60 85 120 180 260 400
-1 31.50 112.00 ‘ 312.00 ‘ 799.50 | 1799.50 |3612.00 | 7199.50 | 16199.50 | 33799.50 | 79999.50
0 7.00 14.00 24.00 39.00 59.00 84.00 119.00 |179.00 |259.00 |399.00
0.5 3.66 5.75 8.00 10.65 13.49 16.44 19.91 24.83 30.25 38.00
1 2.08 2.71 3.22 3.69 4.09 4.44 4.79 5.19 5.56 5.99
1.5 1.34 1.47 1.57 1.65 1.71 1.75 1.78 1.81 1.83 1.85
2 0.88 0.93 0.96 0.98 0.98 0.99 0.99 0.99 1.00 1.00

Using these state utilities, the optimal belief distribution p} is determined by

the entropy-disciplined maximization problem derived in the previous subsection:

1 T ex
P =7 p(Uws,v))’ -2 p( <wu,v>>‘

For the logarithmic case (7 = 1), the normalizing condition requires solving

ZexP(logw5> 1,
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which yields

™ ~ —10.85.

The corresponding optimal probabilities are then

. eXp<U(ws,v)>

ps - 7_* .
2o eXp(Umu,v))

Table 2 reports the values of 7*, the associated optimal probabilities p¥, and

the Shannon entropy H(p) := — >, ps log ps for several levels of risk aversion.

Table 2: Optimal Belief Distributions for 10 Payoff States

Y T Hp) | i P5 p3 P} P: P ps Pi Py Plo
—1.0 | 211831.00 | 0.76 | 0.00% | 0.00% | 0.00% | 0.00% | 0.00% | 0.00% | 0.01% | 3.76% | 30.76% | 65.46%
0.0 | -696.10 | 1.14 | 0.00% | 0.00% | 0.00% | 0.00% | 0.01% | 0.46% | 3.95% | 14.41% | 31.31% | 49.85%
05 | -65.22 | 1.58 | 0.00% | 0.03% | 0.21% | 0.83% | 2.46% | 5.67% | 10.84% | 17.90% | 26.40% | 35.65%
1.0 | -10.85 | 2.06 | 0.90% | 2.12% | 3.83% | 5.92% | 8.26% | 10.73% | 13.28% | 15.83% | 18.34% | 20.80%
1.5 -1.00 | 2.30 | 10.00% | 10.00% | 10.00% | 10.00% | 10.00% | 10.00% | 10.00% | 10.00% | 10.00% | 10.00%
2.0 -1.00 | 2.30 | 10.00% | 10.00% | 10.00% | 10.00% | 10.00% | 10.00% | 10.00% | 10.00% | 10.00% | 10.00%

The patterns in Table 2 highlight the central role of preferences in shaping
beliefs. Risk-loving agents (7 < 0) assign sharply concentrated probabilities
to extreme high-payoff states, producing low entropy and lottery-like behavior.
Risk-neutral agents (7 = 0) begin to spread beliefs across the upper tail but still
overweight extremes. As risk aversion increases (7 > 0), beliefs flatten progressively,
converging toward uniformity and maximizing entropy. In short, the table shows
how preferences alone dictate the perceived informational structure: convex utility

generates concentrated optimism, while concave utility yields skeptical dispersion.

This numerical illustration also clarifies why entropy in this framework should
be understood as an epistemic, rather than hedonic, object. The entropy values in
Table 2 do not measure a direct taste for uncertainty. Instead, they summarize
the shape of the optimal belief distribution chosen under the criterion developed
above. Low entropy means that the agent behaves as if the state space contains
structure that can be identified and exploited; high entropy means that the agent

behaves as if such structure is absent and therefore assigns probability mass more
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symmetrically across states.

In conclusion, the numerical example shows that what we call subjective entropy
is not a passive statistic but a preference-disciplined, endogenous object: it reflects
how risk attitudes shape the perception of patterns, uncertainty, and ultimately
prices. Risk-loving agents effectively “see” exploitable structure in the form of
extreme states, whereas risk-averse agents deny such structure and move toward
maximum-entropy belief assignments as a safeguard against surprise. Thus, the
dispersion of subjective probabilities is itself endogenous and preference-driven,
rather than exogenously imposed. This is a central contribution of the thesis:
entropy becomes a behavioral mirror of risk attitudes, transforming the perception
of uncertainty into a structured, decision-relevant object.

In this sense, subjective entropy provides a unified way to connect preferences,
beliefs, and asset pricing under uncertainty, and prepares the ground for the

endogenous stochastic discount factor developed in the next section.
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7 An Endogenous InSDF: Pricing with Informational Dis-
agreement

The exogenous kernel introduced earlier provided a consistent way to map bench-
mark expectations into subjective expectations under disciplined distortions, but
without grounding in optimizing behavior it remained a formal device. In this sec-
tion we close the loop: the Information-based Stochastic Discount Factor (InSDF)
is derived endogenously from agents’ entropy-weighted preferences. This establishes
micro-foundations for the kernel and shows how informational disagreement—
rooted in heterogeneous belief formation—becomes an explicit, state-dependent
component of the pricing kernel, and therefore a potential source of priced risk

relative to a common no-arbitrage benchmark.

7.1 Equilibrium concept (partial equilibrium)

This section adopts a partial-equilibrium perspective. A common no-arbitrage
pricing operator is taken as given, together with the aggregate (macro) state
process. In particular, the benchmark distribution 7 and the pricing anchor
7B (or equivalently a benchmark pricing kernel) are treated as ezogenous inputs
summarizing no-arbitrage restrictions. The purpose of the section is not to derive
benchmark returns from a full market-clearing fixed point, but to study how

heterogeneous, preference-driven beliefs generate disagreement wedges and certainty-

equivalent gaps relative to the common benchmark.

Given objects. Fix a finite state space S and a benchmark probability measure
. Fix an external pricing anchor #2 for a reference (anchor) claim with state log
return r72(s), or equivalently a benchmark pricing kernel 71;11(s) that defines an

arbitrage-free pricing operator:

Pi(Xi11) = EY g1 (s) Xiga(s)]-



In what follows, we work primarily with the benchmark-kernel representation
My1(s); the anchor 72 is retained as the exogenous object pinning down the

benchmark no-arbitrage environment.

InSDF factorization: a Radon—Nikodym chain-rule decomposition. As-
sume all relevant measures have full support on S, so that the Radon—Nikodym
derivatives below are well defined. No-arbitrage implies a benchmark pricing

representation: for any traded payoff X,
Py(Xi41) = Ef{mtﬂ(s) Xt+1(5)}‘

For any other measure 7n;, Radon-Nikodym implies that for all integrable 7,

a

B{lz] =B 5

(s) Z] .

Taking Z = M1 Xpy1 yields

e (s) Ss) Xa(s)]

J

Pt(Xt+1) = E?j

Now use the RN chain rule through an intermediate belief 7;:

dv  dv dn

dn; — dn; dy;

Therefore,

m),(s) = mtﬂ(s)j;(s) . ZZ] (s) = (mtﬂ(s)j;(s)) - ZZ] (s)

= m771|"7]' (3):@”(5)

—. m};iri(:h’i (S)

Hence the two-layer kernel is not arbitrary:

myp1(s) = mpsi® () m™M (s) = myTi (s) exp(m(s)), K(s) := log(flm (5))
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Macro shocks (e.g. consumption growth) are treated as exogenous and enter the
benchmark component through 7,1(s). We reserve the notation mg, ,(s) for the

explicit consumption-based implementation introduced below.

Agents’ choices. Given the benchmark environment, each agent ¢ chooses a
subjective belief 7;(+) by optimizing an entropy-weighted criterion, yielding a closed-
form optimal tilt n} (Section 6, and Appendices A.4 and A.5). Belief choice implies

a benchmark-invariant disagreement wedge between agents ¢ and 7,

m"ini(s) .= Z}Ei; = exp(n(s)).

Economic implication (trade without arbitrage). Prices are common be-
cause they are pinned down by the benchmark operator P;(-), but agents generally
form different certainty equivalents under n;. These certainty-equivalent wedges
generate trade and volume despite the absence of arbitrage; disagreement is priced
as a wedge in valuation relative to the benchmark, not as a violation of no-arbitrage.

We refer to this formulation as an endogenous SDF because the disagreement
component is micro-founded: agents’ subjective beliefs are chosen optimally under
entropy-weighted preferences, and the resulting belief ratios generate a state-
dependent wedge in valuation relative to the common benchmark pricing operator.
By contrast, the exogenous kernel in Section 3 is a purely informational change-
of-measure device that disciplines distortions around a given benchmark without

deriving beliefs from preferences.

7.2 Summary derivation of the Endogenous InSDF

The purpose of this section is to present the key steps, state the resulting kernel
compactly, and clarify its economic content—in particular, the distinct sources
of risk embedded in the endogenous InSDF. The full derivation is deferred to
Appendix A.6.

Let S = {s1,...,8,} be a finite state space and let v denote a common
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benchmark distribution over S (e.g. a market or no-arbitrage reference). To avoid
any asset-specific circularity, belief formation is stated at the level of states rather
than tied to a particular asset payoff: let w(s) denote the agent’s state-contingent
wealth (or consumption) in state s € S. Assets deliver state-contingent payoffs
that contribute to w(s), but the belief-tilt mechanism applies to the state space

itself.
State-contingent utility notation. For compactness define
u;(s) = ul-(w(s)), s€eSs, (28)

and analogously u3(s) := u;(w(s)).

All probability vectors lie in the simplex

A(S) = {p eR"

> p(s) =1, p(s) >0 vs}.

seS

1. Optimal belief formation under entropy-weighted informational

preferences.

Each agent i selects a subjective belief 7;(-) € A(S) by maximizing an
entropy-weighted objective relative to the benchmark v. This benchmark-
relative formulation is the multi-agent counterpart of the entropy-augmented
criterion introduced in Section 6; the benchmark v enters here as the common
reference measure around which subjective beliefs are tilted. A convenient

representation is:

w3 (s) (o) log (), (20)

subject to Y cqmi(s) = 1.

The first-order condition yields the exponential form used throughout the
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thesis:

n; (s) = ) eXI;gU?TZS))’ Z; =Y v(u)exp (uT(u)> ,  (30)

u€esS

where 7; := 0;/«; is the effective tilt parameter: 6; is the simplex (normaliza-
tion) multiplier and «; > 0 is the information-discipline parameter.
. Constructing the disagreement wedge via relative belief distortions.

Let ;" and 1} denote the optimal beliefs of agents ¢ and j, both tilted around

the same benchmark 7. Define the belief-ratio kernel:

m’”‘"i(s) = i (s) = ? exp(u'ﬂ' - > (31)

Interpretation (endogenous disagreement wedge). FEquation (31) is
the core object of the thesis: it isolates disagreement as a benchmark-invariant
likelihood ratio between the two agents’ utility-mazrimizing subjective proba-
bility measures. Both agents form beliefs by tilting a common benchmark v
under the same information discipline; the resulting normalizers Z; and Z;
ensure that each 7} is a proper probability distribution. When we take the
ratio n;/ n;, the benchmark v cancels out, so disagreement depends only on

relative tilts.

The exponential term shows that the wedge is driven by the agents’ state-by-
state trade-off between (i) the effective cost of belief distortion (captured by
the tilt strength 74) and (ii) the wtility level in that state (captured by uj(s)).
In particular, each agent’s contribution 7 /uj(s) can be read as a utility-
scaled shadow cost of reallocating probability mass across states: states that
deliver low utility to agent k carry a larger distortion index and are treated
as more “expensive” to overweight under the information discipline. Since

uj(s) is shaped by the agent’s risk aversion, differences in risk preferences
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map directly into differences in optimal belief tilts. Hence m™!" (s) quantifies
how two agents, facing the same benchmark and the same set of states, end
up assigning systematically different state probabilities purely because they

solve different (preference-driven) belief-choice problems.

It is useful to write this ratio in exponential form:

ol (s) = exp(x(s),  A(s) = 1og(2>+u;(is) o

Thus k(s) is a state-dependent disagreement wedge summarizing relative belief

reweighting.

Proposition 1 (Collapse to the benchmark kernel). With a common bench-
mark v and optimal beliefs tilted around v, the belief-ratio kernel m™mi (s) is
identically equal to 1 for all s € S if and only if k(s) =0 for alls € S. A

sufficient knife-edge case is that

=c Vs €S,

for some constant c, so that the state dependence cancels after normalization.
In particular, the condition n; = n; implies that the endogenous disagreement

wedge disappears.

. Embedding disagreement in an intertemporal pricing kernel.

Let p;11(s) denote the exogenous macro state variable (log consumption
growth or, more generally, log marginal-utility growth), written in the log

convention. The endogenous InSDF is:

mesa(s) = 2 exp(n(s)) exp( — pisa(s). (33)

Interpretation: % is the constant relative time-discount factor, exp(—A;piy1($))

i

is the fundamental-risk component (high in bad states), and exp(k(s)) is
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the informational disagreement wedge. Unlike 7;, which is agent-specific and
belief-generating, \; belongs to the common benchmark risk channel and

captures the sensitivity of marginal valuation to the macro state variable
pre1(s).
. Pricing and the Euler restriction.

In this partial-equilibrium setting, the Euler equation is not used to determine
the benchmark return process; it is a pricing restriction that maps a given
payoff X7}, into its arbitrage-free price P = Ef[m;41X{},], from which the

return R\, = X7 ,/P is then implied.

No-arbitrage pricing under the benchmark anchor v takes the familiar form:
PtA = ]E? [mt+1(5) XSH(S)] , (34)

and defining R, (s) := X/, (s)/ P/, equivalently

J.

1 =B} [mesi(s) Rty (s)] = By [5 exp (k(s) — Mipira(s)) R;:1<s>] . (35)

This makes clear that the same my,1(s) prices all assets, which differ only

through their state-contingent payoffs X, (s) (or implied returns R, (s)).

Role of the common benchmark. Because both agents tilt the same v,

comparative valuation depends on relative distortions. The benchmark enters only

through normalizations (e.g. Z;, Z;); the economic wedge is k(s), i.e. the relative

tilt across agents.

7.3 Sources of Risk: Consumption Growth as the p-Channel

To make the economic content of the endogenous InSDF explicit, we let pyy1(s)

denote log consumption growth (or more generally marginal-utility growth), which

acts as the exogenous macro risk driver in this partial-equilibrium environment.
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This convention matches the notation discipline adopted throughout: asset returns
are denoted by R, while p is reserved for the macro state variable.

The exogenous construction in Section 3 defined p(s) as a state-dependent
log-return index for a priced payoff Ar(s). In the endogenous formulation, we now
impose an explicit economic source of risk by interpreting the same object as log
consumption growth. This commits the model to a standard consumption-based
risk channel while preserving the informational (belief) channel developed above.
For notational simplicity, we suppress the time subscript when no confusion arises

and write p(s) for pyy1(s).

Consumption growth convention. Let ¢; denote consumption at date ¢, and let
¢t+1(s) denote next-period consumption in state s € S. Define the state-contingent

log consumption growth rate:

p(s) = ln(ctﬂ(s)) (36)

Uncertainty enters through cross-state dispersion of ¢;11(s) and therefore dispersion

of p(s).

Benchmark: CRRA SDF as an exponential in p. Assume CRRA preferences
1=y

u(c) = 1c so that u'(¢) = ¢™7. The standard one-agent consumption-based SDF
-7

mS,, (s) = 5U,(Ct+1<5)) _ (5<Ct+1(5)>_7 =5 exp(—’yp(s)).

' (¢y) Ct

For completeness, the benchmark consumption-based stochastic discount factor

ui(Ciira(s))

mi(s) =6 ZU,Z(Z: )

follows from the standard marginal indifference-pricing argument under expected
utility. Since this derivation is textbook, it is omitted here.

Hence writing the fundamental risk channel in exponential form is equivalent
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to adopting the log-growth convention (36).

Endogenous InSDF with two risk channels. In our framework, the endoge-
nous InSDF incorporates an informational disagreement term in addition to the

fundamental consumption-risk term:

m(s) = Eil . exp(rﬁ(s)) . exp( -\ p(s)) . (37)

time preference informational (disagreement) component fundamental component

Here 7; governs belief tilts (and therefore k(s)), whereas A; is the loading on
the macro state p(s) (under CRRA, Ay = 7).

Under the CRRA implementation, setting Ay = ~ recovers the standard
consumption-based term exp(—yp(s)).

Equation (37) makes explicit that the model contains two separable sources
of risk: (i) fundamental risk from stochastic consumption growth, and (ii) infor-
mational risk from the state-dependent disagreement wedge x(s) embedded in
exp(r(s)).

The figure is a visual summary of the mechanism in (37). Holding the benchmark
(fundamental) component fixed, the disagreement term exp(k(s)) acts as a relative
state-reweighting: states where the belief ratio is large receive higher effective
state-price weight, while states where the ratio is small are downweighted. The
point is not that agents “prefer entropy,” but that heterogeneous optimal belief
tilts generate a state-dependent likelihood ratio, and this likelihood ratio shifts

valuation toward disagreement-intensive states.

7.4 Discussion and Economic Implications

The endogenous InSDF implies that prices reflect not only time preference and
fundamental risk, but also informational disagreement. The wedge (s) summarizes
the relative distortion between agents’ endogenously formed beliefs and therefore

shifts the valuation of states. When k(s) is more dispersed across s, the economy
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Figure 4: Illustrative impact of disagreement on valuation: holding the benchmark
component fixed, the wedge exp(k(s)) reweights state prices and shifts value toward
states in which belief ratios are large.

exhibits a larger informational premium: assets that load on high-disagreement

states must offer compensation in expected returns.

No-trade benchmark and disagreement. In knife-edge cases where k(s) =0
(full agreement in the sense of Proposition 1), the informational wedge disappears
and the pricing kernel reduces to the benchmark fundamental component. This
aligns with the no-trade intuition of Milgrom and Stokey (1982): when agents
share the same effective beliefs and there is no informational motive to trade,
gains-from-trade due purely to belief dispersion vanish. Importantly, this does
not eliminate fundamental risk premia; it eliminates the additional informational

wedge created by disagreement.

Risk-free rate as a special case. For a risk-free payoff, Ry(s) = R, is constant,

and (35) gives:

1= R Elm(s)] = Ry= (38)

E?[m(s)]
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When disagreement vanishes (k(s) = 0), the expression reduces to the standard
benchmark mapping driven by time preference and fundamentals. Under the
log-return convention r,; := In R, s, one may write r,y = —1In (El_’[m(s)]), making

explicit how state dependence of the kernel maps into the risk-free rate.

Higher-order disagreements. The framework can accommodate richer forms
of disagreement by allowing additional state-dependent wedges (e.g. linked to
tail states or higher moments) to enter multiplicatively in the pricing kernel.
These extensions preserve the same logic: state-contingent valuation arises from
fundamentals and from informational wedges that reweight states.

Overall, the endogenous InSDF unifies preferences, beliefs, and prices into a
single equilibrium structure. When disagreement is absent, prices reflect the bench-
mark fundamental component. When beliefs diverge endogenously, agents require
compensation not only for fundamental risk but also for exposure to disagreement-
intensive states. In this sense, the model interprets an important component of
market premia as an informational premium arising from endogenously formed

belief distortions.
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7.5 Summary and Conclusion

This section has shown how the Information-based Stochastic Discount Factor can
be derived endogenously once beliefs are no longer treated as exogenous primitives
but as objects chosen under entropy-weighted informational discipline. This step
is central to the paper. The exogenous construction developed earlier established
that a benchmark-relative informational kernel can be obtained as a disciplined
change of measure under a common pricing anchor. The present section closes that
argument by showing that, once preferences are introduced, disagreement itself
becomes an equilibrium valuation object.

The key conceptual move is the following. Under a common no-arbitrage
benchmark v, agents do not differ because they face different prices; they differ
because they choose different subjective probability distortions around the same
benchmark. These distortions are governed by the interaction between utility and
informational discipline, and therefore depend on the agents’ risk preferences. As a
result, disagreement is not imposed from outside the model and it is not reduced to
a behavioral residual. It is generated within the model as the benchmark-invariant

ratio between utility-maximizing subjective beliefs,
*
“(s
m(s) = ") e (u(s)),
where £(s) summarizes the state-dependent informational wedge between agents.

This yields the endogenous InSDF in multiplicative form:

mosa(s) = & exp(s(s)) exp( — Mg ().

The structure is economically transparent. The ratio d;/d; captures relative time
preference, the term exp(—XA;p;11(s)) captures the benchmark fundamental-risk
channel, and the term exp(k(s)) captures the informational disagreement channel.

The resulting pricing kernel therefore contains two distinct but complementary
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layers: a standard macroeconomic source of priced risk, and an endogenous infor-
mational source of priced risk arising from heterogeneous belief formation. This
decomposition makes explicit that disagreement does not replace fundamentals; it
reweights state prices around them.

Several implications follow immediately. First, no-arbitrage is preserved through-
out. Since all agents are anchored to the same benchmark pricing operator, disagree-
ment does not imply inconsistent prices in the arbitrage sense. What it generates
are heterogeneous certainty equivalents and valuation wedges relative to a common
price. In this way, the model provides a disciplined route from heterogeneous beliefs
to trade and volume without abandoning benchmark pricing consistency. Second,
disagreement is priced only insofar as it is state dependent. If k(s) is constant across
states, it cancels through normalization and has no pricing effect. What matters
for returns is not the level of disagreement as such, but the way disagreement
tilts relative state weights. Third, because the wedge is benchmark-invariant, the
economically relevant object is not each agent’s benchmark distortion in isolation,
but the pairwise ratio between optimal beliefs. This is what makes disagreement a
genuinely cross-sectional pricing object.

The section also clarifies the role of market efficiency as a limiting case of the
model rather than as a maintained assumption. When belief wedges vanish, so that
n; =n;j and therefore x(s) = 0, the endogenous InSDF collapses to the benchmark
kernel. In that knife-edge case, disagreement ceases to contribute to prices, trade,
or informational premia. Efficiency is therefore recovered as the special case in
which preference-driven belief distortions no longer differ across agents. This is
an important implication of the framework: the model does not assume away
disagreement in order to recover benchmark pricing, but rather shows under what
conditions benchmark pricing re-emerges from the endogenous convergence of
beliefs.

More broadly, the contribution of this section is to connect three objects that

are usually kept separate in standard asset-pricing models: subjective beliefs,
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informational structure, and state pricing. In the present framework, risk aversion
affects not only marginal valuation of payoffs, but also the selection of subjective
probabilities themselves; those probabilities generate benchmark-invariant wedges
across agents; and those wedges enter the pricing kernel as an additional source
of priced risk. The endogenous InSDF is therefore the mechanism through which
subjective, preference-driven disagreement acquires asset-pricing content.

For the purposes of Paper 1, this is the main theoretical result. The model shows
that disagreement can be formalized as a measurable informational wedge consistent
with no-arbitrage, micro-founded in optimal belief formation, and embedded directly
in the stochastic discount factor. The next natural step is to study the implications
of this object in more specific asset-pricing environments. That is the role of
Paper 2, where the disagreement wedge is taken to applications such as binomial

pricing, the Information CAPM, and ambiguity-sensitive valuation.
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8 Conclusion: Information, Belief Distortion, and Asset Pric-
ing Equilibrium

This first paper developed a framework in which beliefs are endogenous objects:
agents choose subjective probabilities to maximize an entropy-weighted utility
criterion. In incomplete markets, subjective valuation depends not only on payoffs
but also on the agent’s epistemic posture—captured by the belief structure itself.
Risk preferences (and the informational discipline embedded through the entropy
term) determine the optimal belief tilt, so perceived likelihoods are functions
of preferences rather than exogenous inputs or learning. The central insight is
that risk aversion shapes not only how agents evaluate outcomes, but also which
outcomes they deem likely through the utility-maximizing probability p*.

This structure gives rise to a class of subjective entropy functions that quantify
belief distortions. Highly risk-averse agents gravitate toward flatter, higher-entropy
beliefs, reflecting skepticism about exploitable patterns or arbitrage opportunities.
Risk-loving agents, by contrast, concentrate probability mass on favorable states,
effectively behaving as if the world is pattern-rich and extreme gains are attainable.
These belief distortions generate utility-maximizing probability distributions that
differ across agents even in the absence of asymmetric information. In this sense,
disagreement and dispersion in markets can emerge purely from preference hetero-
geneity, providing a foundation for phenomena often attributed to informational
gaps.

The Information-based stochastic discount factor (InSDF) introduced earlier was
first derived as an informational change of measure: a disciplined transformation of
a benchmark distribution into subjective beliefs. The paper then closed the loop by
embedding this construction into a pricing framework under a common no-arbitrage
operator. Optimal subjective probability measures generated by entropy-weighted
utility imply a benchmark-invariant belief-ratio kernel (the disagreement wedge),

which enters the pricing kernel multiplicatively. The resulting InSDF therefore
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captures both (i) time preference and fundamental risk through the benchmark
deflator, and (ii) informational disagreement through the endogenous likelihood-
ratio wedge. It preserves the classical no-arbitrage restriction while carrying
endogenous informational content: prices reflect not only expected payoffs and risk
aversion, but also the cross-sectional structure of belief heterogeneity.

In sum, disagreement in this framework is not noise but an endogenous in-
formational asymmetry produced by preference-driven belief tilts. It both drives
market activity—trade volume and rebalancing through heterogeneous certainty
equivalents—and is priced through the InSDF as an informational premium. As the
belief-ratio kernel flattens (disagreement fades), the informational wedge collapses
and excess returns shrink toward the benchmark; as dispersion in entropy-weighted
beliefs widens, premia rise precisely in those states where belief ratios diverge
most. This pins observed returns to the equilibrium reconciliation of heterogeneous,

preference-shaped beliefs under a common no-arbitrage pricing discipline.

Beyond its theoretical contribution, the framework opens several avenues. First, it
provides a micro-founded rationale for persistent disagreement, speculative trading,
and excess volatility in incomplete markets. Second, it reframes part of the risk
premium as an informational premium, suggesting empirical tests based on entropy-
weighted measures of belief dispersion and disagreement wedges. Finally, it offers
a bridge between classical asset pricing and information economics: markets are
not priced by risk and time alone, but also by the informational consistency (or
inconsistency) of the beliefs that participants bring to them. In this way, subjective

entropy becomes both a diagnostic and a driver of asset-pricing outcomes.
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Abstract

This paper develops the applied implications of a belief-based asset pricing frame-
work in which agents optimize entropy-weighted utility functions under subjective
uncertainty. Building on prior theoretical work, it incorporates informational
disagreement into four related settings: the Cox—Ross—Rubinstein (CRR) option
pricing model, the Capital Asset Pricing Model (CAPM), expected utility under
ambiguity, and the dynamic convergence of beliefs.

First, we introduce a disagreement-tilted binomial pricing model in which agents
hold distorted beliefs derived from entropy-penalized utility. A belief-distortion
parameter x modifies the benchmark pricing measure, generating heterogeneous
valuations and providing a structural explanation for trading volume and persistent
dispersion in expectations. Second, we derive an information-adjusted CAPM
(InCAPM) in which the pricing kernel embeds both risk preferences and informa-
tional asymmetries. The resulting informational beta captures belief dispersion
as a priced factor, leading to a generalized risk premium. Third, we present a
minimal resolution of the Ellsberg paradox using an entropy-based adjustment to
utility, which generates ambiguity aversion without violating additivity or Bayesian
updating. Fourth, we develop a theory of belief convergence showing that, in
the absence of new information, disagreement cannot persist indefinitely under
common pricing discipline. As informational wedges compress over time, subjective
valuations align and market prices converge toward their benchmark no-arbitrage
relation, providing a microfoundation for informational efficiency as an endogenous
limiting outcome.

Taken together, these results offer a unified framework in which belief hetero-
geneity, entropy, ambiguity, and convergence are treated as core components of
asset pricing rather than as anomalies. Classical models emerge as limiting cases

when disagreement vanishes or beliefs converge.
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9 Introduction

This paper is the second in a two-part dissertation on disagreement in asset pricing
with endogenous beliefs. The first paper develops the theoretical foundation of
the framework. There, subjective beliefs are derived endogenously from entropy-
weighted preferences, and the information-based stochastic discount factor (InSDF')
is obtained as the pricing object associated with optimal belief formation under a
common benchmark.

The central result of that first paper is that subjectivity need not be treated as
irrational or ad hoc: heterogeneous beliefs can be disciplined within a coherent
no-arbitrage structure. This second paper develops the applied and dynamic impli-
cations of that theoretical construction. Its purpose is to show how the framework
can be embedded in canonical asset-pricing settings, how disagreement modifies
their economic interpretation, and how disagreement itself evolves over time when
no new information arrives. The guiding idea is simple but consequential: agents
do not merely disagree about payoffs, but about the informational structure used
to assess them. Once such disagreement is represented through entropy-weighted
belief distortions, it becomes possible to incorporate heterogeneous expectations
into standard pricing models without abandoning internal consistency, Bayesian
discipline, or the no-arbitrage restrictions that organize modern finance.

The paper makes four contributions.

1. A binomial asset-pricing model with disagreement. We extend the
classical Cox—Ross—Rubinstein framework by allowing agents to hold distinct
subjective beliefs around a common benchmark pricing measure. Disagree-
ment is represented as a relative, state-dependent tilt, so that the standard
CRR model appears as the limiting case in which informational distortions
vanish. This formulation preserves the benchmark pricing structure while
showing how heterogeneous beliefs generate divergent valuations, trade, and

volume even when arbitrage opportunities are absent.
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2. An Information CAPM (InCAPM). We derive an asset-pricing relation
in which expected returns depend not only on exposure to the market factor,
but also on exposure to disagreement-intensive states. The resulting model
introduces an informational component into the pricing kernel and yields an
informational beta that captures how an asset co-moves with belief dispersion.
In this way, disagreement is not treated as noise external to valuation, but
as a priced source of risk whenever informational wedges are state dependent

and interact with fundamentals.

3. A minimal resolution of the Ellsberg paradox. We show that ambiguity
aversion can be interpreted within the same informational structure that
generates disagreement in asset pricing. By introducing an entropy-based
penalty associated with unresolved uncertainty, the model explains why
agents may prefer known over unknown probability structures without aban-
doning additivity or Bayesian updating. The Ellsberg problem is therefore
reinterpreted not as a failure of rationality, but as a rational response to

informational incompleteness.

4. A theory of belief convergence and informational efficiency. We show
that, in the absence of new information, disagreement cannot persist indefi-
nitely under common pricing discipline. As informational wedges compress
over time, subjective valuations align and market prices converge toward
their benchmark no-arbitrage relation. Informational efficiency is therefore
not imposed as a primitive assumption, but emerges as the limiting outcome
of a system in which disagreement is gradually eroded by learning, common

pricing, and the absence of fresh informational asymmetries.

Taken together, these four applications clarify the economic content of the frame-
work developed in the first paper. The binomial model shows how disagreement
can be embedded in a canonical arbitrage-based setting; the INCAPM shows how

disagreement becomes a priced factor in equilibrium asset returns; the Ellsberg
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application shows that ambiguity aversion can be understood as a special case
of entropy-sensitive belief formation; and the convergence analysis shows how
informational efficiency can arise endogenously as disagreement fades over time.
In each case, the classical benchmark is recovered when informational distortions
disappear or beliefs converge.

The broader implication is that disagreement is not a peripheral friction layered
onto otherwise standard models. It is a disciplined way of representing how agents
form probabilities when the structure of uncertainty itself is contested. This
perspective preserves the core logic of asset pricing while expanding its scope:
prices remain constrained by no-arbitrage, but beliefs need not coincide, and
those differences can have systematic valuation consequences both statically and
dynamically.

The remainder of the paper is organized as follows. Section 10 develops
a binomial asset-pricing model with disagreement as an extension of the CRR
framework. Section 11 presents the Information CAPM and studies the role
of informational exposure in expected returns. Section 12 develops a minimal
entropy-based resolution of the Ellsberg paradox and shows its connection to the
disagreement-based pricing kernel. Section 13 studies belief convergence and its

implications for endogenous informational efficiency.
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10 A Disagreement Binomial Option-Pricing Model

This section develops a binomial option-pricing model under belief disagreement,
building on the equilibrium stochastic discount factor derived in Munoz-Alonso
(2025). The goal is to embed the information-based disagreement structure into the
classical Cox—Ross—Rubinstein (CRR) framework without abandoning its bench-
mark arbitrage-free logic. The resulting model preserves the binomial architecture
of CRR while allowing agents to hold distinct subjective assessments of future
states around a common benchmark measure.

A central point is that disagreement does not price assets in isolation. It does
not replace the benchmark pricing operator, nor does it generate an independent
valuation rule detached from the CRR structure. Rather, disagreement acts as a
relative, state-dependent distortion around a common benchmark, altering how
agents weight the up and down states while leaving the underlying no-arbitrage
discipline intact. In this sense, the model extends CRR rather than overturning it:
the classical case is recovered when the disagreement wedge vanishes.

This formulation has two important implications. First, it preserves internal
pricing consistency: disagreement changes the relative valuation of states, but it
does not generate arbitrage opportunities. Second, it provides a natural mechanism
through which heterogeneous beliefs can sustain divergent option valuations, and
therefore trade and volume, even when all agents remain anchored to the same
benchmark pricing structure.

The section proceeds as follows. Subsection 10.1 briefly recalls the standard
CRR model as the benchmark case. Subection 10.2 introduces the disagreement-
based extension and the associated k-tilted measure. Subsection 10.3 studies
the effect of disagreement on call option prices. Subsection 10.4 compares the
benchmark and disagreement-based frameworks in a one-step numerical example.
Section 10.5 explains why the model remains arbitrage-free and how disagreement

can sustain trade volume.
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10.1 CRR Pricing with Disagreement: the x-Tilt

We now embed disagreement into the classical Cox-Ross—Rubinstein (CRR) bino-
mial model. The construction follows the same logic as in Paper 1 (see Munoz-
Alonso (2025)), but adapted to the two-state binomial setting. We proceed in
two steps. First, we recover the standard CRR benchmark pricing measure as
the unique no-arbitrage reference point. Second, we introduce disagreement as
a relative, state-dependent tilt around that benchmark. The key point is that
disagreement does not price assets in isolation. Rather, it distorts the relative

weighting of states around a common benchmark pricing measure.

Binomial environment and notation. Consider a one-period binomial model

with a risk-free asset and a risky asset:
Bii1 = pyBy, Sir1 € {uS, dSi}, u>d>0, (39)

where py = 1 4 r denotes the gross risk-free return. Define the risky asset’s

state-contingent gross return by

pl)i= 2y =, ) = (10

Throughout this section, ¢* denotes the CRR benchmark up-state probability,

and v* the associated benchmark pricing measure, with

v (u) = q", vi(d)=1-q".

Agents are indexed by ¢ and j, with tilt intensities 7;, 7; and state-contingent utility

objects U;(s), Uj(s), as in Paper 1.

Step 1: Kullback—Leibler (KL) projection recovers CRR. The benchmark

pricing measure is obtained as the KL projection of an arbitrary reference belief v
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onto the set of measures satisfying the martingale restriction:

V' =argmin Y v(s) log(lj(s)) st Y w(s) =1, > v(s)p(s) = py-

v se{u,d} E(S)

The solution is the exponential tilt

ﬁ(s)e_kpp(s)
Zs/e{u,d} ﬁ(‘gl)ei)\pp(y) .

v(s) = (42)

Here v denotes the common reference belief, while v* denotes its no-arbitrage
projection in the binomial setting; once the projection is obtained, v* becomes the
relevant benchmark pricing measure.

In the two-state binomial model, this recovers the standard CRR benchmark.

Indeed, if ¢ denotes the up-state probability, the martingale condition implies

qu+ (1 —q)d = py,

hence

«_pr—d
— , 43
¢ = (43)

Therefore the benchmark pricing measure is uniquely pinned down by no-arbitrage:
v (u) = ¢, vi(d)=1-¢".

Given any one-period payoff X, benchmark pricing is then

Py(X) = ple X, (44)

Equivalently, the Euler restriction can be written as

1
E,«[m"Rx1] =1, m* = —, Rx, = (45)
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Step 2: disagreement as a state tilt around the benchmark. Once the
benchmark v* is fixed, disagreement is introduced through a relative state-by-state

wedge between agents ¢ and j:

Kij(s) = 10g(§:_- ) . Ui(,s) =y (46)

This object is the two-state specialization of the relative log-likelihood ratio devel-

oped in Paper 1. It induces the agent-pair tilted pricing measure

v*(s)eni(®)

— ZS/e{UVd} V* (S/)eI{” (s/) .

(47)

Thus disagreement does not replace the benchmark pricing operator. It modifies
state weights around v*, preserving the no-arbitrage structure while allowing
heterogeneous valuations.

The corresponding disagreement-adjusted up-state probability is

. q*eﬁiij (u)
qm,ij T Vl](“) - q*el{ij(u) + (1 — q*)e"{ij(d) )

(48)

Integrated disagreement-adjusted probability. The constant term log(Z;/Z;)
appears in both states and therefore cancels under normalization. What matters
for prices is not the absolute level of the wedge, but its state dependence. Therefore

the disagreement-adjusted probability can be written directly as

Ti 7j

‘s eXp(Ui(u) - Uj(u)>

(49)

Qk,ij =

Equation (49) is the key binomial object in the section: it combines the CRR
benchmark probability ¢* with the disagreement wedge. It shows that prices move
because disagreement reweights states relative to the benchmark, not because it
introduces a separate pricing rule.

See Appendix B.1 for the full derivation of (49).
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To isolate the source of the tilt, define the relative state dependence by

Akiij = kg (u) = ki (d) = (Ui(iu) B Uj(ju)> - (Ui(id) - Uj(jd)> o

despite disagreement, arbitrage is nevertheless ruled out. The reason is that
disagreement does not replace the CRR pricing benchmark; it only distorts the
subjective valuation of states around it. All agents remain anchored to the same
no-arbitrage benchmark, even if they assign different relative weights to the up
and down states. Hence disagreement generates heterogeneous valuations, and

therefore a motive for trade, without generating riskless profit opportunities.

Reading the tilt. Equation (49) makes clear that disagreement matters only
through relative state reweighting. When Ax,;; > 0, agent ¢ tilts relatively more
probability mass toward the up state than agent j; when Ax;; < 0, agent i tilts
relatively more mass toward the down state. Thus disagreement affects prices only
insofar as it changes the relative valuation of the two states.

The intuition is simple. The benchmark probability ¢* carries the no-arbitrage
pricing content of the CRR model. Disagreement does not overturn that benchmark.
It acts on top of it, amplifying or attenuating the relative importance of the up and
down states. What matters economically is not disagreement per se, but whether

disagreement varies across states.

Economic reading. The benchmark measure v* captures the state prices implied
by no-arbitrage. The disagreement term introduces an informational wedge around
those state prices. Hence the model remains anchored in standard asset-pricing
logic: the benchmark determines the reference valuation, while heterogeneous
beliefs distort relative state weights around it.

This is why the framework remains disciplined. If disagreement vanishes, or if
it is identical across states, the benchmark alone determines prices and the model

collapses back to CRR. Only genuinely state-dependent disagreement changes
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valuation.

Equivalent SDF representation. The same pricing rule can be written as a

disagreement-adjusted stochastic discount factor:

. 1 duj
mz’j(‘s) = ;f A S)s (51)
so that
1
Po(X) = By [mfi(s) X1 (s)| = o Ey [X1]. (52)

Hence disagreement can be represented either as a change of measure v* — vj; or
as a wedge in the stochastic discount factor around the benchmark. The pricing

implication is the same in either representation.

CRR as a nested special case. The nesting result is easiest to see directly

from equation (49). Suppose first that disagreement vanishes. Then

Ti _ T —0 Ti o Tj -0
Uitw)  Ujw) 7 Uid) Uj(d)
and equation (49) immediately reduces to
Grij = z =q
SRTER(ErD

More generally, the classical CRR model is recovered whenever disagreement is
state-invariant:

rij(u) = Kij(d) = Geaj = 4" (53)
To see this, let k;;(u) = k;j(d) = k. Then equation (48) becomes

q*ek B q*eﬁ
q*ek + (1 _ q*)ek 6’%

*

Qrij =
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Thus the common factor cancels under normalization. In that case,

and the model collapses exactly to standard CRR pricing. The conclusion is
therefore sharp: disagreement affects prices only through state dependence. A pure

level shift has no pricing effect.

Option pricing under disagreement. Let K denote the strike price of a

one-period European call option, with terminal payoffs
C, = max(uSy — K, 0), Cq = max(dSy — K, 0).
Its disagreement-adjusted price is
1
b = py @r,iCu + (1 — q1,i5)Cal - (54)

In an n-period recombining tree, assuming for simplicity that the disagreement tilt

remains constant across steps, the call price becomes

= in Z < >QI€ i q,'i,ij) n—k max (Soukd"_k — K, 0) . (55)
f —

The tree structure is unchanged; only the relative weighting of terminal nodes is
modified by disagreement. This is precisely why the model extends CRR rather

than replacing it.

10.2 Visualizing Belief-Tilted Option Pricing: The Role of

To illustrate the pricing implications of disagreement, we now visualize how the tilt
parameter k affects European call option values in the binomial model developed
above. The goal is not to introduce a new pricing rule, but to show how disagreement

modifies valuations by reweighting states around the common CRR benchmark.
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In this sense, the figure provides a direct illustration of equation (49): once the
benchmark probability ¢* is fixed, disagreement changes option prices through
relative state tilting.

We consider a recombining binomial tree with the following parameters:

o Initial stock price: Sy = 100,

o Log-step volatility: o = 0.10, so that u = e? = 1.105 and d = e~ = 0.905,
o Number of steps: n = 50,

o Annual risk-free rate: r = 5%, implying a per-step gross risk-free return

r/n

pr==¢€ 5

o Benchmark CRR probability:

—d
¢ =17~ 0.480,
u—d

 Disagreement levels: k € {—1.0,—0.5,0,0.5,1.0}.

In the numerical exercise, we use the reduced-form tilt

* klnu

q e
q*enlnu + (1 _ q*)enlnd’

which is the two-state specialization of the disagreement-adjusted probability in
equation (49). The case k = 0 reproduces the benchmark CRR model, while
positive and negative values of x tilt relative probability mass toward the up and
down states, respectively.

For each value of k, we compute European call prices across strike prices ranging

from K = 60 to K = 140. The resulting curves are shown in Figure 5.

Interpretation. Figure 5 shows that disagreement shifts the entire option-pricing
schedule in a systematic way. The benchmark curve k = 0 corresponds to the

standard CRR model. When « > 0, the up state receives relatively greater weight,
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Figure 5: European call prices under disagreement-tilted binomial probabilities.
The benchmark case k = 0 reproduces the standard CRR valuation. Positive values
of k tilt relative probability mass toward the up state and increase call prices,
while negative values tilt mass toward the down state and lower valuations. The
figure shows that disagreement does not replace the CRR benchmark; it modifies
option values through relative state reweighting around the common benchmark
probability ¢*.

so the expected payoff of the call rises and the valuation curve shifts upward. When
r < 0, the down state receives relatively greater weight, reducing the expected
payoff and shifting the curve downward. The effect is economically intuitive: call
options are convex claims that benefit from higher weight on favorable states and
lose value when those states are discounted.

The figure also clarifies the economic role of disagreement. What changes
across curves is not the existence of a pricing anchor, but the subjective valuation
of states around that anchor. All agents remain disciplined by the same CRR
benchmark, so disagreement does not generate arbitrage opportunities. Instead,
it produces heterogeneous but internally coherent valuations, which is precisely
the mechanism through which disagreement can sustain trade and volume without
violating no-arbitrage. In this way, the figure provides a visual bridge between the

theoretical result of Paper 1 and its binomial implementation here: disagreement

projects subjective valuations onto a common benchmark pricing structure rather
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than replacing that structure altogether.

10.3 Comparison between the x-Tilted and CRR Models

To illustrate the internal consistency of the model, we consider a one-step European
call option and compare the standard CRR valuation with the disagreement-tilted
valuation.? The purpose of the example is not to replace the CRR benchmark, but
to show how disagreement modifies subjective valuations around that benchmark
while preserving the same no-arbitrage pricing structure.

We use the following parameter values:

e Sy = 100: initial stock price,

o u = e"1%~x 1.105: gross return in the up state,

o d=e"120.905: gross return in the down state,

e 7 = 0.05: one-period risk-free rate, so that py =14 r = 1.05,
o K =100: strike price of the European call option,

e k= 0.3: disagreement parameter.

The terminal stock prices are therefore
Sy = uSy =~ 110.5, Sy = dSy ~ 90.5,
and the corresponding call payoffs are
C, = max(S, — K,0) = 10.5, Cq = max(Sy — K,0) = 0.

Under the benchmark CRR model, the risk-neutral probability is

. pr—d _ 1.05-0.905

= ~ 0.725.
u—d 1.105 — 0.905 0.725

3Extending the exercise to more steps is straightforward, although the one-step case makes
the role of disagreement particularly transparent.
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The benchmark call value is therefore

1 1
VORR p [¢°Cu+ (1= ¢")Ca) = 152 (0725 - 10.5] ~ 7.26. (57)

We now introduce disagreement through the reduced-form tilt defined in equa-

tion (56). For k = 0.3,

q u” 0.725 - 1.105%3
Qe = = ~ 0.736.
g ut + (1 —¢*)d*  0.725-1.105%3 + 0.275 - 0.9050-3
The tilted call value becomes
1 1
Ve = —[g:Cu + (1 — ¢.)Cy4] = —— [0.736 - 10.5] ~ 7.38. (58)

The comparison is informative. The benchmark probability ¢* &~ 0.725 yields
the CRR price V'RR ~ 7.26, while the optimistic tilt k = 0.3 raises the effective
up-state probability to g, ~ 0.736, producing the slightly higher valuation V{* ~
7.38. The difference is modest, but economically meaningful: disagreement shifts
valuation through state reweighting, not through any change in the benchmark
pricing rule.

The benchmark case is nested immediately. If x = 0, then

q -1 5

so that V¥ = V,°RR. Thus the disagreement-tilted model contains the classical

CRR model as a special case.
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Table 3: One-step call option: disagreement tilts around the CRR benchmark

Quantity k=-03 CRR(k=0) k=0.3
Up-state probability ¢ 0.712 0.725 0.736
Down-state probability 1 —q  0.288 0.275 0.264
Up-state payoft C,, 10.500 10.500 10.500
Down-state payoft Cjy 0.000 0.000 0.000
Expected payoff E[C] 7.479 7.613 7.729
Discount factor 1/p; 0.952 0.952 0.952
Call value V; 7.123 7.250 7.361

Table 3 makes the mechanism especially clear. A positive tilt raises the relative
weight placed on the up state and therefore increases the option valuation; a negative
tilt has the opposite effect. For small values of x, the resulting valuation changes
are approximately symmetric around the benchmark, although the exponential
form of the tilt implies that this symmetry need not persist for larger distortions.

The economic interpretation is straightforward. Agents remain anchored to
the same CRR benchmark, but they project different subjective valuations onto
that benchmark through the tilt ¢,. Hence disagreement does not create arbitrage
opportunities. It creates heterogeneous but internally coherent valuations around
a common no-arbitrage reference point. This is exactly the mechanism emphasized
in Paper 1: disagreement affects subjective state valuation, not the existence of
the pricing benchmark itself.

In this sense, the k-tilted model generalizes CRR without overturning it. It
preserves discounting, replication, and no-arbitrage, while adding belief dispersion

as a structural source of valuation differences, trade, and volume.

10.4 Disagreement, Arbitrage and Market Activity

The binomial extension developed above makes it possible to separate two distinct
objects: the common benchmark pricing operator and the agents’ subjective
valuation wedges around that benchmark. This distinction is crucial. Disagreement

does not by itself create a new arbitrage-free pricing rule. Rather, it modifies
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how agents value states relative to a benchmark that remains disciplined by the
no-arbitrage logic of the CRR model.

In particular, the benchmark price of any payoff X; is still anchored by

PO(X) = pleu*[Xl]a (59)

where v* is the common CRR benchmark measure. Under disagreement, agents

may instead evaluate the same payoff through their tilted measure /%, so that their

K

subjective valuation takes the form

(X) = B, [ 3] (60)
Pr

Equation (60) should not be interpreted as replacing the market pricing rule in
equation (59). It represents the agent-pair’s subjective valuation of the payoff

around the common benchmark. The difference
Vo (X) — Po(X)

is therefore a wvaluation wedge, not an arbitrage spread.

This point is central. Arbitrage would require an inconsistency in the benchmark
pricing structure itself. But disagreement, as modeled here, does not break that
structure. All agents remain anchored to the same benchmark no-arbitrage operator,
even though they may assign different relative weights to the up and down states.
Hence disagreement can generate heterogeneous valuations without generating
riskless profit opportunities.

The economic implication is straightforward. If one agent’s disagreement tilt
implies a valuation above the benchmark, that agent has a motive to buy; if another
agent’s tilt implies a valuation below the benchmark, that agent has a motive to
sell. What disagreement generates, therefore, is not arbitrage, but cross-sectional

demand dispersion. In this sense, valuation wedges drive trade and volume, while
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observed prices remain disciplined by the common benchmark.

This mechanism helps explain why disagreement can be associated with active
trading even in the absence of obvious mispricing. Agents need not disagree about
the existence of a market price; they disagree about the relative valuation of
future states around that price. The market-clearing price remains unique, but the
willingness to trade around it reflects heterogeneous beliefs. This interpretation is
consistent with empirical evidence linking disagreement to higher turnover, wider
bid—ask spreads, and persistent trading activity during periods of interpretive
divergence (Hong and Stein, 2007).

The broader lesson is that disagreement should be understood as a source of
market activity, not as a violation of arbitrage-free pricing. The k-tilted model
preserves the benchmark discipline of CRR while providing a tractable way to
study how heterogeneous beliefs generate valuation dispersion, trade, and liquidity
effects.

In the next section, this same logic is carried into a broader asset-pricing
setting, where disagreement no longer affects only option valuation in a lattice, but

expected returns through systematic exposure to disagreement-intensive states.

10.5 Concluding Remarks

The k-tilted model extends the classical Cox-Ross-Rubinstein framework by al-
lowing disagreement to distort the relative valuation of states around a common
benchmark. In this sense, it does not replace CRR; it generalizes it. When
disagreement vanishes, the model collapses exactly to the standard benchmark
case.

Its economic contribution is equally clear. Disagreement does not generate
arbitrage, because all valuations remain anchored to the same no-arbitrage pricing
structure. What disagreement changes is the subjective weighting of states around
that benchmark. As a result, agents may rationally arrive at different valuations

of the same claim even though the benchmark pricing logic is unchanged.
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This distinction is important for understanding market activity. The model
explains how heterogeneous beliefs can generate trade, turnover, and liquidity
without requiring mispricing or violations of the law of one price. Disagreement is
therefore not a breakdown of rational pricing, but a structural source of valuation

dispersion within an arbitrage-free framework.
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11 The Information CAPM

The traditional Capital Asset Pricing Model (CAPM), developed by Sharpe (1964),
Lintner (1965), Mossin (1966), and later formalized in related work by Treynor
(1999), provides a parsimonious equilibrium relation between systematic risk and
expected return. Its central implication is that only non-diversifiable risk should
command a premium in equilibrium. This result, however, is obtained under strong
assumptions, among them homogeneous expectations and a common assessment of
the probability structure governing future payoffs.

Subsequent extensions, most notably the consumption-based models of Lucas Jr
(1978) and Breeden (1979), broadened the economic interpretation of systematic
risk by allowing asset returns to co-move with aggregate consumption. Yet these
models preserve the same basic discipline of representative pricing under a common
belief structure. In that sense, they abstract from one of the central themes of this
dissertation: agents may disagree not only about payoffs, but about the probability
structure used to evaluate them.

This section develops the Information CAPM (InCAPM), an extension of
the CAPM in which disagreement enters the stochastic discount factor as an
informational wedge. The key idea is that heterogeneous beliefs do not merely
introduce noise around equilibrium. When disagreement is state dependent and
interacts with the benchmark market channel, it becomes a priced source of
systematic risk. Expected returns may then depend not only on exposure to the
market factor, but also on exposure to disagreement-intensive states.

The logic is the same as in the CRR extension of the previous section. There,
disagreement distorted subjective valuations around the common no-arbitrage
benchmark of the binomial model. Here, the benchmark is no longer the risk-
free branch-by-branch anchor, but the market return channel itself, as in the
classical CAPM. Disagreement operates around that benchmark in exactly the

same structural way, although the derivation is different and the resulting pricing
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relation is expressed in equilibrium form rather than through a binomial tree.
The section proceeds as follows. The next subsection introduces the disagree-
ment wedge, the dual-risk stochastic discount factor, and the InCAPM pricing
equation itself. The following subsections discuss the economic interpretation
of the model, illustrate its implications numerically, and show how the classical

benchmark is recovered when disagreement vanishes or becomes state invariant.

11.1 The InCAPM: Disagreement and Informational Risk

This subsection summarizes the assumptions, main equations, and pricing interpre-
tation of the Information CAPM (InCAPM). The full derivation is presented in
Appendix B.2. The objective here is to retain the essential algebraic steps while
keeping the economic mechanism transparent.

Key differential assumptions.

« Risk-averse investors form subjective beliefs about future states, and these

beliefs enter asset pricing through the stochastic discount factor.

» Disagreement across agents is represented as an informational wedge rather

than treated as exogenous noise.

o Asset prices remain anchored to a common benchmark market channel, but
expected returns may also depend on exposure to disagreement-intensive

states.

The last assumption is the crucial extension. In the classical CAPM, the
market return is the relevant systematic benchmark. In the InNCAPM, that bench-
mark remains in place, but an additional informational channel appears whenever
disagreement is state dependent.

We begin with the disagreement wedge already derived in Paper 1. At horizon

T, define
Tl<t) Tj(t) (61)




where 7;(t) and 7;(t) are the agents’ information-cost multipliers, and u;(s,T’)
and uj(s,T) are the corresponding state-contingent utility objects. Thus, ;7(s)
measures the relative informational distortion between the two agents across states.

The stochastic discount factor of the INCAPM contains two sources of risk:

mer(s) = (gj) eXp(IitT(S)) exp(—TMpM(s)>, (62)
where pys(s) denotes the market return channel and 7, is its associated price-of-risk
parameter. The first exponential term, exp(k;r(s)), is the informational channel;
the second, exp(—7appan($)), is the benchmark market channel. This is the exact
analogue of the CRR section: the benchmark changes, but the principle does not.
There, disagreement acted around the CRR benchmark measure; here, it acts
around the market return benchmark.

Accordingly, the Euler equation for any asset A takes the form

1= Biae) Bo)] = B2 | () st ()~ meom ()R] (69

where R{;‘T(s) is the return of the asset being priced and expectations are taken
under the common benchmark measure v. Equation (63) makes the dual structure
of the model explicit: pricing depends jointly on the benchmark market factor and
on the informational wedge.

For convenience, isolate the informational component of the kernel:

my(s) = (2) exp(mtﬁT(s)). (64)

It is useful to define the disagreement-linked benchmark payoft

p(s) = - L llog@) + fst,T(s)] : (65)

T™

so that

me(s) = e M), (66)
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The object p,(s) is therefore the payoff collinear with the informational component
of the stochastic discount factor.

Starting from equation (63), one can apply the covariance decomposition

E[XY] = E[X]|E[Y] + Cov(X,Y)

to isolate the informational term. In valuation space, let 74 denote the sensitivity
parameter associated with asset A’s payoff channel. Then the InNCAPM pricing

equation can be written as (see Appendix B.2)

E, [G*TARST(S)} — TTAPF 4 B4 []Ef/ (e—TApn(S)) _ e_TApf:| (67)

Equation (67) is the Information CAPM itself. The term e TARir () i5 the asset-
specific valuation term, while e~™#/ is its risk-free benchmark counterpart.* To-
gether with the informational beta (3, 4, these terms mark the departure from the
classical CAPM: valuation depends not only on the benchmark market channel,
but also on the asset’s loading on disagreement-intensive states.

Equation (67) is the informational analogue of the Security Market Line. The
term on the right-hand side is an informational premium, generated by disagreement
rather than by exposure to the benchmark market channel alone. The coefficient
Bk.4 measures how strongly asset A loads on disagreement-intensive states.

If disagreement vanishes, or becomes constant across states, then m/(s) becomes

state-invariant. In that case,

Var(mj) = 0,

so the informational premium collapses. The model therefore reduces to its classical

benchmark case: the market channel remains, but informational risk disappears.

4The parameter 74 does not represent disagreement. It belongs to the asset payoff channel
A
and therefore appears in both the risky valuation term e~ %.7(*) and its risk-free counterpart

e~74rs . Informational disagreement enters separately through the state-dependent wedge et (%),
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The informational beta is defined by

(68)

Since 0,/0; is constant across states, it cancels from the covariance ratio. Hence

the same beta can be written more simply as

Covf (ef‘ft,T(S)7 G*TAR;‘}T(S)>

6K,A = VartD (eﬁt,T(S))

The full derivation of equations (62)—(69) is presented in Appendix B.2

This beta captures the asset’s exposure to informational disagreement. A
high value of 3, 4 indicates that the asset’s valuation is especially sensitive to
disagreement across states, and therefore that its expected return is more strongly
affected by informational risk.

The covariance entering (3, 4 measures the extent to which asset A’s valuation
co-moves with disagreement across states. A positive covariance means that the
asset is highly valued precisely in disagreement-intensive states, so it is exposed to
informational risk and commands an informational premium. A negative covariance
means that the asset tends to perform well when disagreement is low, so it provides
a hedge against informational risk. For example, an asset whose payoff is especially
sensitive to episodes of strong divergence in beliefs—such as a speculative technology
stock or an option on a highly controversial underlying—would naturally display a
positive covariance with the disagreement wedge.

The economic interpretation follows directly from equations (62) and (67).
The market return channel exp(—7ypar(s)) plays the benchmark role that, in the
CRR section, was played by the binomial pricing anchor. Disagreement does not
replace that benchmark. It modifies valuation around it. Thus, the InCAPM
applies the same principle as the CRR extension, but with a different benchmark
object and a different derivation method: in CRR the anchor was the no-arbitrage

binomial measure, while here the anchor is the market return channel of the CAPM
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environment.
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Figure 6: Informational Security Market Line (InSML). The intercept at Ry is the
benchmark anchor of the pricing relation. As disagreement becomes stronger and
more state dependent, the price of informational risk rises and the line steepens,
while the informational beta (3, 4 determines each asset’s position along the line.

Figure 6 provides a schematic representation of the informational component of
the pricing relation. The intercept at Ry should be read as the benchmark anchor
of the Security Market Line, not as implying that all assets become risk-free when
disagreement vanishes. When x = 0, the informational wedge disappears, but the
standard market-risk component of the CAPM remains. In that case, the InCAPM
adds nothing beyond the benchmark CAPM structure; it does not imply that risky
assets cease to be risky.

The slope of the InNSML is determined by the price of informational risk, just
as the slope of the classical Security Market Line is determined by the market

premium. In the present framework, that informational price of risk is governed by
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the disagreement wedge and its interaction with the benchmark market channel.
The informational beta /3, 4 does not determine the slope; rather, it determines an
asset’s position along the line by measuring its exposure to disagreement-intensive
states.

Consequently, disagreement is priced only when it is state dependent. If
ker(s) is identically zero, or constant across states, the informational component
contributes only a level term and the model collapses back to its classical benchmark.
When disagreement varies across states, however, it becomes an additional non-
diversifiable source of risk.

This interpretation also has empirical relevance. In particular, it suggests a
natural way to think about the well-known puzzle that the observed Security Market
Line is often flatter than the classical CAPM predicts. Subsection 5 develops this
point and relates it to the empirical literature on disagreement, return differentials,

and pricing anomalies.

11.2 From Exogenous Benchmarks to Endogenous Aggregation

A delicate issue in disagreement-based asset pricing is the status of the benchmark
distribution against which subjective beliefs are evaluated. In many standard
applications, benchmark probabilities or pricing kernels are treated as given,
either because they are inferred from observed prices or because they arise from
a representative-agent equilibrium. In that sense, beliefs are often modeled as
deviations from a benchmark that is already in place.

The present framework adopts a different closure. Once heterogeneous beliefs
are taken as primitive, it becomes natural to ask whether the benchmark itself
should also be formed endogenously rather than imposed from outside. This is
the perspective adopted here. Instead of treating the benchmark as exogenous,
we allow it to emerge from the aggregation of heterogeneous beliefs. Formally, if

agents hold subjective beliefs p;(n) over states n € N, and if w; denotes the relative
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influence of agent ¢ in the market, Appendix B.3 shows that the distribution
q"(n) =Y _wipi(n)

minimizes the weighted average Kullback—Leibler divergence from individual beliefs
to a common benchmark. Under this criterion, the belief-weighted average is the
natural aggregate benchmark.

The point is not that all classical models treat prices as literally exogenous.
Rather, the point is that once disagreement becomes central, it is useful to work
with a benchmark that is itself consistent with heterogeneous belief formation. In
this framework, prices are interpreted less as fixed signals to which beliefs passively
respond, and more as equilibrium objects reflecting the aggregation of divergent
probabilistic views.

This does not create a damaging circularity. At the deepest level, the relevant
wedge is not simply between benchmark and beliefs in the abstract, but between
pricing and valuation. The benchmark pricing rule is common, while disagreement
generates heterogeneous subjective valuations around that benchmark. The appar-
ent loop is closed by the convergence principle developed in Paper 1: in the absence
of new information, heterogeneous beliefs cannot drift indefinitely, so the valuation
wedge shrinks over time. In the limit, beliefs converge, valuations align, and the
benchmark pricing object is no longer distinct from agents’ pricing assessments.

This perspective is important for the INCAPM. Disagreement is not treated as
residual noise around an otherwise fixed benchmark. It appears as a systematic
wedge between common pricing and heterogeneous valuation, and is therefore
capable of affecting equilibrium expected returns. Prices do not reveal consensus
in a strong sense; they reflect the disciplined aggregation of heterogeneous beliefs

under a common market structure.
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11.3 Discussion and Sensitivity Analysis

The following numerical example illustrates how belief heterogeneity can translate
into pricing differences under the INCAPM. The purpose is not to estimate the
model structurally, but to provide intuition for how disagreement, once mapped

into an informational wedge, affects valuation and expected returns.

Setup. Consider an economy with three states of nature (s, ss,s3) and two

agents, n and v, whose subjective belief vectors are

py=10.7,02,01],  p,=1[0.1,0.2,0.7].

Let the asset payoff channel be

p=1[10, 1.5, 3.0].

Both agents are assumed to share the same state utility specification,

u(s) = —e P,

so that, in absolute value,

lu(s)| = [0.3679, 0.2231, 0.0498].

Agent weights in the economy are w, = 0.45 and w, = 0.55. The aggregate

benchmark belief is therefore

q" = wy,p, +w,p, = [0.37, 0.20, 0.43].

Using this benchmark, the informational distances of the two agents are

7'77 = DKL(anq*) = 03004, Ty = DKL(pqu*> = 0.2103.
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Hence the difference in informational intensity is

7, — 7, = 0.0901.

Informational wedge and beta. Under the simplifying assumption that the
state utility term is common across agents, the disagreement wedge can be written

as

~n) = Tl

Substituting the numerical values yields

0.0901
w5) = Futen)

= [0.2451, 0.4041, 1.8111].

Thus disagreement is strongest in the state with the lowest utility weight, which
here coincides with the highest payoft state.
Let x(s,) = p(s,) denote the payoff channel. Using the aggregate benchmark

weights ¢*, we compute

q"(sn)k(sn) = 0.9503,

=
Il

2|%||
1 =11 =]

¢ (sn)z(5,) = 1.9600,
Cov(k, ) = > q"(sn) (K(sn) — ) (2(sn) — &) = 0.6857,

Var(k) = q*(sn)(/f(sn) - /%)2 = 0.5623.

The resulting informational beta is therefore

5, = Cov(k, z) _[12195]

Var (k)

A beta above one indicates that the asset payoff is strongly exposed to
disagreement-intensive states. In the present example, the high-payoff state is also

the state in which the disagreement wedge is largest, so the covariance is positive
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and economically meaningful: the asset loads positively on informational risk.

Expected return from the InCAPM. To build intuition, consider the valua-

tion equation in exponential form:
E[p;] = 1 log [e‘”’f + Br (e‘”’“ - e_”)f)] :
7_ 7p
For illustration, let
pr = 1.5, Pr = 3.0, T=1, Br,p = 1.2195.

Then
e 1%~ 0.2231, e 30 ~ 0.0498,

so that
E[p;] = —log [0.2231 + 1.2195(0.0498 — 0.2231)] = —log(0.0117) = |4.45].

The numerical value is high because the example is deliberately stylized: the
asset loads strongly on the state in which disagreement is most intense. The
calculation should therefore be read as an illustration of mechanism rather than as
a calibrated empirical prediction. Its purpose is to show that when informational
beta is high, disagreement can materially alter valuation relative to the classical
benchmark.

The following figure provides a visual representation of the informational pricing
relation. Assets with higher informational beta are more exposed to disagreement-
intensive states, and therefore their expected returns depart more strongly from
the benchmark. In this sense, disagreement shifts the Security Market Line by
introducing an additional systematic dimension of risk.

The important point is that the benchmark pricing structure is not abandoned.

As in the CRR section, disagreement operates around a common benchmark; it
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Figure 7: Informational Security Market Line from the stylized numerical example.
Each point represents an asset or payoff configuration plotted against its informa-
tional beta [, 4 and expected return. The dashed line is the fitted informational
Security Market Line. Assets with higher informational beta are more exposed to
disagreement-intensive states and therefore command higher expected returns. The
point (1,1,1) corresponds to the benchmark risk-free case with zero informational
beta, while the remaining portfolios illustrate how heterogeneous state exposure
shifts assets along the informational pricing relation.

does not replace it. What changes is the valuation of states around that benchmark.
The example therefore illustrates the central mechanism of the InNCAPM: belief
heterogeneity can affect expected returns through a priced informational wedge,
even when the underlying pricing structure remains disciplined by a common
market benchmark.

We now turn to the benchmark limiting case in which disagreement disappears.
This corresponds to the Arrow—Debreu environment with zero informational beta,

where the pricing relation collapses back to the classical benchmark.

11.4 The Arrow—Debreu Benchmark: Full Agreement and Zero

Informational Beta

We now consider the limiting case in which all agents agree on probabilities
and the asset delivers the same payoff in every state. This is the natural zero-

disagreement benchmark of the model. In such an environment, the informational
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wedge disappears, the informational beta is zero, and the InCAPM adds nothing
beyond the benchmark pricing structure.

Suppose all agents share the same belief distribution, so that

Pn=DPv = q* = [q17 q2, CI3]
Let the asset pay identically in every state:
RA=11,1,1].

This is the Arrow—Debreu risk-free benchmark, since the return of the asset being
priced does not vary across states.
Assume both agents have the same state utility specification. Then the utility

term is also constant across states:
u(s,) = —e BHen) = el x —0.3679.

Because beliefs coincide with the common benchmark, the KL-based informational

intensities satisfy

7 = Dxu(pylle’) =0, 7 = Dxu(pullg”) = 0.

It follows that the disagreement wedge vanishes:

T Ty
= — = for all n.
K(sn) w05 " w5 0 or all n

Hence the informational component of the stochastic discount factor becomes

K 5 K(S 6
mi(s,) = ((i) eren) = ((i) :

There is therefore no state-dependent informational distortion. The pricing kernel

constant:
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contains no disagreement premium, which is exactly the benchmark case studied
in Paper 1 under full agreement.

Under the common benchmark belief ¢*, the expected payoff is simply
Eq[RY =3¢ (sn)R"(s0) = 1.
If the asset price is P = 0.945, the implied gross risk-free return is

Rf = ~ 1058,

1
P
or equivalently,

rp=R;—1~0.058.

Because k(s,) = 0 in every state, the informational covariance term vanishes:
Cov(k, R*Y) =0, Var(k) = 0.
Accordingly, the informational beta is zero:

ﬂm,A =0.

This benchmark clarifies the limiting logic of the INCAPM. When disagreement
is absent, the informational premium disappears because there is no state-dependent
wedge to price. The model therefore collapses back to its benchmark pricing
structure. This does not mean that every risky asset in the economy must earn
the risk-free rate. Rather, it means that the INCAPM adds no extra informational
component beyond the standard benchmark relation.

In that sense, the figure should be read schematically. The flat line at K = 0
represents the disappearance of the informational premium, not the disappearance
of all other forms of systematic risk. As disagreement becomes positive and

state dependent, the informational Security Market Line tilts upward: assets with
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higher informational beta command higher expected returns because they are
more exposed to disagreement-intensive states. The benchmark case therefore
provides the natural reference point from which the pricing effects of informational

heterogeneity emerge.

11.5 Empirical Implications

One of the main empirical motivations for the INCAPM is a well-known difficulty of
the classical CAPM: the observed Security Market Line (SML) is often flatter than
the benchmark model predicts. Rather than treating this as a simple failure of the
CAPM, the present framework suggests that part of the gap may reflect variation
in the intensity and state dependence of disagreement. When disagreement is
weak, absent, or insufficiently state dependent, the informational premium is small
and the pricing relation remains close to the flatter empirical benchmark. When
disagreement becomes stronger, however, it adds an additional source of priced
risk and alters the slope of the relation. In this sense, the model does not imply
that zero disagreement drives all returns to the risk-free rate; rather, it shows
how disagreement can help explain deviations between the empirical SML and the
sharp benchmark predictions of the CAPM.

This perspective is consistent with a broad empirical literature linking disagree-
ment to return differentials and pricing anomalies, whether disagreement is proxied
by forecast dispersion, analyst disagreement, or differences in opinion (Diether
et al., 2002; Yu, 2011; Banerjee et al., 2009; Boehme et al., 2006; Hong and Stein,
2007). It also helps interpret more recent evidence that the slope of the SML varies
substantially across market conditions.

The chart below, based on Wang et al. (An et al., 2024), is useful in this respect.
Using CRSP data on NYSE monthly stock returns from January 2000 to December
2022, they show that the slope of the SML varies significantly with the level of
active risk-taking in the market. To capture this, they introduce a quantity-based

variable ¢ that helps explain differences in return sensitivities to the beta factor
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across regimes.

Conditional SMLs: Market Quantity Regimes (Wang 2024)
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Figure 8: Stylized conditional Security Market Lines inspired by Wang et al.
(An et al., 2024). The figure illustrates three market-quantity regimes. The
unconditional SML is nearly flat, consistent with the familiar empirical finding
that the average relation between beta and expected return is weaker than the
classical CAPM predicts. The active regime refers to high-quantity periods, that
is, months in which investors take on more active risk and trading intensity is
higher; in these episodes the SML becomes noticeably steeper. The passive regime
refers to low-quantity periods, in which active risk-taking is muted and market
participation is more subdued; in those episodes the SML may become nearly flat
or even slightly negative. The chart is schematic and is intended to summarize
the qualitative regime variation documented in the data rather than to reproduce
estimated coefficients exactly.

From the perspective of the InCAPM, these findings can be interpreted through
the lens of disagreement. When disagreement is weak, absent, or not sufficiently
state dependent, the informational wedge contributes little to pricing and the
SML remains close to the flatter empirical relation. When disagreement becomes
stronger, the informational premium increases and the pricing relation steepens.
In this sense, the model does not replace the CAPM benchmark; it helps explain
why the observed pricing relation may depart from its sharpest predictions.

Three broad empirical regimes can be organized within this framework.
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Regime 1: Flat SML (quiet markets or low disagreement). Empirically,
the average SML is often found to be nearly flat, a result closely related to the
low-risk-premium or zero-beta puzzle. In the InNCAPM, this corresponds to periods
in which the informational gap  is small, or in which disagreement is present
but not sufficiently state dependent to generate a meaningful premium. In such
environments, the informational beta (3, 4 carries little pricing power, and the

relation remains close to the flatter observed benchmark.

Regime 2: Steep SML (high activity or strong disagreement). During
periods of elevated trading activity or greater cross-sectional divergence in beliefs,
the SML steepens. In the present model, this is precisely the situation in which
disagreement becomes a priced source of systematic risk. A larger and more
state-dependent k increases the price of informational risk, so assets with higher
informational beta command larger premia. The result is a steeper pricing relation,
consistent with the idea that disagreement amplifies the compensation required for

bearing exposure to disagreement-intensive states.

Regime 3: Inverted or weakly negative SML (asymmetric disagreement).
Some empirical episodes reveal a slightly negative SML, particularly in periods of
low activity or strong asymmetry in beliefs. The InCAPM can accommodate such
cases when disagreement is not only small on average, but skewed across states
in a way that changes the sign of the effective informational premium. In that
case, assets with lower informational exposure may be relatively favored. This
should be interpreted as a conditional possibility of the framework rather than as
a universal prediction, but it illustrates the model’s ability to organize otherwise
puzzling empirical patterns.

Taken together, these regimes suggest that the slope of the Security Market
Line need not be constant across time. In the InNCAPM, it depends not only on
the benchmark market premium, but also on the intensity and state dependence

of informational disagreement. This allows the model to reconcile the classical
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CAPM benchmark with conditional empirical findings such as those documented

in Wang et al. (An et al., 2024).

11.6 Concluding Remarks

The InCAPM extends classical asset pricing by introducing belief heterogeneity as
a systematic component of valuation. By relaxing the assumption of homogeneous
expectations, it identifies informational disagreement—captured by the wedge
r—as an additional source of priced risk. The resulting informational beta, 53, 4,
measures the extent to which an asset is exposed to disagreement-intensive states
and therefore provides a disciplined way to connect belief dispersion to expected
returns.

The model does not replace the benchmark logic of the CAPM. Rather, it
augments it. The market return channel remains the benchmark source of sys-
tematic risk, while disagreement adds an informational premium whenever it is
sufficiently strong and state dependent. In this sense, the INCAPM applies the
same principle developed earlier in the binomial model: disagreement does not
generate an autonomous pricing rule, but modifies valuation around a common
benchmark.

This perspective is also useful empirically. The framework helps organize well-
known deviations from the sharpest CAPM predictions, including the tendency
of the observed Security Market Line to appear flatter on average and steeper
in periods of heightened market activity or belief dispersion. More broadly, it
offers a coherent way to interpret conditional return dynamics in markets where
information is fragmented and beliefs do not coincide.

The InCAPM should therefore be understood not as a rejection of classical
asset pricing, but as an extension of it to environments in which disagreement is

itself an economically relevant and systematically priced force.
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12 A Plausible Entropy-Based Resolution to the Ellsberg
Paradox

This section revisits the Ellsberg paradox through the lens of information-adjusted
utility. We begin by formally presenting the structure of the paradox and surveying
leading theoretical responses, including non-additive beliefs, multiple priors, and
smooth ambiguity preferences.

We then develop a minimal and tractable resolution based on entropy-penalized
utility, showing that ambiguity aversion can arise naturally from a single additional
term: the ambiguity premium A. Unlike traditional approaches, our framework
preserves additive probabilities and Bayesian updating, while accounting for second-
order uncertainty through an informational channel.

The chapter derives and calibrates the ambiguity premium A using a second-
order Beta prior, demonstrates its empirical plausibility, and integrates it into the
information-sensitive stochastic discount factor (InSDF'). The resulting formulation
generalizes the classical asset pricing kernel to account for ambiguity in beliefs,

yielding intuitive and testable predictions.

12.1 The Ellsberg Paradox and Competing Explanations

The Ellsberg paradox (Ellsberg, 1961) poses a fundamental challenge to Savage’s
theory of subjective expected utility. In a now-classic experiment, agents system-
atically prefer to bet on events with known probabilities (for example, a 50/50
urn) rather than on events with ambiguous probabilities (for example, an urn with
an unspecified proportion of red and black balls), even when the expected payoff
is identical. This behavior contradicts the Sure-Thing Principle, according to
which preferences should depend only on outcomes and not on the way uncertainty
is described. In other words, individuals should maintain consistent preferences

regardless of whether the underlying probabilities are known or ambiguous.
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The paradox has generated a rich literature exploring how ambiguity—understood
as second-order® uncertainty, or more broadly Knightian uncertainty—can be incor-

porated into decision theory. The most prominent responses include the following.

Non-additive beliefs (Schmeidler, 1989). When agents are unsure how to
assign probabilities—that is, under second-order uncertainty—they may represent
beliefs by means of non-additive set functions rather than standard additive
probabilities. These capacities reflect ambiguity rather than risk. Schmeidler
models preferences over such non-additive beliefs using the Choquet integral, a

generalization of expected utility that does not require additivity.

Multiple priors and MaxMin Expected Utility (Gilboa and Schmeidler,
1989). In the MaxMin Expected Utility (MMEU) framework (Gilboa and Schmei-
dler, 1989), agents do not commit to a single probability distribution. Instead,
they consider a set of plausible priors, reflecting ambiguity about the true data-
generating process. Ambiguity aversion is captured by a worst-case evaluation
rule: the agent computes the minimum expected utility across all admissible priors.
MMEU explains the Ellsberg paradox naturally: the ambiguous urn induces a
range of plausible beliefs, whereas the risky urn has a unique known prior, making

it strictly preferable for ambiguity-averse agents.

Smooth ambiguity preferences (Klibanoff, Marinacci, Mukerji, 2005).
This model (Klibanoff et al., 2005) addresses the limitations of traditional subjective
probability models, such as Savage’s framework (Savage, 1954), by introducing a

two-stage decision process. It separates attitudes toward risk (within a given prior)

SA first-order belief refers to a subjective probability distribution P = (py,...,p,) that an
agent assigns directly to outcomes. Classical expected utility theory, as in Savage (1954), assumes
that such a belief exists and is unique, allowing the agent to compute subjective expected utility

Eplu(z)] = Z piu(w;).

Second-order beliefs reflect uncertainty about the first-order probabilities themselves. Rather than
committing to a fixed p, the agent models uncertainty about p as a distribution over distributions.
This is particularly appropriate in the Ellsberg setting, where the probability of drawing a red
ball, g, is not known, but is instead believed to lie somewhere in [0, 1].
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from attitudes toward ambiguity (across priors), allowing a formal representation
of ambiguity aversion. Agents act as Bayesian updaters conditional on a prior, but
their overall preferences reflect ambiguity aversion through a second-order utility
function over expected utilities. This structure makes the model both behaviorally

rich and empirically tractable.

Variational preferences (Maccheroni et al., 2006). The framework of
Maccheroni et al. (2006) generalizes the MaxMin model by replacing strict worst-
case evaluation with smooth, preference-sensitive penalties. Instead of assessing
actions solely by their lowest expected utility, agents subtract a cost functional
from expected utility under each prior. This cost typically reflects divergence
from a reference or most-trusted belief, often measured using relative entropy
(KL divergence). Ambiguity aversion is therefore represented by an increasing
penalty as beliefs move farther away from the reference prior. The model nests
several special cases, including entropy-penalized utility, and provides a flexible

and tractable representation of ambiguity-sensitive preferences.

Each of these models relaxes different aspects of standard expected utility theory
and introduces increasingly rich mathematical machinery. In contrast, the entropy-
adjusted approach developed here preserves the expected utility structure while
adding a single, economically interpretable term: an epistemic ambiguity premium
associated with unresolved second-order uncertainty. The result is a microfounded
and parsimonious account of ambiguity aversion, with testable implications and

direct links to asset pricing.

12.2  Ambiguity Premium

Stylized paradox set-up: two urns, two colors. Consider a decision problem involving
two urns, each containing white and black balls. The agent is offered a gamble that
pays a high payoff xy, if a white ball is drawn, and zero otherwise. The structure

of the urns is as follows:
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« Risky urn (Ug): Contains exactly 50 white and 50 black balls. The

probability of drawing white is objectively known:
Prp=(%3).

e Ambiguous urn (Uy): Also contains 100 balls, but the proportion of white
is unknown. The agent is told only that the probability of drawing white is
some unknown ¢ € [0, 1]. If the agent places a uniform second-order prior on

¢, then the induced predictive distribution is
1
Pa= [ (a1 -a)dg=(},3).
A 0 (q Q> q (2 2)

At the level of first-order predictive probabilities, the two urns therefore look
identical. Yet their informational content is fundamentally different. The risky
urn Ug involves risk: uncertainty over outcomes with known probabilities. The
ambiguous urn Uy involves ambiguity, or second-order uncertainty: uncertainty not
about the outcomes themselves, but about the probability law generating them.
The former reflects knowledge of the data-generating process; the latter reflects
ignorance about that process.

In the ambiguous urn setup, the decision-maker knows only that the true
probability of drawing a white ball, g, lies somewhere in the interval [0, 1], with
no reason to privilege any particular value. This is a state of complete ignorance.
A natural benchmark in such a setting is provided by the Mazimum FEntropy
Principle (Jaynes, 1957), according to which, in the absence of further information,
one should adopt the distribution that maximizes entropy subject to the available

constraints. In the binary case, entropy is

H(p) = —plogp — (1 —p)log(1 — p),

and it is maximized at p = % Hence the predictive distribution associated with
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complete ignorance is again

)

Py = (

).

This point is important. The ambiguous urn does not differ from the risky

N[ =
N[

urn in its first-order predictive mean. It differs in the informational structure
underlying that prediction. In the risky urn, (1/2,1/2) is a known and objective
probability vector. In the ambiguous urn, (1/2,1/2) is only the average of a family
of possible first-order distributions indexed by the unknown ¢. The same predictive
vector therefore conceals a deeper informational asymmetry.

The entropy-based utility framework developed here captures this distinction
through an additional term: the ambiguity premium A > 0. This premium
measures the extra uncertainty associated with unresolved second-order beliefs. It
does not arise from the outcomes themselves, which are symmetric in both urns,
but from uncertainty about the probability model behind those outcomes. The
premium then adjusts utility under ambiguity, either penalizing or rewarding the
ambiguous urn depending on the agent’s risk preferences. In this way, ambiguity
aversion or ambiguity seeking can be generated within an otherwise standard
expected utility framework, without abandoning additivity or Bayesian updating.

A key feature of this approach is that the Ellsberg paradox appears as a special
case of a more general framework grounded in empirically observed heterogeneity
in risk preferences. Ambiguity aversion arises naturally for the large class of
risk-averse agents, but the same structure also accommodates ambiguity neutrality
and ambiguity seeking. The model therefore does not treat Ellsberg behavior as
an isolated anomaly; it embeds it in a broader theory of information-sensitive
preferences.

Entropy premium and second-order uncertainty. Because both urns share the
same first-order predictive distribution, their ordinary Shannon entropy is the

same:

H(Pr) = H(Pa) = —
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This equality is not a problem for the theory; it is precisely the source of the
paradox. At the first-order level, the risky and ambiguous urns are observationally
equivalent. What differs is the unresolved second-order uncertainty behind Pj.
To capture that difference, define the ambiguity premium as the Jensen gap
between the entropy of the predictive distribution and the average entropy of the

underlying first-order distributions:
A= H(E,[P(q)]) — E[H(P(q))] > 0. (70)

In the Ellsberg setting, P(q) = (¢,1 — ¢) and the expectation is taken over the
second-order prior ¢ ~ Uniform[0, 1]. Since Shannon entropy is strictly concave,
Jensen’s inequality implies A > 0 whenever there is genuine uncertainty about the
underlying probability q.

It is therefore useful to distinguish between two objects. The first is the ordinary
first-order entropy H(P4) = In2. The second is the ambiguity-adjusted uncertainty

measure

H(Py):= H(Py) + A =2+ A, (71)

which augments first-order entropy by the second-order ambiguity premium. In

contrast, the risky urn involves no second-order uncertainty, so

This distinction resolves the apparent contradiction. The predictive distribution
of the ambiguous urn is symmetric, but the agent still perceives it as more uncer-
tain because the symmetry is generated by averaging over unknown probability
laws rather than by knowledge of a fixed one. The ambiguous urn is therefore
informationally richer, even though its first-order entropy is unchanged.

The ambiguity premium A captures exactly this informational gap. It will be

derived and calibrated formally in the next subsections. For now, the crucial point

133



is conceptual: the extra uncertainty of the ambiguous urn is not a first-order feature
of outcomes, but a second-order feature of beliefs about the process generating
them.

This distinction explains why risk-averse agents—who dislike entropy and, more
generally, unresolved uncertainty®—systematically prefer to bet on urn Ug, despite
both urns yielding the same first-order expected value. Their preference is driven
not by differences in expected utility under known probabilities, but by a utility
penalty attached to unresolved model uncertainty. In this sense, the Ellsberg
paradox is not generated by different payofts or even by different first-order beliefs,
but by the informational premium attached to ambiguity itself.

The next subsection investigates how this ambiguity premium interacts with

preferences and enters utility in a tractable way.

12.3 Utility Comparison and Resolution

The ambiguity premium A > 0 is an objective epistemic property of the ambiguous
urn. It measures the additional uncertainty generated by unresolved second-order
beliefs and, as such, does not itself belong to preferences. Preferences remain
encoded by the primitive utility function u(x), with the parameter v governing
the agent’s attitude toward risk. What ambiguity changes is the informational
environment in which that primitive utility is evaluated.

To keep the notation clear, it is useful to distinguish three objects from the
outset. First, u(x) is the Bernoulli utility over outcomes. Second, P denotes the
first-order predictive belief under which expected utility is computed. Third, H (P)
denotes the effective uncertainty associated with that belief structure. In the
present Ellsberg setting, H (P) coincides with ordinary Shannon entropy for the
risky urn, but includes the additional ambiguity premium A for the ambiguous

urn. Since H (P) is completely determined by P, it is more transparent in this

section to write the information-adjusted utility as a function of P, rather than

6The relationship between risk preferences and entropy is explained in (Munoz-Alonso, 2025).
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listing the uncertainty term separately as an argument.
Recall from the previous subsection that the risky and ambiguous urns share

the same first-order predictive entropy, but differ in their effective uncertainty:

H(Pp) =2,  H(P)=W2+A, A>0.

The term A therefore captures the extra uncertainty generated by second-order
ignorance, even when the first-order predictive distributions of the risky and
ambiguous urns coincide.

With this notation, we write the information-adjusted utility as

Uy (z; P) := Eplu(z)] = Aly) H(P), (72)

where Ep[u(z)] is baseline expected utility, H(P) is the ambiguity-adjusted un-
certainty measure, and A\(7) is a coefficient governing the value or cost of one

additional unit of epistemic uncertainty for an agent with risk preference parameter

o

In what follows, we use the notation U, (z; P) throughout, with the subscript
indicating risk preferences and the argument P denoting the epistemic environment.
Equation (72) should therefore be read as follows: preferences are still represented
by the primitive utility u(z), while the epistemic structure enters through the belief
P and its associated uncertainty measure H (P). In this sense, entropy remains an
informational object rather than a primitive taste argument.

This notation is also preferable here because it avoids confusion with earlier
expressions in the thesis where the informational term appeared explicitly as an
argument of the utility object. In the present section, that informational term is
absorbed into the epistemic argument P, since H (P) is uniquely determined by
the belief structure under consideration. The result is a more compact expression,

but the underlying economic interpretation remains the same: utility depends

"The notation A(y) here refers to the reduced-form ambiguity weight, not to the KL multipliers
used elsewhere in the thesis. Its role is to translate epistemic uncertainty into utility space.
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on outcomes through wu(z), and on the informational environment through the
effective uncertainty attached to beliefs.

The effect of this uncertainty surplus on utility is governed jointly by the magni-
tude of H(P) and the sign and size of the coefficient A(7). Appendix A.4 provides
the underlying derivation of entropy-augmented utility, whereas Appendix B.4
restates that result in the notation of Part II, thereby linking the general framework
to the applied developments of the present paper. The coefficient A(v) bridges
first-order attitudes toward risk and second-order attitudes toward beliefs. In the
construction developed in Appendix A.4, A(y) emerges as the shadow price of a
Kullback—Leibler minimization between a pure-risk density and an uncertainty
density based on a best guess about the former. In a binary framework, the former
may be represented by a Bernoulli distribution over outcomes, while the latter
may be represented by a Beta distribution over the Bernoulli parameter. In that
sense, A(7) functions as an ezchange rate: one extra nat of epistemic uncertainty
requires A(y) units of compensating utility.

A higher ~ steepens the utility function, amplifies the effect of adverse states,
and therefore increases the utility relevance of unresolved uncertainty. In the case
of a CRRA utility function, this mechanism yields an effective ambiguity weight of

the form

o 7(1 - 7) ——v—1

which scales the uncertainty term in utility. Because the first- and second-order
problems are solved jointly, these objects cannot be wholly independent: the more
concave u(-), the larger the marginal utility loss from adverse states, and hence
the greater the compensation the agent requires for bearing one extra unit of
ambiguity.

For 0 < v < 1, the coefficient () is positive, so ambiguity enters utility as a
penalty. As v — 0 (risk neutrality), or as the informational constraint becomes
negligible, A\(v) — 0, and ambiguity becomes unpriced. For sufficiently negative

values, A\(vy) < 0, so ambiguity becomes a reward rather than a penalty. This
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simple structure allows the model to accommodate ambiguity aversion, neutrality,
and ambiguity seeking within a single expected-utility representation.

Combining equation (72) with

H(Pg)=In2,  H(Py) =In2+A,

we obtain the utility comparison between the risky and ambiguous urns. Because
both urns have the same first-order predictive mean, the expected-utility term
Ep[u(x)] is the same in both cases; only the uncertainty adjustment differs. For
a risk-averse individual, ambiguity lowers total utility, so that U, (Pg) > U, (Pa).
For a risk-neutral individual, the penalty vanishes and U, (Pg) = U,(Py4). For an

ambiguity-seeking individual, ambiguity raises utility, leading to U,(P4) > U, (FPg).

Table 4: Utility comparison under different ambiguity attitudes. Preference order
reverses with the sign of the ambiguity weight A(7).

Urn Baseline Ex- Uncertainty Total Utility U, Preference
pected Utility Term

Ambiguity-averse (A(y) > 0)

Pg Eplu(z)] —A(y)In2 Eplu(z)] — A(y)In2 Pp s Pu
Py Ep[u(z)] “A(y)(In2 4+ Eplu(z)]—A(y)(In2+

A) A)
Ambiguity-neutral (A(y) = 0)
Pr Eplu(z)] 0 Ep[u(z)] -
Poo Bplu(@)] 0 B plu(a) e
Ambiguity-seeking (A(y) < 0)
Pn Ep[u() @Iz E@l Do
P Eplu(z)] +AM)(In2 + Epfu(z)]

A) IA(Y)[(In2 + A)

This framework provides a minimal yet sufficient resolution to the Ellsberg
paradox. By introducing a single, interpretable adjustment to classical expected
utility—namely, an ambiguity premium scaled by the function A(y)—it captures
the empirically observed preference for known risks over ambiguous alternatives
while remaining fully within the expected utility paradigm.

It requires no appeal to non-additive probabilities, multiple priors, second-order
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utility, or Choquet integrals—just one extra term in the information-adjusted utility
index. The resulting structure is parsimonious, microfounded, and consistent with
Bayesian reasoning. Most importantly, it makes ambiguity attitudes endogenous to
preferences rather than imposing them axiomatically. Ambiguity aversion becomes
a special case followed by the majority of agents, but not a universal one. Higher
values of the risk aversion parameter v lead to stronger penalization of ambiguous
distributions. In the limit v — 0, the ambiguity penalty vanishes, restoring
standard expected utility.

The framework also sheds light on the failure of the Sure-Thing Principle®®. In
the present model, the violation arises because utility depends on the structure
of beliefs, not merely on realized payoffs. The entropy adjustment introduces a
penalty that is sensitive to unresolved model uncertainty. As a result, preferences
may differ across acts even when their first-order expected utilities coincide. The
paradox is therefore captured within a refined expected utility framework that

tolerates belief-based deviations without abandoning internal coherence.

Proposition 2 (Entropy-Penalised Expected Utility and Ellsberg). Let u be strictly
increasing and concave, and suppose choices are represented by the information-

adjusted utility in equation (72),

U, (; P) = Epfu()] = \) H(P),  A() €R

Assume further that the ambiguous urn exhibits a strictly larger effective uncertainty

level than the risky urn, i.e.

H(Py) — H(Pg) = A > 0.

80riginally formulated in Savage’s Foundations of Statistics (1954), the Sure-Thing Principle
states that if an agent prefers act f to act g in every state of the world, then the agent should
prefer f to g unconditionally.

9The Ellsberg paradox reveals a fundamental limitation of the Sure-Thing Principle. In
ambiguous settings, preferences depend not only on outcomes, but also on the perceived reliability
of the probabilities themselves. The informational structure therefore becomes relevant for choice,
violating the independence logic implicit in Savage’s axiom.
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Then the agent strictly prefers the risky urn over the ambiguous urn, Pr > Py, if
and only if A(y) > 0.
Conversely, if A\(y) < 0, then Ps > Pr. If A\(y) = 0, the agent is indifferent:

Py ~ Ppg.

12.4 Calibration of the Ambiguity Premium A

The goal of this subsection is twofold. First, we calibrate the ambiguity premium A
using a concrete probabilistic model, so that the informational cost of ambiguity can
be assigned a precise numerical value. Second, we endogenize A by deriving it from
the structure of second-order uncertainty, rather than postulating it exogenously.

The central idea is that A arises naturally when the agent holds a second-order
prior over unknown probabilities, as in the Ellsberg urn. In that case, ambiguity
is not a primitive taste parameter, but the Jensen gap between the entropy of
the predictive distribution and the expected entropy of the underlying first-order
distributions. This gap is strictly positive whenever beliefs are genuinely imprecise.

To model second-order uncertainty about binary probabilities, we use the Beta
distribution. This choice is natural in the present context. The Beta family
accommodates a wide range of priors, from complete ignorance, Beta(1,1), to
highly concentrated beliefs such as Beta(100,100). It also allows the relevant
entropy objects to be expressed in closed form using standard digamma identities;
see, for example, Cover and Thomas (2006), MacKay (2003), and Appendix B.5 .

In a frequentist Bernoulli experiment, the agent treats the success probability

as a known constant p € [0, 1]. The corresponding first-order belief vector is

PR:(pu 1_p)7

and uncertainty is purely risk.

To model ambiguity, we instead allow the agent to be uncertain about the true
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success probability. Let the unknown parameter © be distributed as

O ~ Beta(a, ),

so that the agent entertains a distribution over Bernoulli laws. The induced

predictive first-order distribution is then

_ [ . [« B
PA_/O(9,1—9)fBem(9,a,ﬁ)d0_((HB, a+5>’

Ambiguity is therefore captured by treating # as a random variable rather than
a known constant. The mean of the Beta prior determines the predictive belief,
while the variance determines the degree of second-order uncertainty: the more
dispersed the prior, the larger the ambiguity.

The ambiguity premium is defined as the Jensen gap
Ao, B) = H(P4) — Ee[H(P(©))] > 0, (73)

where P(0) = (0,1 —0). Equation (73) measures the extra uncertainty generated
by unresolved second-order beliefs.
In the special symmetric Ellsberg benchmark, where o = 3, the predictive

distribution is

P= (1),
so that
H(Ps) =In2.
In this case,
A=In2-Ee|H(P(©))| > 0. (74)

Thus, even though the predictive distribution is the same as in the risky urn, the
agent still faces additional effective uncertainty because the underlying probability

law is unknown.
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More generally, for arbitrary (o, /3), the predictive entropy is

___« S g
H(Pa) = a+510g<a+6> a+510g<a+5>'

The expected entropy of the conditional Bernoulli law is

Bo[H(P(0))] = bla+ 5+ 1)~ —Swa+ )~ Lou(@ e, (1)

where () denotes the digamma function. Substituting into equation (73) yields

the closed-form expression

B o o B B
A, B) __a—|—510g<a—|—ﬁ> — a+ﬁlog<&+5>

a B
—w(a+6+1)+m¢(a+1)+m¢(ﬁ+l). (76)

Equation (76) makes the structure of the ambiguity premium explicit. It
depends both on the predictive mean and on the dispersion of the second-order
prior. When the prior is diffuse, the Jensen gap is large; when the prior is highly
concentrated, the gap becomes small.

The table below reports two benchmark cases. The first corresponds to a uniform
prior, Beta(1, 1), which represents maximal ambiguity. The second corresponds to

a highly concentrated prior, Beta(100,100), which approximates near certainty.

Table 5: Ambiguity premium A(«, $) under different Beta priors.

Prior Type (o, B) A (nats)

Uniform (maximum ambiguity)  (1,1) 0.193
Informative (near-certainty) (100,100)  0.002

These values are economically intuitive. Under Beta(1,1), the agent faces max-
imal second-order uncertainty, so the Jensen gap is sizeable. Under Beta(100, 100),
the prior is sharply concentrated around 1/2; so ambiguity is nearly absent and A

becomes negligible.
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Figure 9 broadens this comparison by plotting three quantities across several
Beta priors: the entropy of the predictive distribution H(P,), the expected en-
tropy of the underlying Bernoulli laws Eg[H (P(0))], and the resulting ambiguity
premium A. The figure makes clear that A is largest when the second-order prior

is diffuse or U-shaped, and smallest when beliefs are highly concentrated.

Entropy Gap under Different Priors over 8
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Figure 9: Entropy decomposition under alternative Beta priors. The bars compare
the entropy of the predictive distribution H(P,), the expected entropy of the
conditional Bernoulli laws Eg[H (P(©))], and the ambiguity premium A = H(P4)—
Eo[H (P(©))]. Diffuse or U-shaped priors generate larger ambiguity premia, while
highly concentrated priors make A nearly vanish.

In a Bayesian updating framework, posterior learning reduces the variance of

the Beta prior. As information accumulates and the posterior tightens, one expects

ag+ 6 1 e A 0.

This formalizes the intuition that ambiguity is not permanent: as agents learn
more about the underlying probability law, second-order uncertainty diminishes.
In summary, the ambiguity premium A emerges endogenously from second-
order beliefs modeled as a Beta distribution and can be computed in closed form.
This result confirms that ambiguity aversion need not be imposed axiomatically;

it can be derived from the informational structure of beliefs itself. The Ellsberg
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paradox is thus linked to a measurable epistemic premium rather than to an ad

hoc departure from expected utility.

12.5  Ambiguity Premiums in the Information Stochastic Discount

Factor

This subsection shows how ambiguity enters the equilibrium pricing kernel through
differences in ambiguity premia across agents. The basic idea is simple: if two agents
face different levels of second-order uncertainty, the resulting ambiguity premia, A;
and A;, generate a wedge in valuation. That wedge can be embedded directly into
the stochastic discount factor and compared with the information-based kernel
developed in Munoz-Alonso (2025). The result is a unified entropy-based pricing
kernel in which first-order disagreement and second-order ambiguity appear as
closely related sources of valuation distortion.

To see the connection, recall that the information-based equilibrium kernel in

Munoz-Alonso (2025) can be written as

mi(s) :exp< *Tl - *Tj ), (77)

uf(s) Uj(s)

where 7; and 7; denote the informational multipliers of agents ¢ and j, and u;(s),

*

U;

(s) are the corresponding state-contingent marginal utility objects. This kernel
captures disagreement through a relative tilt in marginal valuation across states.

In the present Ellsberg setting, we introduce disagreement through differences
in ambiguity premia. The counterpart ambiguity wedge is

K = A (A - 4y), (78)

v

where A(7) is the ambiguity weight introduced in the previous subsection. This
term is state independent if A; and A; are scalar agent-level ambiguity premia,

but it plays exactly the same formal role as a disagreement wedge in valuation.
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Under this identification, the pricing restriction for any asset with gross return

R, | may be written as

E; [? exp(mfj) exp(—TpptH) RﬁH] =1, (79)
j

where p;,1 denotes the benchmark payoff or return channel entering the pricing
kernel, and 7, is its associated sensitivity parameter. Equation (79) is the ambiguity-
augmented counterpart of the information-based Euler equation: the benchmark
pricing channel remains in place, while ambiguity adds an exponential valuation
wedge around it.
It is useful to define the baseline kernel, in the absence of ambiguity, as
mg-?,)m = gj eXP<—Tth+1)- (80)
This is the part of the pricing kernel driven by time discounting and the benchmark
return channel alone. Ambiguity then enters multiplicatively through the surcharge

exp(ﬁfj), so that the full ambiguity-adjusted stochastic discount factor becomes

(see Appendix B.6)
M3t = migs explA()(A = A)]. (81)

Equation (81) makes the role of ambiguity transparent. The kernel contains
three components: relative time discounting, the benchmark payoff channel, and
an ambiguity premium reflecting the difference in second-order uncertainty across
agents. When A; = A;, the ambiguity wedge vanishes and the model collapses back
to the benchmark kernel. When 7,p,,1 = 0, pricing is driven purely by ambiguity.

To connect this expression with standard utility-based pricing, assume CRRA

utility,
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Then the marginal utility ratio along the benchmark channel can be written as

ui(Ce1) _ (7T _
) ( . ) = exp(—Ypr11), (82)

where p;1 := log(ci1/¢) is the benchmark log return or log consumption-growth
channel. Under standard isoelastic preferences, this identifies 7, = . Substituting

into equation (80), the ambiguity-augmented kernel becomes

minhs = & el A0 (& = A,)] exp( o). (53)

The corresponding Euler equation is therefore

E; lgz exp[A(’y)(Ai — Aj)} exp(—fyptﬂ) Rﬁrl} = 1. (84)

This is the equilibrium pricing restriction implied by ambiguity-adjusted preferences.
Ambiguity is priced exactly once, through the exponential wedge exp[A(7)(A;—A;)],
while the benchmark payoff channel continues to perform the same role as in the
baseline information-sensitive SDF.

This formulation also clarifies the sense in which the ambiguity-based and
information-based kernels are equivalent. Comparing equations (77) and (81), the

two approaches can be aligned under the identification

- —  A(Ai - 4)). (85)

In other words, the ambiguity premium plays the role of a second-order informa-
tional wedge. Both kernels preserve the same benchmark pricing structure; they
differ only in the informational source of the valuation distortion.

The ambiguity-augmented SDF therefore generalizes the original information-
based kernel by incorporating second-order uncertainty explicitly. In the baseline
version, valuation differences arise from disagreement over first-order probabilities

and their effect on marginal utilities. In the present version, ambiguity premia
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A; and A, generate an additional wedge even when first-order expected returns
coincide. This makes it possible to price ambiguity directly while remaining within
the same equilibrium logic.

Finally, equation (85) suggests a useful interpretation of (7). It measures the
marginal change in pricing tilt induced by a unit change in ambiguity. The larger the
ambiguity gap A; — A, the larger the wedge in valuation, and hence the larger the
compensation required in equilibrium. In this way, second-order uncertainty enters
asset pricing through the same structural channel as disagreement: a distortion in

relative marginal valuation around a common benchmark.

12.6 Concluding Remarks

The Ellsberg paradox has long stood as one of the clearest challenges to standard
expected utility theory, because it reveals that agents care not only about outcomes
and first-order probabilities, but also about the informational structure underlying
those probabilities. The framework developed in this section provides a tractable
resolution by introducing ambiguity as an epistemic premium rather than as a
breakdown of rational choice.

The central object is the ambiguity premium A, which captures the additional
effective uncertainty generated by unresolved second-order beliefs. This premium
does not alter primitive preferences directly; instead, it modifies the informational
environment in which expected utility is evaluated. Once weighted by the risk-
sensitive coefficient A(y), it yields a simple and economically interpretable criterion
for ambiguity aversion, neutrality, or seeking. In this way, the Ellsberg paradox
appears not as an anomaly requiring a rejection of expected utility, but as a special
case of information-adjusted utility under incomplete knowledge.

The section also shows that A can be derived endogenously from a probabilistic
model of second-order beliefs. Using a Beta prior over unknown Bernoulli param-
eters, the ambiguity premium emerges as a Jensen gap and can be computed in

closed form. This gives the framework empirical discipline: ambiguity is no longer
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an abstract preference primitive, but a measurable feature of the informational
structure faced by agents.

Finally, embedding ambiguity premia into the information-based stochastic
discount factor connects the Ellsberg problem directly to asset pricing. Differences
in ambiguity premia across agents generate valuation wedges that are formally
analogous to disagreement wedges in the broader thesis. The result is a unified
entropy-based pricing kernel in which first-order disagreement and second-order
ambiguity are treated within the same structural logic.

Taken together, these results provide a minimal yet sufficient resolution of
the Ellsberg paradox. They preserve coherent preferences, additive probabilities,
and Bayesian structure, while allowing unresolved uncertainty itself to matter
for valuation and choice. In this sense, the contribution of the section is not to
abandon standard decision theory, but to refine it so that it can accommodate

ambiguity in a disciplined and economically meaningful way.
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13 Belief Convergence as a Microfoundation for Informational
Efficiency

This section develops a dynamic theory of belief convergence in environments where
no new information arrives. Its central contribution is to provide a microfoundation
for informationally efficient markets. Rather than assuming efficiency from the
outset, as is common in much of asset-pricing theory, we show how efficiency can
emerge endogenously as the limiting outcome of rational updating, common pricing
discipline, and the progressive erosion of disagreement.

The key idea is simple. When agents stop receiving fresh signals, they can no
longer sustain arbitrarily different belief wedges without economic cost. Probability
mass is not created; it is only redistributed across states. Under a common
benchmark discipline, this process compresses relative distortions, gradually aligns
subjective valuations, and drives prices toward their no-arbitrage benchmark.
Informational efficiency is therefore not a primitive assumption, but an asymptotic
property of a system in which disagreement cannot rationally persist forever in the
absence of new information.

The section proceeds in four steps. First, we define disagreement as the
benchmark-invariant wedge between agents’ beliefs and formalize price-consistent
updating. Second, we model the no-signal regime through a common Fokker—
Planck discipline that conserves informational mass while contracting relative
entropy. Third, we show that this contraction has a direct pricing implication: the
informational wedge in the stochastic discount factor disappears asymptotically, so
market prices converge toward the benchmark valuation rule. Finally, we study
the role of risk aversion and the special case in which the limiting benchmark is

also the maximum-entropy distribution.
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13.1 Framework and Price-Consistent Belief Dynamics

Disagreement as the dynamic object. Let 7;; and 7;; denote two agents’
subjective beliefs over a common state space S at date t. Define the benchmark-

invariant disagreement wedge

Kiji(s) = 10g(;ﬁ8>, m?i‘nj(S) = Z;ig = exp(nij,t(s)).

Convergence of disagreement means k;;.(s) — 0 for all s, equivalently

m?ilnj(s) — 1,
so that the relative state-tilt between agents disappears over time. At the pricing
level, this is the relevant dynamic object: convergence is not merely the movement
of each belief in isolation, but the gradual elimination of the wedge that separates

one agent’s valuation from another’s.

Learning from prices. A convenient microfoundation for belief dynamics is an
iterated learning rule in which agent ¢ updates a prior n;; into a posterior 7; ;11

after observing the market price P;:

Nig ————* Nit+1 -
~— observe P, ——
prior posterior

A tractable reduced-form representation is the KL-regularized projection

NMit+1 = arg min {DKL(UHm,t) + TC(Pt7 77)}7 T >0, (86)
neEA(S)
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where C(P,,n) penalizes price inconsistency. A convenient specification is the

squared pricing-error cost

~ ~

Chun) = g (P-PO)) s PO)=Bfoo)), R=Plva, &~ N0
(87)

Repeated price-based updating therefore generates a mean-reverting pull toward

a price-consistent benchmark. In this sense, prices discipline beliefs: they do not

determine them mechanically, but they compress belief configurations that are

persistently inconsistent with the common no-arbitrage structure.

Bayesian learning as a finite-signal foundation. The reduced-form step
above can be interpreted as a disciplined approximation to Bayesian learning. Let
s denote a sequence of signals with likelihood £(s; | s), and suppose agent i updates

beliefs by Bayes’ rule:

() ls ] s)
Met(8) = () (51 | 9 (88)

If the signal process is asymptotically identifying and all agents observe the same
signal sequence, then posterior beliefs converge toward a common benchmark .
If the signal flow stops after some finite date T' < oo, Bayesian learning alone no
longer moves beliefs after T'; but the no-signal discipline introduced below provides
a continuation dynamics that regularizes residual disagreement and pushes beliefs

toward a common invariant benchmark.

13.2 No-Signal Dynamics, Conservation, and Disagreement Contrac-
tion

A common no-signal discipline. Assume that, after the last relevant signal

has arrived, both beliefs evolve under the same Fokker—Planck operator

Oumis(s) = V- (Als, ) ma(9) + 5 V(B s 0 mals), b€ finh, (89)
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with no-flux boundaries.

Meaning of the notation. Equation (89) describes the evolution of a belief
density over the state space. Here ng.(s) is the probability weight assigned by
agent k to state s at time ¢; Opni¢(s) is its time derivative; A(s,t) is the drift term,
capturing the systematic directional component of belief revision; and B?(s,t)
is the diffusion coefficient, capturing local variance or adjustment noise in the
updating process. The operator V- (-) measures net probability outflow from
a neighborhood of the state space, while V?(-) is the Laplacian and captures
local spreading of probability mass. In one dimension these reduce to ordinary
derivatives with respect to the state coordinate.

The Fokker—Planck equation is therefore a law of motion for beliefs: drift
transports probability mass in a systematic direction, while diffusion spreads it
locally across nearby states. Because the equation is written in conservation form,
it does not create beliefs ex nihilo; it only reallocates existing probability mass

across states.

Informational mass conservation. Under no-flux boundaries, each belief

conserves total mass:

d o
%/Snk,t(s) ds = 07 ke {Z7j}'

Economically, this means that updating does not create new probability. In the no-
signal regime, learning is therefore a process of redistribution rather than invention:
disagreement can be reshaped, transported, and smoothed across states, but it
cannot be sustained indefinitely by a fresh source of informational asymmetry. In

this precise sense, what is conserved is informational mass.
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Continuity form and informational flow. In one dimension, (89) can be

written in continuity form
1
Om(s. ) +0ud(s,t) =0, J(s,t) == Als,t)(s.t) — 5 0{(B*(s,t)n(s,t)). (90)

The current J(s,t) measures the net flow of probability mass across states. The
first component, A(s,t)n(s,t), is directed transport induced by systematic learning,
while the second, —% 0(B?n), is diffusive spreading induced by local uncertainty
in adjustment. This representation makes the economic mechanism transparent:
beliefs evolve by moving probability mass through the state space, not by changing

the total amount of probability assigned.

Drift discipline and benchmark convergence. Conservation alone does
not guarantee convergence. The crucial economic content lies in the discipline
embodied in the drift term A(s,t). In the no-signal regime, drift pulls beliefs
toward a benchmark-compatible region of the state space, while diffusion governs
how noisy or dispersed that adjustment path is. Conservation prevents arbitrary
jumps in aggregate probability; drift determines the direction of motion; diffusion

determines the roughness of the trajectory.

Proposition 3 (Disagreement contraction under a common no-signal discipline).
Assume the common dynamics (89) are ergodic and admilt a unique invariant

distribution v. Then
Nit — VU, Njt —> VU as t — 00,

and therefore

Kiji(s) = 10g(m> — 0 forallseS.
7

Equivalently,

m?ilnj(s) = exp(/iiit(s)) — 1.
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Moreover, relative entropy

(S
Dy = Dy ( nzt”%, /77zt 10g<77 t( )> ds
77]75(3)

is mon-increasing along the common no-signal dynamics.

Reduced-form local decay. Near the invariant benchmark, a convenient

reduced-form implication is exponential decay of the disagreement wedge:
/{mt(s) ~ I{i]"[)(S)G_qbt, ¢ > 0. (91)

Equation (91) should be read as a local approximation or benchmark law of motion,
not as a primitive theorem. Economically, it captures the idea that state-by-state

belief ratios mean revert toward 1 once no new information sustains divergence.

13.3 From Disagreement Convergence to Informationally Efficient

Markets

Pricing implication: convergence of relative valuations. Since the endoge-

nous InSDF factorizes as

my(s) = m¢ (s) eXp(mj,t(s)),

Proposition 3 implies that, absent new information, the disagreement wedge
vanishes asymptotically and pricing collapses to the benchmark kernel m¢(s). In

that limit, subjective valuations converge toward common no-arbitrage valuations:
Vi(A) = P(A),  Vj(A) = P(A).

This is the key efficiency result of the section. The efficient-market benchmark

is not assumed; it is recovered as the limiting situation in which belief wedges
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have been compressed to zero by common updating discipline. In that sense,
informationally efficient markets arise from the dynamics of convergence themselves.
Prices become efficient not because agents were assumed to agree from the beginning,
but because, in the absence of fresh informational asymmetries, they cannot

rationally disagree forever.

Why efficiency emerges. The mechanism has three layers. First, common
prices discipline beliefs through repeated consistency checks. Second, the no-signal
conservation law prevents the indefinite creation of new informational wedges.
Third, ergodic drift discipline pulls all surviving beliefs toward the same invariant
benchmark. Together, these forces imply that informational distortions are self-
compressing. The market therefore approaches an efficiency limit in which prices
reflect the common informational benchmark and no persistent relative pricing

wedge remains.

Irreversibility and the arrow of time. This gives the process an intrinsic
direction. In the absence of fresh signals, persistent disagreement cannot be
maintained indefinitely without economic cost. To move away from the benchmark
once learning has compressed the wedge, an agent must either absorb expected
portfolio losses or sustain positions vulnerable to arbitrage by agents whose beliefs
are closer to the common pricing discipline. In that precise sense, convergence
is effectively irreversible under no new information. Arbitrage can therefore be

understood as a temporary rebellion against the arrow of time.

13.4 The Role of Risk Aversion in the Convergence Process

Risk aversion plays a dual and nontrivial role in the dynamics of belief convergence.
It influences both the shape of the agent’s target belief distribution and the speed

at which the agent updates toward that target.
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Higher v flattens optimal beliefs. In Paper 1, higher risk aversion leads to
flatter optimal belief distributions and therefore to higher entropy. Risk-averse
agents assign greater value to informational neutrality and penalize highly concen-
trated belief mass. In that sense, they are entropy-seeking: they prefer smoother

belief profiles because those profiles reduce exposure to surprise.

Higher v can also slow adjustment. Within the Fokker-Planck representation,
dispersion of the updating path is governed by diffusion B2. A natural reduced-form
mapping is

B(s,1) o i (92)

so that higher v corresponds to lower diffusion and more cautious updating. Under a
common drift discipline, more risk-averse agents may therefore target flatter beliefs
while adjusting toward them more slowly. This creates endogenous informational
inertia.

The two effects operate in opposite directions: greater risk aversion pushes
agents toward higher-entropy beliefs, but may also make their path toward the
common benchmark more conservative. This helps explain why agents may agree
on the long-run desirability of informational symmetry while reaching it at different
speeds.

The simulation below illustrates how disagreement, entropy, and relative pricing
evolve over time for agents with different levels of risk aversion. Consistent with
the theoretical discussion, higher v tends to flatten target beliefs but slows the

speed of convergence toward the common informational benchmark.
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Convergence Dynamics under Informational Stasis
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Figure 10: Belief convergence, entropy, and relative pricing under different levels
of risk aversion. The figure illustrates how disagreement wedges compress over
time, how entropy evolves along the convergence path, and how the relative pricing
kernel tends toward unity. Higher risk aversion generates flatter target beliefs
but slower adjustment, creating endogenous informational inertia even though
convergence eventually occurs.

As a portfolio-level implication of the same convergence mechanism, the next
figure shows that entropy-adjusted allocations move progressively toward the

benchmark CAPM portfolio as ambiguity premia shrink through learning.
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Distance of Entropy-Adjusted Weights to CAPM Weights

0.35 1

(.34 -

033 1

[ W™ — w2

032 1

031 -

0 5 50 ] 104 125 150 175 200
t

Figure 11: Distance between entropy-adjusted portfolio weights and the CAPM

benchmark over time. The horizontal axis t represents simulated periods, while

the vertical axis reports the Euclidean distance ||w™ — w APM||,. Here w M =

5~!(u/7) is the benchmark CAPM allocation and wi™ = X~ (u/y — $hy) is the
entropy-adjusted allocation implied by the time-varying ambiguity premium A,.
The data are simulated: A; is generated through Bayesian updating of a Beta
prior over an unknown Bernoulli parameter, while the distortion term h; is scaled
from a Monte Carlo covariance between simulated returns and an informational
shock. The figure illustrates how, as learning reduces ambiguity, entropy-adjusted
allocations converge toward the benchmark CAPM portfolio.

This result complements the preceding convergence dynamics. The disappear-
ance of informational wedges is reflected not only in beliefs and relative pricing
kernels, but also in portfolio choice. As second-order uncertainty declines, the
entropy-adjusted allocation converges toward the standard CAPM benchmark, re-
inforcing the interpretation of market efficiency as an endogenous limiting outcome

of the model.

13.5 Symmetry, Maximum Entropy, and the Special Uniform Bench-

mark

The general convergence result above delivers convergence to the invariant bench-

mark . A special and economically important case arises when no signal breaks
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symmetry across states and the benchmark itself is uniform:

1

os) = g HE@) =log|S]

In that case, convergence to the benchmark also implies convergence to maximum

entropy:

H(e) T H(@).

As shown formally in Appendix B.7, in a finite state space the uniform distribu-
tion is the unique symmetric belief and the unique maximum-entropy benchmark.
Hence, in the no-signal symmetric case, convergence toward the benchmark coin-
cides with convergence toward maximum entropy.

Thus, the uniform benchmark is the symmetric efficiency limit of the no-signal
regime. Disagreement disappears, informational premia vanish, and the market
converges toward the highest-entropy configuration compatible with the absence of
exploitable structure.

More generally, beliefs converge to the unique invariant benchmark v; only
when the benchmark itself is uniform does convergence coincide with maximum
entropy in the literal sense. This distinction is important. Efficiency does not
require uniformity in general. What it requires is convergence toward a common

benchmark under which relative informational wedges vanish.

13.6 Summary and Conclusion

In the absence of new information, belief convergence is not accidental. It is
the product of deep internal forces: Bayesian learning, price-consistent updating,
conservation of informational mass, and common drift discipline. As time passes,
informational asymmetries dissolve not because they are assumed away, but because
they become increasingly difficult to sustain within a rational pricing system.
The central implication is that informationally efficient markets can be under-

stood as a dynamic limit rather than as a primitive axiom. When fresh informational
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asymmetries stop arriving, disagreement wedges contract, subjective valuations
align, and prices converge toward the benchmark no-arbitrage valuation rule. In
this sense, the section provides a formal route through which efficiency can emerge
endogenously from within the belief system itself.

This convergence process reveals that the key conserved quantity in the system
is not capital, not probability mass, but information. With no arrival of new
signals, agents are left to process and refine their existing priors. In doing so, they
gravitate toward informational symmetry — the most agnostic, least surprising
belief distribution consistent with the constraints they face.

The role of entropy is also clarified. Entropy is not the benchmark in every
case; the general benchmark is the invariant distribution v. But in the special sym-
metric case, the two coincide, and convergence to the benchmark is simultaneously
convergence to maximum entropy (see Appendix B.7 for the formal finite-state
argument). This gives a precise meaning to the idea that, absent new information,
markets move toward informational neutrality and pricing symmetry.

Agents are therefore not forced to agree by assumption. Rather, given enough
time and no new signals, they cannot rationally disagree forever. That is where
efficiency comes from: not from an arbitrary postulate, but from the endogenous

compression of disagreement under a common informational discipline.
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14 Final Remarks

This paper has developed a unified asset-pricing framework in which disagreement,
ambiguity, and informational structure are treated not as peripheral frictions,
but as central determinants of valuation. By extending classical models with
entropy-weighted and information-adjusted preferences, the analysis shows that
heterogeneity in beliefs is neither mere noise nor a temporary anomaly. It is a
systematic and quantifiable force that shapes prices, trading activity, and equi-
librium risk premia. The paper’s first contribution is to show how disagreement
can be embedded tractably into canonical pricing environments. In the binomial
setting, the k-tilted extension of the Cox—Ross-Rubinstein model makes clear
that disagreement does not price assets in isolation. Rather, it distorts valuation
around a common benchmark measure. This preserves the no-arbitrage logic
of the classical model while allowing subjective beliefs to affect state weights,
option values, hedging positions, and ultimately market activity. In this way,
the framework provides a disciplined explanation for why heterogeneous beliefs
may generate trading volume and liquidity even when prices remain internally
consistent. The second contribution is the development of the Information CAPM
(InCAPM), which extends the benchmark market-risk framework by introducing
an informational channel of systematic risk. The informational beta captures an
asset’s exposure to disagreement-intensive states, while the associated informa-
tional premium measures how strongly such exposure is priced in equilibrium.
This yields a richer interpretation of the Security Market Line: expected returns
depend not only on covariance with the market benchmark, but also on exposure
to belief dispersion and informational asymmetry. The model therefore offers a
natural way to interpret empirical deviations from the sharpest CAPM predictions,
including flatter average SMLs and regime-dependent variation in its slope. The
third contribution is to show that ambiguity can be incorporated into the same

structural framework. By introducing the ambiguity premium A, derived from
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second-order uncertainty over first-order probabilities, the paper provides a minimal
and coherent resolution of the Ellsberg paradox. Ambiguity aversion emerges not
from abandoning expected utility, additive beliefs, or Bayesian structure, but from
recognizing that unresolved uncertainty about the probability model itself carries
an epistemic cost. When embedded into the stochastic discount factor, differences
in ambiguity premia across agents generate valuation wedges that are formally
analogous to the disagreement wedges studied elsewhere in the paper. This unifies
first-order disagreement and second-order ambiguity within a single entropy-based
pricing logic. A further implication of the framework is dynamic. Once conver-
gence is brought into the analysis, informational efficiency no longer needs to be
assumed ex ante as a primitive property of markets. Instead, it can be understood
as an endogenous limit of the model. In the absence of new information, belief
wedges compress over time under common pricing discipline, subjective valuations
align, and relative distortions in the pricing kernel disappear. Informationally
efficient markets thus emerge as the long-run outcome of disagreement convergence
rather than as an imposed axiom. This provides a microfoundation for efficiency
within a setting that begins explicitly from heterogeneous beliefs. Taken together,
these results offer a broader interpretation of informational risk in financial mar-
kets. Prices are shaped not only by fundamentals and intertemporal substitution,
but also by the way agents form, distort, and eventually reconcile beliefs. The
framework developed here therefore builds a bridge between subjective probability
formation and objective market outcomes. It opens several directions for future
work, including empirical estimation of informational betas, the study of ambiguity
premia in derivative markets, and the role of belief convergence in macro-financial
stability. More generally, it suggests that many classical asset-pricing relations can
be reinterpreted as limiting cases of a richer informational structure in which dis-
agreement and ambiguity are disciplined, priced, and ultimately resolved through

market dynamics.
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15 Extensions and Future Work

The framework developed in these two papers opens several natural avenues for
future research. The model is intentionally tractable: disagreement, ambiguity, and
informational premia are introduced in a way that preserves analytical transparency
and close contact with classical asset-pricing benchmarks. Precisely for that reason,
the next step is not only to refine the theory further, but also to expand its
empirical and computational scope.

A first extension concerns empirical validation. The central challenge is to
identify observable and economically meaningful proxies for disagreement and
ambiguity that can be mapped into the model’s informational wedges. A natural
starting point is the existing disagreement literature, which has used analyst
forecast dispersion, short interest, trading volume around information events, and
option-market activity as proxies for belief heterogeneity. Particularly promising for
the present framework are option-based measures, since option prices are inherently
forward-looking and often reveal asymmetries in beliefs more directly than spot-
market variables. Put—call imbalances, option-implied skewness, synthetic long—
short disagreement measures, and more recent model-free measures of option-
implied belief dispersion appear especially relevant candidates for estimating
the informational beta and testing whether disagreement premia are priced in
equilibrium.

A second extension concerns higher-dimensional state spaces and non-closed-
form solutions. The current analysis deliberately focuses on low-dimensional
environments in order to preserve closed-form intuition. Yet many of the mecha-
nisms developed here—especially those involving heterogeneous beliefs, ambiguity
premia, and convergence dynamics—are likely to be even more relevant in richer
settings with many states, many assets, and many interacting agents. In such
environments, closed-form derivations may no longer be feasible, and the natural

next step is to rely on simulation-based and machine-learning methods. Deep

162



neural networks, sequence-space methods, and other numerical tools from modern
computational economics provide a promising route for solving high-dimensional
equilibrium problems in which informational wedges evolve jointly with prices,
allocations, and beliefs.

A third extension concerns market microstructure, liquidity, and segmentation.
One of the appealing implications of the present framework is that disagreement
generates trading activity without requiring arbitrage opportunities. This suggests
a richer interaction between informational wedges and market structure than has
been explored here. Future work could study how disagreement and ambiguity
interact with short-sale constraints, dealer balance-sheet capacity, option market
segmentation, or liquidity frictions. Such an extension would connect the model
more directly to the empirical evidence showing that disagreement often manifests
itself through volume, spreads, and differential pricing across trading venues and
asset classes.

A fourth extension concerns dynamic convergence and informational efficiency.
Once convergence is interpreted as an endogenous implication of the model rather
than as an external assumption, one can study more systematically how informa-
tional efficiency emerges, breaks down, and is restored. This opens the door to
dynamic empirical tests: for example, whether disagreement premia compress after
major public announcements, whether ambiguity premia decline with learning,
and whether the speed of convergence varies systematically with market stress,
volatility, or the composition of investors. In this way, the framework could provide
a bridge between static asset pricing, belief dynamics, and the broader question of
how markets become informationally efficient over time.

Finally, a broader extension concerns cross-market applications. While the
present paper focuses mainly on equities, options, and stylized portfolio settings,
the same informational logic may be relevant in other markets where beliefs are
heterogeneous and model uncertainty is central. Credit markets, macro-financial

forecasting, and term-structure applications all appear promising in this respect.
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More generally, the framework suggests that many observed pricing anomalies may
be reinterpreted not as isolated empirical irregularities, but as manifestations of
disagreement and ambiguity operating through a common informational channel.

Taken together, these extensions point in the same direction. The contribution
of the present paper is to show that disagreement and ambiguity can be incorporated
into asset pricing in a disciplined and tractable way. The next stage is to test,
scale, and generalize that logic: to measure informational wedges empirically, to
solve the model in higher-dimensional settings, and to study how disagreement,

ambiguity, and efficiency interact in real markets.
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Appendices

A Appendices to Part I: The Model

A.1 Derivation of the Entropy-based SDF

To lighten notation we drop the agent subscript and write n = ;. Let S =
{s1,...,sn} be a finite state space. Fix a reference benchmark claim with state log

return

7”5& (s) :=log REH (s),

and let 78 denote the external pricing anchor (benchmark requirement).

The problem is

arg min Y _7(s) 1H(Z(3>

n(s)>0

seS
st Y on(s) =1,
seS
> n(s)ria(s) =77,
sES

where 7 is the benchmark reference measure.

Introduce Lagrange multipliers Ay, A\; € R. The Lagrangian is

L= n(s) ln(ggzD + )\0< > n(s) — 1) + )\1< S n(s)ria(s) — fB>.

seSs seS seS

The first-order condition for each s is

oc
~1 7_7<S>> 1+ Mo+ M (s) = 0
on(s) n<"(S) 14 Ao+ Aariy(s) )
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hence

n(s) = v(s) exp( —1—X— Alril(s)).

Imposing normalization yields

1= "ns)=e"Y b(s)e “Mrals),

seS seS

Define the partition function

Z() =Y (s) e M),

seSs

Then

1
S I —
Z(A1)

Substituting back, the optimal distorted distribution is

The implied likelihood ratio (Radon-Nikodym derivative) is

B (s)
m"(s) = (s) _° o

v(s)  Z(M)

Finally, ); is determined by the anchor constraint Y-, n(s)rf(s) = 72, ie.

B 2.seS v(s) e~ Mrinle )thil - — M
= Z00) => i (s)rf(s Uy (s) = Z00)

seS

Remark (absorbing the normalizer). The optimal belief can be written as

n(s) = v(s) exp( —1— ) — Alrﬂl(s)>,

where
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Equivalently, defining Ay := 1 + X\ + log Z()\;), we may write

n(s) = v(s) exp( — X — )\17"5_1(3))-

This is a purely algebraic reparametrization: the probability vector n is unchanged,

and identification of A\; is unaffected.

A.2  Verification of kernel properties

Let

e—)\lril(s)

mﬁ\ﬁ(s) = W, Z(/\l) = ;D(u) =M (u )’ 77(5) — 17(8) mn\u(s>.

1) Positivity. Since e "1 > 0 and Z(\;) > 0, we have m"l”(s) > 0 for all

S.
2) Normalization.
~ . 1 _ A B Z (A1)
(s)m™ (s) = p(s) e M) = =1.
2 700 % Z0)
3) Anchor consistency.
Z 7(s)m"” (s Tt+1 Z n(s Tt+1 =B,
ses ses
4) Monotonicity and uniqueness of \;. Define
_ (s)e M)
Uy (8) 18 Uy (8) = ————
g 1 t+1 Z()\]_)
Then

f'(\) = = Vary, (rf,) <0,
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with strict inequality whenever Tg_l is non-degenerate under vy,. Moreover,

) =migrea(s). - fim FOu) = mageria o).

Hence for any 7% in the convex hull of {r2,(s) : s € S} there exists a unique X

such that f(\) = 7.

A.3 Decomposition of a disagreement price premium

Let v be a benchmark measure and 7 an alternative belief, with RN derivative

m" (s) = ZZ(S) = Zg;

Let D(s) denote the benchmark discounting term used in pricing (e.g. D(s) =

R7Y(s) or D(s) = m;;1(s)). Define the benchmark price functional

PY(A) :=> v(s) A(s) D(s), P(A) :=> n(s) A(s) D(s).

SES SES

Then the disagreement premium is

P(A) = P*(A) = X (n(s) = v(s)) A(s) D(s)
= > w(s) (m"(s) — 1) A(s) D(s).

Since Y ,eg v(s) m"¥(s) = 1, we may write the premium as a covariance under v:
P7(A) — PY(A) = Cov, (m”"’(s), A(s)D(s)).

In particular, assets whose discounted payoffs A(s)D(s) covary positively with
the likelihood ratio m"¥(s) command a positive disagreement premium under 7

relative to v.
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A.4  Derivation of Entropy-Augmented Utility

We derive the entropy-augmented expected-utility representation used in the main

text. Let

Zps (ws,) log ps.

The target reduced-form representation is

E,[U(w,,p)] = Ep[U(w,v)] — A(v) HY(p).

Consider the KL-disciplined objective

pEA

If ¢(i) = 1/n, then

Dxw(pllq) = logn — H(p), Zp log p(7)

so the objective is equivalent, up to a constant, to

Zp u(z;) + aH(p).

The first-order condition gives the exponential tilt

169

max{Zp u(; _aDKL(pHQ)} Dxu(plla) = Zp log—z).

(93)

(94)



which implies the standard second-order approximation

=1 o

and for 7 := E,[z],
Var, (u(x)) ~ (u’(a_:))QVarq(as), u'(z) =z,

Hence

2_p (Dulr:) = u(@) - 21;5—27 Var, ().

(07

Using utility-weighted entropy, a parsimonious sign-consistent mapping is
)\(")/) = )\0’}/, Ao > 0, (95)
so entropy is penalized for v > 0, neutral at v = 0, and rewarded for v < 0.

A.5 Derivation of Utility-Maximizing Subjective Probabilities

We derive the optimal belief distribution 7] when beliefs are choice variables and
preferences enter through an information-weighted objective.

Fix agent ¢ and write U;(s) := U;(w;(s),7;). Consider

A= {Th' 1ni(s) 20, Y _mils) = 1},

ses

and the program

max Y _ n;(s) Us(s) (1 + a; log ni(s)>, a; > 0. (96)
es

MmEA .
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The Lagrangian is

L(n;,0;) Zm <l-l—0z,10g77Z ) <an )

seSs seS

The first-order condition is

U(s)(1+ au + ailogmi(s)) = 6, (97)
Hence
Qi 1 + «;
log 1:(s) = _
og 7i(s) olie) o (98)
SO
(s) = exp( =) exp< QU/(O‘)) . (99)
Define
0;
T 7 — —.
Q;
Then
n;(s) = exp (— ! Ziai) exp(U:ZS)> : (100)

Imposing normalization and defining

Z; —ZGXp( ()> (101)

u€esS
we obtain

n(s) = lep(U(w(m) | (102)

A.6 Full Derivation of the Endogenous InSDF

This appendix derives the endogenous entropy-based stochastic discount factor

(InSDF).
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Let

with

; Z, :
3 (s) = " eXI;(u;( JS)>,

Z =" 0(s) exp( f&) .

seS

Define the disagreement wedge

Equivalently,

k(s) == log<§z> +— A

miln (S)

n;(s) 7 ( A Aj >
=< = exp| —— — .
nj(s) Z; w

Introduce consumption growth

prr1(s) = log (Cta(s)> 5

and the benchmark consumption kernel

c

My (s) =6 exp( =7 praa(s)).

Then the endogenous InSDF is

mi11(8)

— 2 C
.— mt+1

() m™m (s) = 6 exp( =7 praa(s)) exp(r(s)).
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For any traded asset A with gross return R{},(s), the Euler restriction is
E} [ms1(s) R4 (s)] = 1. (108)
Equivalently,

E7 |3 exp(( =7 pra(s)) exp((s)) Riba(s)] = 1 (109)

If n; = 7, then x(s) = 0 and the restriction collapses to the standard benchmark

consumption Euler equation.

B Appendices to Part II: Applications

B.1 From the Common Reference Measure v to the s-Tilted Bino-

mial Measure and SDF

This appendix derives the x-tilted binomial pricing measure used in the main text
and shows its associated stochastic discount factor representation. The logic follows
the same sequence as in Paper 1 (see Munoz-Alonso (2025)). We begin with the
common reference measure v, project it onto the no-arbitrage set to obtain the
benchmark binomial pricing measure v*, and then introduce disagreement as a

relative state-dependent tilt around that benchmark.

1. Optimal beliefs relative to the common reference measure v. In
Paper 1, agent i’s optimal subjective belief over a finite state space S is derived

relative to the common reference measure v and takes the form

v(s) eXP(Ti/Ui(S))
Swes v(') exp(ri/Ui(s"))

ni(s) = se s, (110)
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while for agent 7,
v(s) exp(7;/U;(s))

B = ea{m )

(111)

Here 7 is the common benchmark belief, U;(s) and U;(s) are the agents’ state-
contingent utility objects, and 7;, 7; are the corresponding information-cost multi-
pliers.

Taking the ratio of (110) and (111) yields the relative likelihood ratio

Z}Eg = exp(/iij(s)>, (112)
where
Kij(8) == log<g) + U;(is) - U]-Tgs)’ Zy = S% E(s’)exp(Tg/Ug(s’)), (113)

2. From 7 to the no-arbitrage benchmark v*. In the one-period binomial

model, the state space is S = {u, d}, with gross risky returns
p(u) = u, p(d) =d, u>d>0,

and gross risk-free return ps. The benchmark pricing measure v* is obtained by

projecting v onto the set of measures satisfying the CRR martingale restriction:

vt = argymin > w(s) log(ZEii) st Y v(s)=1, > w(s)p(s) = py.
o (114)

The solution is the exponential tilt

ﬂ(s)efAﬁp(s)

Yvequay V(s e o) (115)

vi(s) =

In the two-state CRR setting, this projection reproduces the standard benchmark
probability

q = vVi(u)=¢q", v(d)=1-¢" (116)




3. Disagreement as a tilt around v*. Once the benchmark pricing measure

v* is fixed, disagreement between agents ¢ and j induces the tilted measure

v*(s)eris(®)

= ZS,G{wd} U (Sl)efiij(sl) .

(117)

4. The disagreement-adjusted up-state probability. Applying (117) to the

up state gives
q*eﬁij(u)

Ur,ij = Vij (u) - q*emj(u) + (1 - q*)eﬁij(d)‘ (118)

Substituting (113) into (118), the constant term log(Z;/Z;) cancels under normal-

ization. Therefore

7 eXp( T T fu))

(119)

Qkij =

5. Reduced-form scalar tilt. For numerical work and figures, it is convenient
to summarize the state dependence in a scalar parameter x. A simple specialization
is

Kij(u) = k1nu, kij(d) = klnd. (120)
Substituting (120) into (118) gives

* KkInu *, K
qe q u
k= = . 121
q q*enlnu + (1 _ q*)enlnd q*un + (1 _ q*)dn ( )

6. The associated stochastic discount factor. The disagreement-adjusted
stochastic discount factor is the benchmark CRR kernel multiplied by the likelihood-

ratio wedge:

1 dve 1 eii(s)
mi(s) = — —2(s) = — —. (122)
J Pf dv* Ps Zs’e{u,d} y*(3/>el-€z](s)
Therefore any one-period payoft X, is priced according to
1
Py(X) = Ey[mi(s)X1(s)] = p” Eye [X1]. (123)
!
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7. Nesting of the CRR benchmark. If disagreement vanishes, or more

generally if it is identical across states, then

rij(u) = kij(d),
and equations (118)—(119) collapse to

Qryij = 4 -

Hence vf; = v* and mf;(s) = 1/py.

B.2 Derivation of the Information CAPM (InCAPM)

This appendix derives the Information CAPM (InCAPM) reported in Section 11.
The logic is the same as in the CRR extension of the previous section, but the
benchmark object is now different. In the CRR model, disagreement distorted
valuation around the no-arbitrage binomial benchmark. Here, disagreement distorts

valuation around the benchmark market return channel.

Step 1: The full stochastic discount factor has two sources of risk. The

InCAPM stochastic discount factor is

mer(s) = (ij) GXp(K,t’T(S)) exp(—TMpM(s)), (124)

Step 2: Euler equation for the asset being priced. For any asset A, with

state-contingent return R{}T(s), the Euler equation is

1= E{ [myr(s) Rz (s)] - (125)

Step 3: Isolating the informational component. Define

my(s) = ((i) exp(mtyT(s)). (126)
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and

Ya(s) = e B0y emmany, (127)
The informational pricing condition is
Ef[m;(s) Ya(s)] = L. (128)
Step 4: Covariance decomposition. Applying covariance decomposition yields
E[m}] E[e*TARéT(S)} + Cov(mf, e*TARéT(SD =1 (129)
Since the risk-free benchmark is constant across states,
E[my] e ™1 =1, E[my] = e™#7. (130)
Hence

El:efTARﬁT(S)} — e TAPF — _ 7 TAPF Clov (771;;7 eiTARﬁT(S)) . (131)

Step 5: Informational beta. Define

Cov (mf, e_TARfT(S)) 139
Step 6: Defining the disagreement-linked payoff. Define
e = mi(s), (133)
so that
1 d;
pi(8) = —— |log| = | + ker(s)] - (134)
TA 0;
Then
E[e‘”p“(s)} — e TAPf = — e TP Var(my). (135)

177



Step 7: The Information CAPM. Dividing gives

E{G*TARQT(S)} e = B (E {G_TAM(S)} _ e—TApf> . (136)

B.3 KL-Minimizing Aggregate Benchmark under Heterogeneous

Beliefs

This appendix derives the aggregate benchmark distribution that minimizes the
weighted average Kullback—Leibler distance from individual beliefs. The result is
used in the main text to motivate the endogenous benchmark interpretation of
prices under disagreement.

Suppose agent 4 holds subjective beliefs p;(n) over a finite state space n € N,

and let w; denote the relative market weight of that agent, with ", w; = 1. Consider

mqin L(q) =Y _w; > pi(n)log (PZ(TZ)) s.t. > q(n) =1. (137)

i neN q(n) neN

The first-order condition yields

q¢"(n) = szpz(n) (138)

B.4 Link to the Entropy-Augmented Utility of Paper 1

The full derivation of the entropy-augmented utility representation is developed in
Paper 1 and is not repeated here. For the purposes of the present section, we use

only the reduced-form result that information-adjusted utility can be written as

Uy (z; P) = Eplu(z)] = A(y) H(P),

where u(z) is primitive Bernoulli utility, P is the first-order predictive belief, H(P)
is the effective uncertainty associated with that belief structure, and A(y) maps

epistemic uncertainty into utility units. In the Ellsberg application, the only
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additional object is the ambiguity premium A, which enters through

H(PA) :1H2+

A,

H(PR) =1In2.

B.5 Closed-Form Derivation of the Ambiguity Premium A(«, )

Let

© ~ Beta(a, f),

P©O)=(6,1-96),

so that the agent entertains a second-order distribution over Bernoulli laws. The

predictive distribution is

Py =E[P(O)]

The ambiguity premium is

e
S \a+pBa+8)

A(a, B) = H(Pa) — Eo|H(P(0))] .

The predictive entropy is

For ©

Hence

(07

s

B

H(P4) = _ai610g<o¢

~ Beta(a, ),

E[©1log ©] =

«

E[(1—-©)log(l1—-0)] =

(%

B
+ 0

)

— 1
a+ 0g<a+

o« o B s
A, B) __a—|—510g<a—|—6> — a+ﬁlog<&+5>
—¢m+ﬁ+n+ai5wa+n+afﬁ
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i)

“ﬂ(wa+n—wm+ﬁ+m)

(wﬂ+w—wm+ﬁ+n)

Y(B+1).

(139)

(140)

(141)

(142)

(143)



B.6 Equivalence Between the Ambiguity-Based and Information-

Based SDFs

This appendix clarifies the structural equivalence between the ambiguity-based
pricing kernel developed in the Ellsberg section and the information-based stochastic
discount factor of Munoz-Alonso (2025).

Recall the information-based disagreement kernel:

mi(s) :exp< *Tl - *Tj ) (144)

u;(s) Uj(s)

The ambiguity wedge is

/f% = A7) (A; — Aj). (145)
The baseline kernel is
m\? 1= o exp(—T pt+1) (146)
71,0+ 5]' P )

and the ambiguity-adjusted kernel is
am| 0
mjz',tljﬂ = mg‘i,)t+1 eXp("iiAj)- (147)

The structural identification is

- ¢ A)(A; = Ay). (148)

B.7 Maximum Entropy, Symmetry of Beliefs, and Informational

Efficiency

This appendix formalizes the connection between three ideas used in the main text:

maximum entropy, symmetry of beliefs, and the limiting notion of informational
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efficiency. The purpose is to show that, in the special case where no state is
privileged by incoming information, the uniform distribution is both the unique
symmetric belief and the unique maximum-entropy benchmark. In that environ-
ment, convergence toward the benchmark is therefore equivalent to convergence

toward maximum entropy.

Finite state space and entropy. Let S ={si,...,s,} be a finite state space,
with n := |S§| > 2. Let n € A(S) denote a probability distribution over states,

where
A(S) = {77 eRY D n(sy) = 1}.
k=1
The Shannon entropy of 7 is

n

H(n) ==Y n(s)logn(sy). (149)
k=1

Symmetry of beliefs. By symmetry of beliefs we mean invariance under a
relabeling of states. Let IT denote the set of permutations of {1,...,n}. For any

permutation 7 € II, define the permuted belief 7 - n by
(- m)(sk) = n(sr-1(1))-
A belief distribution is symmetric if

m™en for every w € II.

=
I

This requires equal probability mass on every state, so the only symmetric distri-

bution is the uniform one:

- 1
Nt (sp,) = - Vk=1,...,n. (150)
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Uniformity as the maximum-entropy benchmark. Consider the problem

H(n).
nax (n)

The first-order conditions imply that the maximizing distribution must assign
the same probability to every state. Hence the unique maximizer is "™, and its

entropy is

H (") = log n. (151)

This establishes the equivalence between symmetry and maximum entropy in the
finite-state case: the most symmetric belief is also the least informative one, in the

sense of having maximal entropy.

Entropy as distance from symmetry. The same result can be written in
relative-entropy form. The KL divergence from an arbitrary belief n to the uniform

distribution is

uni g Sk
Dic ™) = " (s log 2.
k=1 /n
Expanding this expression yields
Dycr,(n||n™™") = logn — H(n). (152)

Since Dy (n][n"™) > 0, with equality if and only if 7 = n"™, maximizing entropy

is equivalent to minimizing KL distance to the symmetric benchmark.

Connection with informational efficiency. This identity clarifies the limiting
argument used in the convergence section. In the no-signal case, no state receives
new privileged informational content. If the benchmark distribution is therefore

symmetric, 7 = ™, then convergence of beliefs toward the benchmark implies

unif

Nig = V=m0 ",
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and hence

H(n;+) — H(v) = logn.

Thus, in the symmetric no-signal case, convergence toward the common benchmark

coincides exactly with convergence toward maximum entropy.

Interpretation. This does not mean that every efficient market must literally
correspond to a uniform distribution. In general, beliefs converge toward the
invariant benchmark v, which need not be uniform. The stronger maximum-entropy
conclusion applies only in the special case where no informational asymmetry breaks
symmetry across states. In that case, informational efficiency corresponds to the
disappearance of relative wedges and the restoration of the most symmetric feasible

belief configuration.
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